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81. Introduction 


Materials which we come across may be claséified into elastic, 
plastic and rigid materials. An elastic material undergoes a 
deformation when subjected to an external loadigg such that, the 
deformation disappears on the removal of the loading. A plastic 
material undergoes a continuous deformation during the period 
of loading and the deformation is permanent and the material does 
not regain its original dimensions on the removal’ of the loading. 
A rigid material does not undergo any deformation’ when subjected 
to an external loading. 


In practice no material is absolutely elastic nor plastic nor rigid. 
We attribute these properties when the deformations are within certain 
limits. Generally we handle a member in its elastic range. Structural 
members are all generally designed so as to remain in the clastic 
condition under the action of the working loads. 


§2, Resistance to Deformation 


A material when subjected to an external load system under- 
goes a deformation. Against this deformation the material will 
offer a resistance which tends to prevent the deformatién. This 
resistance is offered by the material as long as the member is 
forced to remain in the deformed condition} This resistance is 
offered by the material by virtue of its strength. Inthe elastic stage, 
the resistance offered by the material is proportional to the 
deformation brought about on the material by the external loading. 
The material will have the ability to offer the necessary resistance 
when the deformation is within a certain limit. A loaded member 
remains in equilibrium when the resistance offered by the member 
against the deformation and the applied load are in equilibrium. 
When the member is incapable of offering the necessary resistance 
against the external forces, the deformation will continue leading to 
the failure of the member. 


§3. Stress 


The force of resistance offered by a body against the deformation 
is called the stress. The external force acting on the body is called 
the load. The load is applied on the body while the stress is induced 
in the material of the body. 


Types of stresses. Fig. 1 (a) shows a rod of uniform i 
area A and subjected to axial loads P at the ends A and B. ection 


2 STRENGTH OF MATERIALS 


Consider a section YX normal to the longitudinal axis of the 
member. 

Let the member be taken to consist of two parts C and D into 
which it is divided by the sectioa XX. 


Let us consider the equilibrium of the part C. 


‘9 1(b). This part is subjected to the external load P at 
the bi ie a sige to a ceeh this part in equilibrium, the part re 
offers a resistance Or reaction R at the section XX. Similarly t : 

art D (Fig 1(c)] is subjected to the external load P at the end B, an 
te order to keep this part in equilibrium, the part C offers a resis- 
tance R at the section XX. In other words, we may say, that aoe 8 
YY is offering the resistance R against a possible separation at the 
section XX. This resistance R against the deformation 1s the stress. 


i i R is 
Obviously for the case mentioned above, the resistance A 
equal and eons to the load. If the resistance offered by the section 
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Fig. 1 
re the deformation be assumed to be uniform across the section, 
in 


tensity of the resistance per unit area of the section is called 


the intensity of stress or unit stress. In common usage the word 
strass is used to mean the intensity of stress. 


A” A 
Let due to the application of the load the le f th mber 
change from / to [-+-d. F Sogn neem 


.. Intensity of stress = p= ee 


The ratio of the change in length to the original length of the 
member is called strain. . eases 


er strainme= 
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A material is capable of offering the following types of stresses, 


(i) Tensile stress. When the resistance offered by a section of 
a member is against an increase in length, the section is said to offer 
a tensile stress. For example, the stress offered by the section XX 
of the rod in Fig. 1 is a tensile stress. The intensity of the tensile 
stress is given by 
R P 


Pra 
The corresponding strain is called a tensile strain. 


.. Increase in length 
Tensile strain = - Original length — 
"al 


ear 


q 


(ii) Compressive stress. If the bar ABof Fig, 1 be subjected 
to pushing axial loads as shown in Fig. 2, a resistance is set up by 
any section such as XX against a decrease in length. 


Ky 


fl é 
P C D k—P 


amen 
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Fi. 2 


This resistance is called a compressive resistance. The intensity 
of the compressive resistance or stress is given by 


Let due to the external loading the length of the member 
decrease by d/l. The ratio of the decrease in length to the original 
length is called a compressive strain. 

Decrease in length | 
Original length 

dl | 

{ 


ee = 


.. Compressive strain= 
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(iif) Shear stress. Fig. 3 shows a rectangular block of height 
[and length L and width unity. 





Let the bottom face of the block be fixed to a surface EF. 
Let a force P be applied tangentially along the top face of the 
Slock. Such a force acting tangentially along a surface is called a 
shear force. 


For the equilibrium of the block, the surface EF will offer a 
tangential reaction P equal and opposite to the applied tangential 
force P. Let the block be taken to consist of two parts G and H 
to which it is divided by a section XX. Consider the equilibrium 
of the part G. 

See Fig. 4. In order the part G may not move from left to 
oo a part H will offer a resistance R along the section XX such 

tK=!. 


——» P 





A ann AS 
Hatha in GE ts yaa eae 
Gove ff 
_ @ D c 
TITS, CTE 
(C) 
Fig. 4 


Similarly, considering the equilibrium of the part H, we find 
oat meart G will offer a resistance R along the section XX such 
at K=_L. 


The resistance R along the section XX is called a shear resjs- 
tance. 


Fig. 5 shows a failure at the section XY caused by the ta ia 
loads acting on the top and bottom faces of the block. This bpe of 
failure is called a shear failure. In a shear failure, the two parts 
into which the block is separated, slide over each other. Hence if 
such a shear failure should not occur, the section YY must be able 
to offer tangential resistances along the section Opposing the force P 
at the top face and the force P at the bottom face. For the equilj- 
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rig. 5 
brium of the system the shear resistance R should be equal to the 
tangential load P. 
ee R=P. 
The intensity of the shear resistance along the :section XY is 
called the shear stress. 
Shear tee ee ance £2 es 
“4 4 Sheararea “Lx1 Lx 
Shear deformation. Fig. 6 (a) shows a rectangular block sub- 
jected to shear forces P on its top and bottom faces, 


+ , ja ae ol! 
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Fig. 6 
When the block does not fail in shear, a shear deformation 
occurs as shown in Fig. 6 (6). Ifthe bottom face of the block be 
fixed, it can be realized that the block has deformed to the position 
A;B\CD. Or wecan say, that the face ABCD has been distorted 
to the position 4181CD through the angle BCB:=¢. 


Let us now imagine that the block consists of a number of 
horizontal layers. These horizontal layers have undergone horizontal 
displacements by different amounts with respect to the bottom face. 
We can assume that the horizontal displacement of any horizontal 
layer is proportional to its distance from the lower face of the block. 


Let the horizontal displacement of the upper face of the block 
be di. Let the height of the block be /. 


. di ___ Transverse displacement _—. 
The ratio -)-="histance from the lower face * called the, 
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train. We could have considered any other horizontal layer 
sigs aver YX which is at a distance x from the lower face. Let 
dx be the horizontal displacement of the layer XX. 


Then shear strain - 


dl : 
Since ¢ is very small, ¢=tan ¢= “7 = shear strain. 


Hence, the angular deformation ¢ in radian measure represents 
the shear strain. 


§4. Elastic Limit 


A material is said to be elastic when it undergoes a deformation 
on the application of a loading such that the deformation disappears 
on the removal of the loading. When a member is subjected to an 
axial loading, its section will olfer a resistance or stress. When the 
loading is removed, obviously the stress will vanish and the deforma- 
tion will also vanish. But this is true when the deformation caused 
by the loading is within a certain limit. For every material the 
property of assuming or regaining its previous shape and size is 
exhibited on the removal of the loading, when the intensity of stress 
is within a certain limit called the elastic limit. If the loading is so 
large that the intensity of stress exceeds the elastic limit, the member 
loses to some extent its property of elasticity. If after exceeding the 
elastic limit the loading is removed, the member will not regain its 
original shape and a residual strain or permanent set remains. 


Hooke’s law. It is observed that when a material is loaded such 
that the intensity of stress is within a certain limit, the ratio of the 
intensity of stress to the corresponding strain is a constant which is 
characteristic of that material. 


te, Intensity of stress 
A strain 
In the case of axial loading, the ratio of the intensity of tensile 


or compressive stress to the corresponding strain is constant. This 


ratio is called Young’s Modulus or Modulus of Elasticity, and is 
denoted by £ : 


=Constant. 


Dita 
é 


In the case of shear loading also, the ratio of the shear 
: stress to 
the corresponding shear strain is found to be a constant when the 
shear deformation is within a certain limit. This ratio is called Shear 
Modulus or Modulus of Rigidity and is denoted by C, N or G. 


$5. Units 


In this book SI and MKS units 


: : are oa 
of various magnitudes. The followi adopted to express quantities 


ng nomenclature is adopted : 
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KILO 108 MILLI 1078 
MEGA 106 MICRO 10-4 
GIGA 10° NANA 10-9 
TERRA 10!2 PICA 10-1" 


In the S/ units force is generally expressed in newtons. The kilo- 
newton (KN) means 1000 newtons. 


In the MKS units force is expressed in kg (the earlier practice 

was to express force in kg wt). 
- Stress intensity is expressed in various forms like, 
newton|/mm?, newton[m?, kg/cm?, kg/m? 

1 N/metre*=10°8 N/mm? 

1 N/mm? =10° N/metre®==1 mega Newton|metre® 

Problem 1. A rod of steel is 25 mm in diameter and 200 cm 
long. The rod is subjected to an axial pull of 4500:kg. Find (i) the 
intensity of stress, (ii) the strain, and (iii) elongation. Teke E=2'1 x 108 
kg/cm*. 

Solution. Diameter of rod=d=25 mm=2'5 em 





Length of rod =[=200 cm 
Pull = P=4500 kg 
4 é 3 
Area of the section = A= axis = 4'909 em? 
(i) Intensity of stress =f == 1607 916°7 kg/cm? 
re Pad ie DIOL a 
(ii) Strain =€ = EF =F 7x ios? 0004365 
(iii) Elongation =:d/= Strain X original length ° 
=z ()'0004365 x 200 cm 
==()'0872 cm. 


Problem 2. (SI) A steel rod 25 mm in diameter and 2 metre long 
is subjected to an axial pull of 45 kN. Find (i) the intensity of stress, 
(ii) the strain, and (iii) elongation. Take E= 200 GN/metre®. 


Solution. Diameter of rod=25 mm 


Length of rod ==2 metre 
Puii =45 kN=45000 N 
Area of rod => (25)*=490°9 mm 


==490'9X105 metre* 
(i) Intensity of stress=f= = 
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45000 . 
=400°9x 10% N/metre- 
=9]'67 x 108 N/metre*==91'67 N/mm" 
=9f'67 MN{metre* 
=e= Losin =0°0004583 
(iii) Elongation «a jf == Strain x original length 
= 00004583 x 2 metre 
==()'0009166 metre 
=()9166 mm. 
Problem 3. A wooden tie is 7-5 cm wide, 15 cm deep and [50 
metre long. It is subjected to an axial pull of 4500 kg. The stretch of 
the member is found to be 00638 cm. Find the Young's Modulus for 


(ii) Strain 


the tie material. 
Solution. Area of tie=4A=7°5 x 15=112°5 cm? 


Pull = P=4500 kg 
afar. 420 _ an pose? 
Stress =fs A 1x5 40 kg/cm 
_,. Change in length _0°0638 _,.. 
Stain eo Original length 150 =0°0004253 


Young’s Modulus = E= J 
40 Fe 
= 95004253 = 94051 kg/cm. 

Problem 4. A load of 400 kg has to he raised at the end of a 
steel wire. If the unit siress in the wire must not exceed 800 kg/cm? 
what is the minimum diameter required ? What will be the extension of 
3°50 metre length of wire ? Take E=2x 108 kg/cm. 

Solution. Load on the wire= W=400 kg 

: W 400 
Area required =A=— =—— —() 2 
equi A 7 800 OS cm 
Let the diameter of the wire be d cm 


md? _¢ 
4 705 


a—a/ 2 =0°7979 cm 


== 7°979 mm 
Extension=dl=Strain x original length 


=I 
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ee X350 cm 
=e 0' 14 cm 
=1'4 mm 
Problem §. (STI) A wooden tie is 60 mm wide, 120 mm es 
and I°50 metres ‘long. It is subjected to an axial pull of 30kN. The 
stretch of the member is found to be 0°625 mm. Find the Young's 
Modulus for the tie material. 
Solution. 
Area of the tie = A=60 x 120=7200 mm? =7200 X 10°® metre” 
* Pull=P=30 kN=30,000 N 
z 30,000 
Stress I=" =" 7200x 10-6 
: oo in length 6 "625 __ 
Se Great E jeagih =" 15x 1000 
= 4'167 x 1074. 


’. Young’s Modulus= E= £ 


_, 4167x108 8 
= Fier x ioe Nimetre 
= ]010 N/metre? 
=10X 10 N/metre® 
= 10 GN/metre*. 

Problem 6 (SI). A 20 mm diameter brass rod was subjected to a 
tensile load of 40 kN. The extension of the rod was found to be 254 
divisions in the 200 mm extensometre. If each division is equal to 
0°001 mm, find the electric modulus of brass. 


Solution. 
Area of the rod=A => (20) mm? 


= 31416 mm” 
=314°16 x 10-6 metre” 
ne kN= 40,000 N 
Stress = fat = 3147] 6x 10-6 N/metre*® 

= |] a X 108 N/metre* 
Length of specimen=/=200 mm 
Extension = d1/=254 X0°001=0°254 mm 

dl 0°254 


Strain=e= - I ="509 7 0°00127 


= 4°167 x 106 N/metre® 
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‘. Young’s Modulus=E= ! = eee N/metre® 
== 1002°5 x 108 N/metre® 
= 100°25 x 10° N/metre* 
= 100°25 GN/metre*. 


Problem 7. A hollow steel column has to carry an axial load of 


200,000 kg. If the external diameter of the column is 25 cm, nd the 
internal diameter. Take the ultimate stress for the steel column to be 


4800 kg/cm? and allow a load factor of 4. 


Solution. 

External diameter =D=25cm 
Internal diameter -=d ° 

Load on the column = W’== 200,000 kg 
Ultimate stress =4800 kg/cm" 
Factor of safety =4 


Ultimate stress 
Safe stress = f= Factor of safety 


== a = 1200 kg/cm* 
Sectional area required= A 


be ee 21-656) ent 


=F = Tg 
= (252—d?)=166°67 
625—d2==212'21 
d*=412°79 
ad=20°30 cm. 


Problem 8. (SI) The following dat t 
ducted on a mild steel bar. f g data refer toa tensile test con- 


(i) Diameter of the steel bar =30 mm 
(ii) Gauge length =200 mm 
(iii) Extension at a load of 1LOOKNis =0'139 mm 

(iv) Load at elastic limit =230 kN 
(vy) Maximum load =360 kN 
(vi) Total extension =56 mm 

(vii) Diameter of the rod at Sailure = 22°25 mm 


Calculate (a) The Young’s modulus (6) The ; 
stress at elastic limit 
ad Percentage elongation and"(d) The Percentage decrease in 
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Solution. 
Area of the rod=A = 7 (30) mm?=106'86 mm? 


= 706°86 X 1075 metre* 


(a) Young’s Modulus 


P 100 x 1000 
Stress = f=: = 70686 x 10-8 N/metre* 


= 141°47x 108 N/metre* 


__4 _ 0139 _, 
Strain= ==> = 599 =(0°000695 


Young’s Modulus 
: f __141°47x 10° .| 
E= "=~ o-oo0e9s  Nimet 
== 203'55 x 109 N/metre* 
= 203°55 GN/ metre? 
(c) Percentage elongation 
Increase in length 
~~ Original length — * 100% 


56 é 
= 300 * 100% 
we 28%. 
(d) Percentage decrease in area 
a 7 e- —d'*) 


=| a x 100% 


— 


4 
— g'2 


oo 
PR 2F roo 


== 44°99%. 


§6. Bars of Varying Sections 
Fig. 7 shows a bar which consists of three lengths [), lg and Is 
with sectional areas A1, A2 and Ag and subjected to an axial load P. 


Even though the total force on each section is the same, the 
intensities of stress will be different for the three sections. 


For instance, 
Intensity of stress for the portion :-AB=f,= 5 
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a 


Fig. 7. 


P 
2 


and, Intensity of stress for the portion CD=f3= 3 
3 


Intensity of stress for the portion BC=/fy- 


Let E be the Young’s Modulus. 
Strain of the part AB=e,— ue 


Strain of the part BC =en= *, 


and Strain of the part CD=-e3:: fs 
ia 
Change in length of the part AB=dl,;=e,h; 
Change in length of the part BC==dl,= col» 
and Change in length of the part CD=dls3 =e] 
Total change in length of the bar=dl = dh-+dh+-dls. 
Problem 9. Fig. 3 shows a bar consisting of three lengths. Find 
the stresses in the three parts and the total extension of the har for an 
axial pull of 4 tonnes. Take E=2x 108 kg/em?. 
Solution. Load P=4 tonnes=4000 kg. 
Intensity of stress on the part AB 


i: A ICM eR ve 
a teen tae 
3M DIA 4 
erotic 2CM DiA 325cm 
et . ae 4 TONNES 
Fig. 8 

=— 1— 

= Tr = kg/cm. 
mons 2 
4 


= 565°8 kg/om?. 
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Intensity of stress on the part BC=/,= - 
2 
4( 
far OO. 1276 kg jem. 
= (9y2 
4 
Intensity of stress on the part CD=fg= a 
fa“. 2480 kg.fem?. 
~ (3°25) ; 
4 (3°25) 
Total extension — dI:= diy +-dlo-}-dlg 
Ap fpr fay 
=“eht okt B8 


=e (fil tfab-+fale) 


| og [565°8 x 18-+1274 x 26 


-+-480 x 16] cm. 





con 
wy 


2x 


= (0255 cm, 


Problem 10. A brass bar having a cross-sectional area of 10 sq. 
cm. is subjected to axial forces shown in fig. 9. Find the total change in 
length of the bar. Take Ey=1'05 x 108 kg.Jem?. 


A B C 
5,000k@. 60049  2000kg. 1000k9. 
le-6ocm ae —-100cm —»|-——1200n —+ 
Fig. 9. 


Solution. Part AB. The section of the bar in this part is sub- 
jected to a tension of 5000 Ag. 


Extension of AB= fi_y, 


AE 

—_ __000x60 
10x 1°05 x 108 
i 


= 35 cm. (Extension) 


Part BC. The section of the bar in this partis subjected to a 
compression of 8000 —5000==3000 kg. 
Pele 
AE 


cm, 


»- Contraction of BC== 
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— 
—— 


| 
3 
3 


10x 105x1 


1 . 
opie 7g traction) 
35cm (con 


Part CD. The section of the bar in this part is subjected to a 
compression of 1000 kg. 
Contraction of CD 
Pol 
AE 


=-- _! 000 = 120__ cni. 


10 x 1°05 x 106 


re 
— 


6 < ; 
=—g55 cm.=00114 cm. (contraction) 


Change in length of the member 


pelea. er, 
= 35 35 0°0114 0°0114 cm. 
==0'0114 cm. (Decrease in length). 


Problem 11 (SI). A member ABCD is subjected to poin 
loads P;, Pz, Ps, and P4 as shown in Fig. 10. Calculate the force Ps 
necessary for equilibrium if P, =120 kN, Pa=220 KN and P4= 160 KN. 


Determine also the net change i length of the member. Take 
E'= 200 GN/m?. 


aU MMX4OMM . 25MNxX 25min 3O0MMNX 3. Mm 
A Boe C ee Lb 
P BB F 


- 
—— 


k~y.75 Pde {see r2m— at 


Fig. 10. 


é . Solution. Resolving the forces on the rod along its axis, we 
ave 

Pi +P3-=P2+P, 

120-+Ps3=220+-160 
a Ps=260 kN 
Part AB 


Force on the cross-section==Py=120 kN = 120,000 WN (tensile) 


S: Extension of AB=-+-... ._.120,000 x0°75 
ie a 1600 X 1078][200 x 109] metre 


=+0'00028 metre=-+-0°28 mm 
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Part BC 
Force on the cross-section = P\— P2=120—220 = — 100 kN 
==— 100,000 N (compressive) 
__ ___100000x1 
Contracuun of BC= (625 x 10-8200 x 10°] metre 
=—(0°0008 metre=-—0°80 mm 


15 


Part CD 
lorce on the cross-section=P4 = 160 kN 
= 160000 N {tensile) 
Extension=-+ “p00 eo Mog A 
=-+0°00107 metre==+-1°07 mm 
Net change in length of the member ) 
==-+0°28—0°80+- 1°07 
=a-+-0°55 mm (extension). 
Problem 12. A member ABCD is subjected to point loads, P1, Pa, 
Ps and P, as shown in figure 11. Calculate the force Po necessary for 
equilibrium, if Py==4500 kg., P3==45000 kg., Pa== 13000 kg. Determine 


the total elongation of the member, assuming the modulus of elasticity 
to be 2.1 X 108 kg./cm?. 


aso" 
,———-- GC P 
ree ee Se 
Fig. 11 


Solution. Resolving the forces on the rod along its axis, we 
have, 

Py +P3=PotPs ° 
But P;=4500 kg., Ps = 45000 kg. and Pa= 13000 kg. 
; 4500 + 45000=P.2+13000 
o- Py = 36500 kg. 
Part AB 
Force on the cross-section=P1 

=4500 kg. (tensile) 


: 3 Pil; 
Extension of AB= AE 





- . (extension) 
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Part BC 
Force on the cross-section=P, — Pe 
=4506— 36500 kg. 
= —32000 kg. (compressive) 
32000 x 60 
Contraction of BC= — —75 pO” 
— cs cm. (contraction) 
Part CD 
Force on the cross-section=P4= 13000 kg. (tensile) 
: _ Paly 
Extension of CD= AE 
_. 1300090 fn 
IZ5 E ; 
_. 93600 





Eo! (extension) 


Total change in length of the‘member 


= 86400 _, 76800 _, 93600 
= Et gp tp, om 


103200 
eM. 


103200 
21ixi0s °" 


=0°049143 cm. (extension) 
Problem 13. The bar shown in fig. 12 is subjected to a tensile 
load of 15200kg. Find the diameter o 


é f the middle portion if the 
stress there is to be limited to 1400 kg./cm? 


Find also the length of the middl 
of the bar is to be 0-016 cm y : 


portion if the total elongation 
- Take E=2x 108 kg. cm? 


Solution. Area required for the middle portion 


4. lead p 
eT ee A St 7 
15200 


eae = te oe 
L. 90GB ——— 1400 cm*, 
Fig. 12, 
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Let the diameter of the middle purtion be d ems. 


. mie 46 
ea = 7 

dtm = : 
con d=3°718 cms 


Let the length of the middle portien be x cms. 
Stress in the end portions 


p= 15200 


x §2\ kge/vm?. 

fa 
= 7741 kg/cm. 

Total extension of the rod=-0'016 em. 


.. Extension of the end portions-+Extension of the middle 
portion: -0°0)6 cm 


f 
Ba mete (2 (hess a 
es es 2a E 


4 


a (1 GIG 


A {' (2G xt fee CUTOXE 
- YOTG x7 x 106 


= 22000 
2 TTA AS vk! 1400y--- 37000 
JO, 23223--774 Yat 1400 x= 32000 


CLS Tee By 
Bas 
ws X - 6.265 CTAS, 
a yes C1. 


Problem 14.0 A eradvacly applied lead W=-4 too. is suspended 
bt ropes as shows oun Pee VS taand dh). In both cases. tic rapes have 
wtossescctonal teed of Son ond tre value of Eos Gsine ¢ vicme, 


fala)the rope ABC J. continuous ond W is sci sded froma 
smal’ tic wns, pulley ete) 4B and CR are separate: ropes joined 
todhleck tram whet Was + maded mm such away tear both ropes 
Stretoh by the sane anon 


Pind, for Bodie ond et the stresses in the rores and find the 
downward movement tthe peilcy and the hleck duc ro the gradual 
application of the loud (Londen University) 
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Solution. (a) In this 
arrangement the tension [0 
the rope is uniform since the 
pulley is smooth. Let the 
tension in the rope be P kg 
Hence for the equilibrium of 
the system, 





2P-W 
P ee tonne 
2 #4 
=: 250 kg. 
.. Intensity of stress on 
the rope section 
es 
Pw A 
250 i 
oad g kslcm* } 
W= 5 TONNE Ws TONNE 
== 31°25 ke/em?. (a? ib) 
Fig. 13. 


Length of the rope = 4°56 +4 56-+ 1°52 = 10°64 m. 
The increase in length of the rope 
Pp 
BO I 
_ 31°25 
9300 
~~ 3 394 cm 
Let the downward movement of the pulley be 9 crt. 
26=-2 394 cm 
a 8-2 LOG? ya, 
In the second < ge TE > Juads share : 
ropes AB and CB eee Ore en teas 


amo : stress i 
me ia Tet the stress intensity au the sections of the ropes 48 and 
e py ard po respectively. 


eT 
=e 


«10°64 x 100 cm. 


Equating the extensions of the two ripe: we have, 


Pr . Ps ? 
ph = E 


a 


on y= <— 2 
! 3 


But tension in AB-+tension in CB = W 
es PrA+ pad = 500 keg. 
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emer reef 


19 
pit p= 
4 5006 
U0, 
3S 8 
pe 26°8 kg/em?. 


and p= ~ x 26°83 =35°7 kgjem?. 
. Downward movement of the pulley 


== Extension of the rope AB or CB 
SRB ype ee 
=e hy 9800 X 4°56 x 100 cm. 
= 1°662 cm. 

_ Problem 15. A steel tie rod 4.cm. in diameter atid 2 m, long is 
subjected to a pull of 8t. To what length the bar should be bored 
centrally so that the total extension will increase by 20% under the 
same pull, the bore being 2 cm. diameter. 

Take E=2000 t/em?. 


Zi. 
Fig. 14. 
’* plution. 
= (4% =4n cm?. 
PO ere 
ae = - them 
2 I 
Bm be 9000 8 Ose 
Extension after the bore is made=1°2x_ 6 
~ 256 


Let the bar be bored toa length cf / metres. Area at the 
reduced section 
A’ =4n— 4 (2)? 
m4n—n= 30 cm’, imetres 
.". Extension of the roc 


Fig. 15. 
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20 
2 Bee oe ws 
== x2000 2-9) 1 Zaxa000 * 19% F5R 
2-), 7, 6 
lon T 15n I 350 
2-1, 2 6 
jo + 45 25 
30—15/4-20/=:36 
51:6 
]:31°2 m. 
PpIWASHER Problem 16 <A rectan- 
——— UPP gular base plate is fixed at 
Se BASE PLATE each of its four corners by 
wy iY a 20mm. diameter bolt 





WR an mut” as" shown “in 
WWW E2| WH a 


WS The plate rests on 

S washers of 22 mm. inter- 

x SN nal diameter and 50 mm. 

external diameter. Upper 

‘ig. 16 washers which are placed 

between nut and plate are of 22 mm. internal diameter and 44 mm. 

external diameter. 

If the base plate carries a load of 12t (including self-weight 

which is equally distributed at the four corners) calculate the stress on 
the! ‘er washers before the nuts are tightencd. 


What would be the stress in the upper and lower washers when the 


nuts are tigntened so as to produce a tension of 0°5t on each bolt ? 
(AMIE May i971) 





Solution. Area of the lower washer=—> (S2—2 22) em. 
>15°83 cm.” 


Load transmitted to one lower washer: - 3¢ = 3000 kg. 


: noe 3000 
.. Stress intensity in the lower washer = Ts at kg./cem.2 
= 189°4 kg.fom2 


When the nuts are tightened the compressive load i 
washer «tension in the bolt =0°51= 500 ni ve load in the upper 


Area of the upper washer =— (4°42—2°29) em?. 
=11°40 cm?. 

: eas 500 

.- Stress intensity in the lower washer: 11°49 K8-fem?. 


=43°85 kg./em 2 
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Now the compressive load on the lower washer 
= 3000+ 500 = 500 kg. 
Stress intensity in the lower washer 


3500 
15°83 == 22] kg./em?*. 
Problem 17. Fig. 17 shows a rigid bar ABC hinged at A and 
suspended at two points Band C by two bars BD and CE made of 
aluminium and stecl respectively. The bar carries a load of 2000 kg. 
midway between Band C. The cross-sectional area of the aluminium 
bar BD is 3 sq. mm. and that of the stecl bar CE is 2.sq. mm.  Deter- 
mine the load taken by the two bars BD and CE. 
(A.M.LE. Nov. ., 1965) 
Modulus of Elasticity for aluminium Ea=7000 kg jmm." 


Modulus of Elasticity for steel Es= 20,000 kg. /mm.? 
ae ie eee Solution. A rigid rod will 










not bend. It will remain straight. 
sree. gop ‘But the aluminium and steel rods 
will extend due to their elasticity. 
Fig. 17 shows the position of 
the rigid bar after the alumi- 
nium and steel rods have under- 


B C . ; 
le — 11 =~ —— 1) gone their extensions. 


Fig. 17. 
Let the tensions in the aluminium andisteel rods be R kg. and 
S kg. respectively. 
Since the rigid bar remains straight, the extensions of CE aud 
BD are proportional to their distances from -4. 


Let the extension of 3D be BB, =6 


Extension of oe x §=25 


ALUMINIUM 
ROD 


{ 

: | 

20co kg. | 
1m. 

| 


3 
and extension of CE=2 ALE, i 





R= 9 § +f) Fig. 18, 
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Now consider the equilibrium of the rigid bar. 


laking moments of the forces on the rigid bar, about the end 
A, we have, 


Rx1+Sx 2=2000X1°5 


R+2S =3000 (ii) 
21 ; 
But R= 5 ». (i) 


21 
80 S+2S5=3000 


181 
ate gq 5=3,000 


sa == 1326 kg. (tensile) 


s=2 X 1326 =348 kg. (tensile) 
§7. Extension of a tapering rod 





Fig. 19 


Fig. 19 shows a bar uniformly tapering from a diameter a, at 
one end to a diameter do at the other end. 


Let the member be subjected to an axial tensile load P. 


Consider an elemental length dx of the bar ata distance x 
from the larger end. Let the diameter of the bar be d’ at distance 


x from the larger end. 
d-as~( ae x 


di—do 
Let me 
e ( ] ) k 


d= d\—kx, 
-. Cross-sectional area at distance x from the larger end 


gt . nd’? 
=A = E-=ld—ke? 


Intensity of stress on the section 


=p’ ye 4P ; 
A (dy -- kx)? 
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Strain = eats = ST es 
Extension of the elemental length d+ 
=¢' dx 
4P 


TEL 1—kx,? 


Total extension of the bar 


I 
2h AP | _ ax. 
nE ) (di—kx) 

0 


I 


ei “4 - 1} 
mEK dy—kx 
0 


ae 4 elie ut 
cEk \ di—kl dy 


But k= a= de 
ee 4PI I oe , 
nE(d1-- de) dy d;-+d2 ay 
" — 4Pl I a ] } 
~ RECdy-—-de)\ do di 
gohs.. Tage i- ds 
nE(di—dz2) "dy d2 


5. Pl 
nEdids 
For the particular case when the rod is of uniform diameter, 
dy =dg=d 


and for this case 
4Pl 


nEd? 

Problem 18. 4 rod tapers uniformly rom 30 mm. to 1 5 mm. 
diameter in a length of 30 centimeters. If the ‘od be subjected to an 
axial luad of 600 kg , find the extension of the rod. Take E=2x1® 


kg./cm”. 
Solution. 


i 
—_ 


The extension of the rod is given by, 
ee SR as 
~ rEdids 
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In our case, =-600 kg. 
I-=30 cm. 

dy - 30 mm. =3 cm. 

dg==15 mm =1°5 cm. 
and E=2X10° kg./em?. 

4 x 600 x 30 

 ex2x108x3xi5 © 
== (0002547 em 


Problem 19. /f u tension test bar is found to taper uniformly 
from (Da) om. diamster to (D ta) em. diameter prove that the 
error involved ep usnre the mean diameter to calculate the Young’s 


a ye 
Modulus ts ( a percent. (4.M.LE. May, 1965) 
Solution. Diameter at the larger end =d) =(D+ a) 
Diameter at the smaller end = (12=(D—a) 


Let the leagth of the bar be / 


e 


Let the Youny’s Modulus be £ 
Let the extenston of the member be 8 


a _4Pl 
nEdy ds 
_ 4Pl 
dyed 
But di = D4-a and dg= D—-« 
eau 
~ (D2 ~ 9258. 


If the mean dianeter be adopted Ict £' be the computed 
Young’s Modulus. Obviously E’ is erroneous. 


ecole 
mf)" 7? 

»  4Pl 
f D8 


Percentage error in the computati ' 
ag putation of the Young’s 
Modulus, when the mean diameter is adopted 


’ a ; 


EE 
Nae ) 100 percent 


API _ APL 
_ ™D?—a*)8 D8 
~ py «100 percen 


mm D?— g2)s 


SIMPLE STRESSES AND STRAINS 2$ 


l i 
D’-a? pe 
i j 
D*— a" 


x 100 percent 


a2 
= 7% 100 percent 


_ sy 


=( 10a Y ve oF 
D Pereent. 


Problem 20. A bar of stecl ix of lengthl and is of uniform 
thickness t. The width of the bar varies uniformly from a at one end 
to b at the other end. Find the extension of the rod when it carries an 


axial pull P. 


Solution. Fig. 20 shows the tapering rod. 
Consider any section ¥— X distant x from the bigger end. 


Width of the section =a-- ie -x 


a—b 


=qg—kx where k. 


ee 
x 





P P 
% 
pene | 
Ee ean isn ae 


Fig. 20 


Thickness at the section =f 
Area of the section=f (a —kx) 


Stress o section = ---—-— 7" 7 
ess on the sectio GS) 


.. Extension of an elemental length dx 


P dx 
tla-kX) E 
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l 





an dx 
= §=—- 
Total extension of the rod "E ‘| peeks 
[ 
P 
ee e toge| (a—kx) | 


P Noe 
ee eel loge (a— Ki) loge a | 


i hater 
1k °F a— KI 
But h~ ut 
l 
P! 
S.. 
Et (a--b) 


Problem 21. 4 siraigit bar of steel are in section is 
300 cms. long and is of uniform thickness 15 cm. The width of the 
rod varies uniformly from it! ems. at one end to 4 cms. at the other. 
If the rod is subjected to an axial tensile load of 3000 kg., fin! the 
extension of the rod Take [s-+2 10% kg.jem*. 


Solation. 


loge 


Pl 


Extensi i a 
ion of the rod Et(a—b) loge b 


In our case P= (UW) Ag. 


1=300 cars. 


b=VS cots. 
a= 10 cas. 
b=4 cms 
and E=2 «108 ke Jom. 
3000 x 300 10 
* 2x 128315 (10-4) OB > | em 
3000 300 x 0 9163 


2x 18x [5x6q om =()'045815 cm. 
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$8. Bars of Composite Sections 


Suppose the cross-section 
of a member consists of different 
materials, the load applied on 
the member will be shared by the 
various components of the 
section. For instance suppose a 










column consists of an outer tube WY ey . 
of area 4; and Young’s Modulus WF y 
£, and an inner tube of area Ae VW ON 
YN 
and Young’s Modulus Fo. Let VY ON 
the length of the column be /. Vv AN 
Suppose a load P be applied on WY KX 
the column. Let the unit stresses VY GN 
on the outer and inner tube AY, ON 
sections be p; and pz. VY IN 
Load on outer tube-+-load y GN 
on the inner tube N y ON 
zn YZ 
Total load on the column NY ZN 





Pi4dy + peAe=P —...(i) 
Fig. 21 


Let dl be the decrease in length of the column. 
Strain of each tube 


~. LL. P2 a 
But e= oo E> ...(ii) 


From equations (i) and (ii) the stresses py and pe and may be 
computed. From Eqn. (ii\ r= Ze pet. 
2 


Problem 22. A compound tube consists of a steel tube 15 cms. 
internal diameter and ! cm. thickness and an outer brass tube 17 om. 
internal diametcr and ! cm. thickness. The two tubes are of the 
same length. The compound tube carries an axial load of 100 tonnes. 
Find the stresses and the load carried by each tube and the amount it 
shortens, Length of each tube is 15 cms. Take Ex=2x 108 kg.Jem3 
and E.=1 x 108 kg/cm?. 


Solution Area of steel tube = A; = a 172— 15?) cm.? 
= 50°27 cm? 


ay SES, & : 
* The ratio E is calle | the modular ratio between the materials of th: 


outer and inner tubes. 
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re ’ 
Area of brass tube == 4.= q (IP —I7) cm.” 


= 2655 cm.” 


Let the stresses in steel and brass be p, and p» kg./cm.? respec- 
tively. 


Strain in stecl = Strain in brass 
: ps pe 


wet eee ee 


Es a Eo 


Evers 
P=", Po. ps=2po 
Load on steel+-load on copper = Total load 
i.@., prAgt+poAo=P 
2p» X 50°27-+- po X 56°55 =: 100,000 kg. 
157°09 pu= 100,000 kg. 
po= i yO a /cm.* 
157 09 
p»=636'5 kg./em.2 
Ps= 7X 636'5 = 1273 kg lem 
Load on the brass tube =P, = pr Ao= 636'5 x 56°55 
= 35990 ke. 
Load on the steel tube =P, = DsAs==127) X 50°27 
=64010 kg. 
Decrease in length of the compound tube 


= Decrease in length of either of the tubes 
== Decrease in length of brass tube 
. Pb 

Sr eae / 

E£ 


~ 636°5 , 
L196 % 15 cm. =0°009548 em. 
Problem 23. A reinfo 


« 2 mM fi : 
ms section. The column is provided nm is 30 cm.X30 cm 
The column. carries a load 


of IB ; ii bars of 20 mm. diameter. 
onnes ind the stresses j te 

and th Paes in concre 

ke ema, Pars: Take Es=2'1 108 ke. fom? and Ee= 014% 108 


rced concrete coly 


Solation. Area of Steel bars 


As=8X 3°142 =25°136 cm.® 
say 25 14 em2 


Actual area of concrete 
= Ac= 302 —25'14 = 874° 86 cm2, 


Let the stresses in concrete and steel be p. and p; 


respectively. 
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Strain in concrete= Strain in steel 
Pe Pa 


‘Ec Es 
_E 
Pe. pe 
21 
~o-14 7° 
eis ps=15 pe .-.(7) 
Load on steel-++load on concrete 
== Total load on the column. 


i.e., psAs +pecAc =P 
1 Spe X 2514+ pe X 874°86 =P = 18000 kg. 
1251°96 pe=18000 





18000 
Pe= se} -ggk8-/em.? 
=14°37 kg.{em.2 
iS pe=15 X 14°37 kg.fem2 
=215'°55 kg |em2 
Problem 24. A load of 30,000 kg. is applied on a short concrete 
column 25 cm.X 25 cm. The column is reinforced by steel bars of total 


area 56 cm.” If the modulus of elasticity for steel is 15 times that of 
concrete find the stresses in concrete and steel. 


If the stress in concrete should not exceed 40 kg.{cm.*, find 
the area of steel required so that the column may support a load of 


60,000 kg. 
Solution. When the column carrics a load of 30.000 kg. 
Area of steel = As=56 cm. 
Area of concrete 9 = Ae =25?—56=569 cm.? 
Let the stresses in stee] and concrete be ps and pc respectively. 
Strain in steel = Strain in concrete 
BS She 
Es Es 


E. 
ee pe 


ae pe=15 pe ..-(i) 
Load on steel-+load on concrete 
= Load on column. 
prActpcAe= 
2. 15 peX 56-+-pe X 569 
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= 20,000 kg. 
1409 pe ~ 30,000 


30,000 * 
pe =—7409° kg./cm. 


pe=21°29 kg./em.* 
ns ps= 15X21 29=319°35 kg.fem.? 
When the column carries a load of 60,000 kg. 


Let the area of steel bars be As cm.” 
* Area of concrete=Ac=(625— As) cm.” 


Strain in stee] == Strain in concrete 
‘ Ps Pc 
‘ EE. 
Ex 
pPs= E. ¢ 
re ps 15 pe 


But | pe=4U kg./em ? 
. pe=15x 40=600 kg./em.? 
Load on steel+-load on concrete 
= Load on column 
peAst pede =P 
600 A:+40 (625—A;) 


= 60,000 kg. 
560 As=: 35000 
35000 _ 69-5 amt 
As 56U =62°5 em, 


Problem 25. A compound tube is made by shrinking a thin steel 
tube on a thin brass tube. As and Av are the sectional areas of the steel 
and brass tubes, and E; and Es are the corresponding values of Young’s 
Modulus. Show that for any tensile load the extension of the compound 
tube is equal to that of a single tube of the same length and total cross- 


sectional area, but havirg a Young’s Modulus of EsAs+ EvAb, 
As+Ao 
Solution. Let the load on the compound tuhe be P 


Area of stcel tube == A; 
Area of brass tube = As 
Let the stresses in steel and brass be ps and po respectivel -. 


Ps _. Po 
Es E» 


- Es 


ae P= poe Po 
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Load on steel-+-load on brass 


=Total load on the compound tube 
i.é., psAs+poAo = P 


Es 


Eo 

pf Act ae |=r 

s pl EArt BE. 2 2 
Ey 


; E> 
eRe -| gates P 
Extension of the compound tube 
=al 
=Extension of steel or brass truce 


_— Pe 
di=" 


P 
dl= (acraca) ; 
Let F be Young's Modulus of a tube of area (As+ Ao) carrying 
the same load and undergoing the same extension. 


ae ae PI 2 
d= (oj aye ) 
Pl 


poAs-+poAo=P 


PI 
(Ast AE (EsAo+EvAs) 
_ ESA. +E.As 
Aste: 


Problem 26. A tube of alumini:n: 4 em. external diameter and 
2 cm. internal diameter is snugly fitted on to a solid steel rod of 2 cm. 
diameter. The composite bar is loaded in compression by an axial load 
P. Find the stress in aluminium when the load is such that the stress 
in steel is 700 kg.fem.2 What is the value of P 2? E:=2x 108 kg.fom.8, 


Es=7X 10 kg./em.® (A.M.LE. May 1969) 
Solution. | Aa ; (42328 ).- 3x cm? 
Av=—7(2P =n cm. 
_ fs Ww 
Modular ratio =n = Ee 77 
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fu- 5 x 700 kg /om.2= 245 kg./com.” 
Total load P=fiAitfAs 
=.245 x 3n+-700 X x= 1435 x kg. 
= Fis ke. 

Problem 27.’ A compound bar consists of a central steel sirip 
25cm wide and 0°64 em. thie ieee d between two strips of brass 
each 25m wide and tem tuck. The strips are firmly fixed together 
to forma compound har of rec nee: section 2°5 cm. wide and 
(21-+064) em thick. Deterniine (a) the thickness of the brass strips 
which will make the apparent modulus of elasticity of compound bar 
1570 tonnes ‘cm? and (b) the “asinvun axial pull the bar can then 
carry if the siress is nat ta execed 157 tonnefcem *, in either the brass 
or the stev Take the vale’ suf FE for steeland brass as 2070 tonnes| 
cm and 2140 tonnesfom*. (London University) 


ae 


Solution. Let the load on the com- 
pound bar be P tonnes. 





Let the stresses in brass and steel be tC. 
po and ps tonnes{cm * respectively, Bac 
Strain in steel Strain in biass oe 
ps p. ge 
_ Ls Bb 
Bs __ *070 
Ee eas ha a as) 
Pp. 1816 po 
But load on steel ! load on brass = Total load 
PpsAs+-poAy -P 


1 "816 p(2°5 x"64) a8 x 2tX25=P tonnes. 
P- p(2°905+5r) tonnes. 


Aves of the composite section 
= 4 -2°5x06442°5 x 2t cm. 
“(1°60 +52) cme 
Apparent Young’s Modulus 
E +1570 tonnes!em.2 


a Strain = c= 
AE 


prl2°905-+4- $2) 
~ (1°60+52)1570 
This must be equal to the strain of brass or steel 
a Hs p> 
1140 


é 
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pol2"905+5t) pe 


"(1°60+51)1570 ~ 1140 
2905+5t _ 1570 _ 1.44) 


160+5r 1140 
2°905 + St = 2°203-+-6'885¢ 
1°885¢==0°702 
t= vane ==()>72 cm 


Since ps=1°S16 po and since the stress in either brags or steel 
should not exceed 1°570 tonne/cm? 


Let Ps=1°570 tonne/em.* 
1°$70 
po= Tis =0°865 tonne/cm.4 


Load on the bar=P=p.As-+ poAo 
= 1°57X2 5x0 64+0°865 x 2'5x 2x0'372 
tonnes 
=2°512+ 1608 =4°/2 tonnes. 


Problem 28. Two vertical wires are suspended at a distance of 
50 em. apart as shown in Fig. 24. Their upper ends are firmly secured 
and their lower ends support a rigid horizontal bar which carries a 
load W. The left hand wire has a diametcr of 16mm. and is 
of copper and the right hand wire has a diameter of 0 9 mm. and is 
made of steel. Both wires initially are 45 m. long 

(a) Determine the position of the-line of action of W if due to 
W, both wires extend by the same amount 

(b) Determine the slope of the rigid bar if a load of 20 kg. is 
hung at the centre of the bar. Neglect the weight of the bar. 

Take Es=2°1 X10 ky.[cm.? and E-= 1°3 x 108 kg./em.3 


(A.M.LE. Nov., 1968) 
Solution. A.=0'00636 cm.? 
Ace=0'02010 cm?, fp=mfi 
2 ees W 
m= jy = 1615 fo-— i mAs 
mW 


Je As 


es mAs _ 1°615 X ("00636 ] 
Tim fudem| sae | W -| 0°0201 + 1°615 x0°00636 
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34 
tf, / ty 7, 
T.=0°338 W LLLELLILLLDLLLLL I Le 
Taking moments er copper 
: Wx 50=W x £0 
Meee x=16°900 cm. Ch 
Case (5) : COPPER 
When 20 kg. load is at mid span 1-6 Min om 45M 
Load i1 each wire=10 kg. DIA. DIA 
10x450 91799 en. 
8 = 7901 xT axioe (01772 0” 
10 x 450 “3 
a = om $ cm. 
= "990636 x 2x 108 2523S om 5 
Let 9 be the inclination of the rigid 
bar with the horizontal. 7 
yp. 0°3538- 01722 
io |: Fig. 24 
01816... 
Q= 50 =()'003632 
6=(° 2’. 


Problem 29. Two vertical rods one of steel and the other of 
copper are each rigidly fixed at the top and are 50 cm apart. Diameter 
and length of each rod are 2cm and 4 metres respectively, A cross 
bar fixed to the rods at the lower ends carries a load of 500 kg such 
that the cross bar remains horizontal eyen after loading. Find the 
Stress in each rod and the position of the load on the bar. 


Take Es=2x 108 kg.fom2 and E, =] x 108 kg /em?. 
(A.M.LE. Winter 1978) 


Solution. 2 
Area of steel rod i ae 
2cm 2 cin 

= Ayu qatar cm? OIA DIA 

Area of copper rod Sree Corper 
=Ac= mem? 400 

Modular ratio cm 
=m=tt _2%108 


E. ~ixjoe=2 
Let f. and fe be the stresses in 


steel and copper respectively. Since 


the cross bar remains horizontal, the 


extensions of the Steel and co 
rods are equal. Since these eee 
have the same Original length the 
strains of these rods are equal. 
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Strain in steel= Strain in copper 


@:>=Ce 

fr _ fe 

Es Ec 
Es 

fr= ——-fr=m fe, but m=2 
Es 


oe fr=2Zfe 
Let 7; and Te be the tensions in the steel and-copper rods. 
: _ Ts=frAs=2fcAs=2fe & 
Te =f,Ae=f, we 
oe 7:==2T. ‘ 
But Ts-+-T.= 500 kg 
27. +7Fe= 500 kg. 


Te= 5 ky and 7;= ve kg. 


Let the 500 kg load be at a distance x from the copper rod. 


Considering the equilibrium of the cross bar, and taking 
moments about the right end, 





500 x=T7, x 50 
500 x: a? x50 


x=33'33 cm. 


Problem 30. Two vertical rods are each 
fastened at the upper end at a distance of 
63 cms. apart. Each red is 300 cms. long and 
12 mm. in diameter. A horizontal rigid cross 
bar connects the lower ends of the rods and on 
it is placed a load of 450 kg. so that the cross 
bar remains horizontal. Find the position of 
the load on the cross bar and the stresses in 
each rod. One rod is of steel for which sree SRONZE 
E=1'96 x 10 kg./cm.3 and the other of bronze 848 
Sor which E=0°63 x 108 kg.{em2 


Solutions. Area of each bar 






=A = (12 cm.® 
=1°131 cm.2 
Let the stresses in steel and bronze be 
ps and po kg./cm.® respectively. P: 450kg 
Since the rigid bar remains horizontal, Fir. 26 


the extensions of the steel and bronze bars are equal. 
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Strain in steel =Strain in brass. 
Pe 
Es Ee 
Es 
P= Po 


1°96 
Pim eh? 
se pe=3 It po. 
Load on steel-+load on bronze =Total load 
psAst+podo=P 
But As=Av=1'311 em.* 
S111 pox V311+p x 13112450 
4650p ,= 450 
pos rom kg./em* 
= 96°80 kg. fom. 
pe=3 LLL X 9683011 kg./cm.* 


Consider the equilibrium of the rigid rod, see Fig. 26. Let the 
load be applied at x cms. from the steel bar. 


Taking moments about the left end we have 
Pv X 60=450 x x 
96°8 x 1°131 x 60=450 x 
sae 96°8 x 1131 X60 


cea meea peneRASPEARAT 


450 
a x~= 14°6 CMS. 


Hence the load must be applied on the rigid. bar. at a distance 
of 14°6 cms. from the steel ca ' i pon 


Problem 31. A solid steel bar 50.cm. long and 7 cm. diameter 
ts placed inside an aluminium tube having 7°5 cms. inside diameter and 
1@ cms. outside diameter. The aluminium cylinder is 0015. cm. longer 
than the steel cylinder. An axial load of 60,000 kg. is applied to the 
le gg erga gad cover plates as shown in Fig. 27. 

stresses pea in the steel bar and, the al ° 
Assume E,== 2'2 x 10° ke fem? and EaxO07xX tee are = 
(A.M.LE., May 1964) 


Selation. 


Area of the steel bars As= x7 en 
38°49 op,,2 





io oiscm 


{socm 


ea seem om 6. ahem ee ew oe mm eo ee 
e 


i 
4 
‘ 
t 
‘ 
{ 
’ 
§ 
| 
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i 
‘ 
i 
t 
{ 





Fig. 27 
Area of the aluminium tube 
am Agu ; (102?—7°5*) cm.3 
= 34°36 on.* 


Fig. 28 shows the original dimensions of the steel bar and the 
aluminium tube. os 


Let the aluminium tube be compressed by $ cm. 
. The steel bar is compressed by (8—0°015) cm. 


: ae ico gid hange in length 
e S ee —- CD Ange 1B fengtn 
frain in steel és Sripinal teaeth 


8—O°015 
= 50 


a ini change in length 
Strain in aluminium =-e¢,.=< original lengtl 
§ 
= "50°015 
Stress in steel=ps ~Ees=( soos) 2°2 x 10° kg/cne® 
pe=(8—0°015) 44000 kg./em.? 


} 0'7 x 10% kg. jcm.® 





3 
50015 
Pe=14000 3 kg.Jem*. ° 
Load on steel+load on aluminium 
=total load on the composite : 


prAs +. PaA a=/P ; 
(3 —0°015) 44000 x 38°49-- 140008 x 34°36==60000 ky. 


Stress in aluminium =p.—Esee=( 
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15938-+481°043=60-+4+25°4 
es 2174043 854 
85°4 
8 417404 cm. 
5=—0°03928 cm. 
ps=(3—0°015) 44000 kg./cm.? 
==(0'03928—0°015) 44000 kg./cm.? 
== 1068°32 kg./cm.” 
and Pa= 14000 5 
= 14000 x 003928 kg. fem?. 
=549°92 kg./em.? 
§9. Equivalent Area of a Compound Section 


Suppose a compound 
column consists of a concrete 
column reinforced with steel 
ba 


rs. 
Let the gross area of the Sama 
column be A. AREA=A 
Let the area of steel be | AREA OF 
As. STEEL™Ag 
.. Actual area of con- 
crete = A-=(A— As). 
Let the stresses in con- 
Crete and steel be p. and p, ; 
ively. Fig. 29 
Strain in Concrete = Strain in Stee! 
Ee Pe 
E- ve Es 
_ Es 
Bee pees 
pPs=Mpe ...(i) 
Es 
where oe 
aE 


This ratio m is called the modular ratio between steel and 
concrete. 


Load on steel-++-load on concrete =load on column 


i.e. PsAs+ PeAc=P 

: mpcAs +pcAe =P 

v Pp Ac+mAs) =P 
Pm 2 


= Act+mA, 
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But Ae wa( 4 — As) 
a P Mente ere 
Po 4 4st 


I ee 
Pe=4-+(m—1)As 


Suppose in place of the composite section, a plain concrete 
column of area A-+(m-—1)A, had been provided the stress in concrete 


Sy ce ee 
Pe “A-+(m—1) As 
Hence for determining the stress in concrete, we may consider 


that the given reinforced concrete column is equivalent to a plain 
concrete column whose sectional area 


This area Ae=A+(m—1) Asis called the equivalent concrete 


area. 
F : Load 
.. Stress in concrete= : 
Equivalent concrete area 
Stress in steel =modular ratio X stress in concrete 


The abcve principle, for instance, can be applied to problem 
23, page 28. 

In the problem, Size of the column=30 cm. X 30 cm. 

Load on the column = 18000 kg. 

Area of steel As=8X3'142=25'14 em’. 


Modular ratio =m = =15 


Equivalent concrete area 
=Ae=A+(m—1) As 
= 30?-+-(15—1) x 25°14 cm.” 
= 1251°96 cm.? 
Stress in concrete 
Load on the column 
—Pe™ “Equivalent concrete area 
18000 
"125196 
== 14°37 kg./cm.* 
Stress in steel=ps==mpe=15 x 14°37 kg./em.? 
== 2/5°5S kg./com.* 
Problem 32. A steel strip uf cross-section 40.-mm.xX IO mm. is 
bolted to two copper strips one on either side, each of cross-section 


40 mm. x 7'5 mm. to transfer the load. There are two bolts on the line 
of the pull. Show that neglecting friction and the deformation of the 





kg./cm.” 
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bolts a pull applied to the joint will be shared by the bolts in the ratio 
of 3104, Assume E for steel is twice that of copper. 
Solution. 

Figure 30 shows the details of connection of the members 
mentioned in the problem. 

Let the load applied on the connection be P kg., i.e., the load 
of P kg. is applied at the end of the steel plate. Let the load trans- 
ferred to the bolt A be Pi kg. Hence between the two bolts the load 
in the steel plate will be (P—P1) kg. This load will be transferred to 
the bolt B. 


The load P| transferred to the bolt A will be transferred to the 
two copper plates between the two bolts. Now consider the plates 
between the two bolts. 


Load on the steel plate =(P—P1) kg. 
Load on the copper plates =P; kg. 
Strain in steel = Strain in copper. 





Fig. 30 


PoP 

AiE: AtEc 
LE AcE Ae Es 
P—P, AcE: As ° Es 
Pi 2x40x75 1 
P—P,” 40x10 ° 2 
i 3 
P—P\ 4 

But load on the bolt A=P; 

and the load on the bolt B=P—P, 


Ratio of the Joads shared by the bolts 4 and B=3 : 4, 


Problem 33. Two copper rods anda steel rod, together 

a rigid uniform beam weighing P kg as shown in Fig. 31 eke ne 
in copper and steel are not to exceed 600 kg.{cm? and 1200 kg./cm® 
respectively. Find the magnitude of the load P that can be safely 
supported. Young's Modulus for steel is twice that of conner. 


t maynecond 
mere 


Solution. Area of copper component 
> Ac=2[4 x 4] = 32 crn?, 
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COPPER 
ROD 
4CMx ACTH 
a eet 


"COPPER 
4 ine x cm 
"eomM 
i § page cm 
= CAT 


jig. 31. 
Area of steel component 
=As=5X5=25 cm, | 
Length of copper component=4.— 15 cm. 
Length of stee] component=L=25 cm. 
Decrease in length of copper=Decrease in length 
of steel=5 
S=ecle=E€ols 
. £6 _ be 15 
” €e a I, 25 
Stress in steel=ps—esE: 
Stress in copper = pe = écEc 


Be Et 6 x2=12 


= ()'6 


ps Cc Ee 
Ps=1'2 Pe 
when p, reaches 600 kg. [om?. pe will reach 1°2X6U0- 
720 kg./cm*®. which is less than its permissible value. 
P=peActpsAs 
= (600 x 32)+-(720 x 25) kg. 


= 37200 kg. 
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Problem 34. Two copper rods andone steel rod together 
support a load of 25000 kg. as shown in Fig. 32. Find the stresses in 


the rods. 
Take Es=2x 108 kg./cm2 and Ec=1X 108 kg./em.2 
Solution. Each rod will be compressed by the same amount. 
Let the decrease in length of each rod be $ cm. 
Let the strain in copper and steel be ec and es respectively. 
: ecle=e.h=8 


Let the stresses in steel and copper be p: and pc respectively. 
5 Pe=e.Es and pe ecEe 


ps_@ . Es 

Pc Ce Ee 

Pee 

nog 

B= pe ...(é) 
Load on steel-+ Load on copper= Total load applied 
1.€., psActpoAc=P 

P=25000kg 


COPPER ROD 
AREA 10 cm COPPER ROD 


AREA 50 crit 





A rig. 32. 
x PeX 16-+pe X(2 x 10)= 25000 kg. 


: 64 
os 3 Pe +20 Pa 200 kg. 


SIMPLE STRESSES AND STRAINS 43 


124 p.=25000 ke. 


25000 x 3_ z 
ae pe= - 194 kg./cem. 
oe po= 60484 kg./em.? 


ou 4 x 604'84=806°45 kg.jem2 


Problem 35. Two a rods and ome steel rod together 
support a load as shown in Fig. ae If the stresses in copper 
steel are not to exceed 600 kg.[cm.2 and 1200 kg./cm. 2 find the safe 


P 'Kg 
COPPER ROD- STEEL ROD COPPER ROD 
3CMX3CH / YACHX 4CR 3CMx 3C™ 
i2 Cm 


Fig. 33. 
load that can be supported. Young’s Modulus for steel is twice that 
of copper. 
Solution. Each rod will be compressed to the, same extent. 
Let the decrease in length of each rod be 8 cm. 
ue the strain in steel and copper be es and ec respectively. 
d=es. Is =E€elc 
ee de 12 f 
ee Sei Dre 
— the stresses in steel and copper be ps and pe respectively. 
Pe=esEs and pe=ecEe 
= Ps - EB _g6x2=12 
Pe €e Es 
: ps =1°2 pe. 
Suppose steel is permitted to reach its safe stress of 1200 


kg.Jcm.2 the corresponding stress in copper will be —=> = = 1000 
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2 for copper. 
2 h exceeds. the safe stress of 600 kg/cm. 
ee ea rents: be allowed to reach its safe stress of on eli 
Corresponding stress in steel will be 600 x 1°2==720 kg./cm. 
Total load=P=load on steel+load on copper 
=DsAs + PcAc 2 
= 720 x 16+600 X29 kg. 
= 22320 kg. - 
Problem 36, Jhree vertical rods equal in length and each 
mm.in diameter are equispaced in a vertical plane and together 
support a load of 1000 kg. the rods being so adjusted as to share the 
load equally. If now an additional load of 1000 - be added deter- 
mine the stress in each rod. The middle rodis of copper and the 
outer rods are of steel. Take Es=2x 108 kg.jem.2 and Ee=1xX 108 
kg.icm? 
Solution. (i) Stresses due to the initial load of 1,000 kg. 


Area of each bar =F X 1°27 cm.2 =1°13 cm.? 


Initially the load on each bar 
1000 
= 3 oe: 
The initial stress in each bar 


oor d 2 


at Po= 294°9 kg.Jom.2 
(ii) Stresses due to additional load of 1000 kg. 


Let the stresses in copper and steel be pe and ;» due to the 
additional load of 1000 kg. 


Strain in copper =Strain in steel, 
ho Seer. 
Ec E: 


pea ” Po= 2pe 
Load on steel+load on coppcr == Total load. 
pe Astpe Ac=P 
2pe(2 X 1°13)+-pe X 1°13 
= 1000 kg, 


{000 
pe= 5 65 kg.fem.2 


ee fe=177 kg.Jcm2 
and pom 2177 = 354 ke. fey? 
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. Final stress in copper =po+-pe= 2949+ 177=471'9 kg. em. 

Final stress in steel = po+ps=294'9+-354=648'9 kg./cm*. 

Problem 37. A steel rod 18 mm. in diameter passes centrally 
through a steel tube 25 mm. in internal diameter and 30 mm. in 
external diameter. The tube is 75 cm. long and is closed by rigid 
washers of negligible thickness which are fastened by nuts threaded on 
the rod. The nuts are tightened until the compressive load on the 
tube is 2 tonnes. Calculate the stresses in the tube and the rod. 

Find the increase in thesz stresses when one nut is tightened by 


one quarter of a turn relative to the other. There gre 4 threads per 
cm. Take E= 2000 tonnes/cm?. 


Solation. When the nuts are tightened the tube will be com- 
pressed and the rod will be elongated. Since no external forces 
have been applied, the compressive load on the tabe must be equak 
to the tensile load on the rod. 





Fig. 34 


Area of the tube = A= (3?—2'5)= TE cm? 


ieee -9)8., . 8! 2 
Area of the rod = Ar 4 (8? 190 7 cm. 


Let the stresses in the rod and tube be p, and p: tonnes/cm.* 
respectively. 


Tensile load on the rod =compressive load on the tube 


PrAr = pt.At 
As 
Rag ES 
; llx 1 
° " pr “16 : “Six t 
275, 
ee pr 324 pre 


(i) When the compressive load on.the tube ts 2 tonnes. 


-’..otress.in the tube = p: = Fis tonneslem’. 
ee) 
a Tix tormesicm* 


==()°926 tonnes/cm* (compressive) 
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DiS es 
”. Stress in the rod =pr= 323 X0°926 tonnes{cm.* 


=('786 tonnes|cm*. (tensile) 
(ii) When one nut is tightened by one quarter of a turn. 
Let fi and fr be the stresses due t» tightening of the nut by one 


quarter of a turn. 
Obviously fi is a compressive stress and f; is tensile, and 


275 
f= g94F' 
Reduction in the length o; the tube 


_t 
po! 


Extension of the rod 


215 fix 7S 
324 ° 2000 °™ 
_ 68'66f 
2000 °" 


But contraction of the tube-+-extension of the rod =axial advance 
of the nut. 


. ISft » 63° 66/; 1 ; 
= 000 > 2000 = ( 4 )=o 0625 cm. 
TSf.+63°66/f: = 125 
138°66f: = 125 


125 
fi= 138-66 them. 
Jc=0°90 t/cm*. (compressive) 
275 . 
fr= 324 %0'9=0°764 tjcm?. (tensile) 


Problem 38. 4 solid uniform metal b diamet 
sees is hanging vertically from its saber te i Obtain we oi 
elongation of the bar due to its own weight if Y is the specific weight 
and E the Young’s Modulus of the material of the bar. 


(A.M..E. May, 1975) 
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Solution. Consider any section XX of the 
sod distant x from the lower end. 


Weight of the rod below the section XX 
4 =YAX, 
where A==sectional area of the rod. 
Stress at the section YXY=/f= AN =X 
Consider an elemental length dx of the rod from XX. 


Extension of the elemental length of rod= L dx 





elt 
E dx 


i 
». Total extension of the rod=é -| eas 
0 


pe, 
2E 
§10. Bar of Uniform Strength 
Fig. 36 shows a bar subjected to an external tensile load P. If 
the bar had been of uniform cross-section, the tensile stress intensity 
at any section would be constant only if the self weight of the mem- 


ber be ignored. If the weight of the member is also considered, the 
intensity of stress increases on sections at higher levels. 


It is possible to maintain a uniform stress on all the sections by 
increasing the area from the lower end fo the upper end. 


p(A+da) 


we 
¢? 
PA+4 WAL 


Fig. 37 
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Suppose the area of the upper and lower ends be A, and Ag 
respectively. 


Let the area of the sectioa bs A ata distance x from the lower 
end. Let the area be A+d4 at a distance x+dx from the lower 


end. 
Let the weight per unit volume of the member be w 


Consider the equilibrium of the strip EFGH 


Total force acting upwards=Total force acting downwards 
Let p be the uniform stress intensity. 
KA+dA)=pA+wa dx 


p.. dA=wA . dx 
dA ow 
fe ak 
re 


Integrating, we get 


log. A= ot Cy 


where Ci =constant of integration 
At x=0, = Ay 
log: Ag= C} 


loge A= <x + loge Ag 


A _y 
I or 
0g Ae x 
Wx 
A_sop 
Ag . 
Wx 
A= Age P od) 
uae 
Obviously  4y=A>e” (ii) 


Eq. (i) may also be written as 
: Aw | 
0210 ae .»-(dii) 


e 


Problem 39. A vertical tie of unifo 
PPR St, 
if the — he ba i lower end ‘ J et he ae ee 
ptiprnper shi fouk ie §arry 4 load of 70000 kg. The material 
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Solution. Area of the tie at the bottom =As=5 cm?. 


70,000 


¢  =14000 kg. /cm*. 


Intensity of stress =p= 





Wt. per unit volume=w= kg./om, 


1003 
The area at any distance x from the bottom end is given by 
= ae 
2 3-logio Ae oy x 


Let the area at the upper end be 41 


2°3 logio a =. 
_ 8x 1800_ 
1000 x 14000 
aes ee 
875 
Ay 9 
= —— ==: ()’ 4 
logo 4. = “e750 x23 0 00 
A 
4 =1°001 


Ay=1°001 X5=5°005 cm?. 


Problem 40. Fig. 38 shows a 
rigid square platform of negligible 
weight and of side | supported by 
four identical elastic pillars each of 
heighth If alvad P be applied at 
a point distanta and b from the 
adjacent sides AB and AD find the 
pressure on each pillar and the dep- 
ression of the centre of the plat- 
form. 

Solution. Let the pressures 
on the legs AAi, BBy, CC, DD, 
be Pa, Po, P and Pa respectively. 


For the equilibrium of the 
platform, 





Fig. 38 
PatPot+Po+Pa =P Ai) 
Taking moments about AB, we have, 
P.I+-Pal=Pa 


Pet Pama coef) 
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Taking moments about AD, we have 
Pol+-Pcl=Pb 
, Prt Pe=*? iti) 
Let 3,, So, 8 and 3a be the depressions of the pillars AAi, BBi, 
CC, and DD;. These depressions are proportional to the respective 
pressures on the pillars. 


8.0 P, “. Sam K.Pa. where K is constant 
So= K Po 
oc K P Cc 
Sa= K Pa 
Depression of O == Average of depressions of 4 and C 


So+5.  K (Pat+Po) 
oe? = ee iv ein 


== Average of depressions of B and D 


_ +82 K (Po+Pa) 
“oe? 2 
Pot Pe=Pot+Pa »»(iv) 
Rewriting the above equations, 
PotP,+Po+Ps=P ...(i) 
Pet Pex <8 ... (ii) 
Pb 
Post Po = — ... (iii) 
Po+Po=Pot+Pa .» (iv) 


From equations (i) and (iv), we get 
PAP =Po+Pa=t 


Subtracting eq. (i/) from eq. (iii), we get 


P 
Po—Pa=—, (6—a) ...(v) 
Er 
But Pot+Pu= z ... (vi) 
Adding equations (v) and (vi), we get 
P 
2Pr=F ti (b—a)} 


. P= if 1+2(b—~a)} 
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Subsntuting the value of P» in equation (vi) 


P P 
Ps= 5-Air (6—a) 


P= A 1-2 (o—a)} 





4i 
Substitating the value of Pa in equation (ii) 
oe hay OPey. _ 
P.o= I i 2 (b a} 
: _?P 
ae P.= 4 42 (a+h)—1 


Substituting the value of P. in equation (iv) 
P P 
Po=P>-+Pe—Pe= aa #i a+b)—It 


P 
P.= 4] 3 1-2(a+»)} 
Thus the pressures on the pillars are. 


Po= 43-2 (a-+6)} 


Pom £4142 (ba) 
pat tp (a+6)—n} 


and Ps= z 1—2 oa} 


Let the Young’s modulus of the material of pillars be E 
Depression of the centre O of the platform 


=§=-}$ (Depression of the pillar 441+ 
depression of the pillar CC1) 


Paps Fe_ 

=i pot AE" 

where A is the sectional area of each pillar. 

h 
a= -(PetPe) 
But PotPc.= > 
. Ph | 

4EA 


Problem 41. Three ropes AD, BD and CD support a lead P as 
shown in Fig. 39. If the three ropes aré of the same sectional area, 


$ == 
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the middle rope be vertical and the other roves be at 8 with the vertical, 
find the loac carried by each rope. 


te ee 





Fig. 39 Fig. 40 


Solution. Let the length of AD be |; 

Let the tension in the middle rope be R 

Let the tension in each of the ropes AD and CD be Q 
Resolving the forces at D vertically we have, 


OS Gan P 
masses: Q=4(P— R) sec 8 Ai) 


Increase in length of AD 

= dh, ae AE le 
Increase in length of BD 

== (lf ma A gE! 
But bh? = [2-+-a* 
.. Differentiating, we get, 

hdl, =2. dl 

dh 


i 
= = cos 6 
h 


dl 


R 
aie QG=R cos® @ (ii) 
Bot O=t(P--R) sec 8 . (i) 


.. 2R cos! 8=(P— R) 
o. R (1+2 cos’ Q) == P 


: P 
- R 1+2 cos? @ 
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P cos* 8 

i O= T+ Zc0s* 6 

Problem 42*. A rigid horizontal beam of length 21 is carried by 
three wires each of length I hut of sectional areas Ay, Ax, Az as shown 
in Fig. 41. Ifatload W be placed at a distance ,KI from the left end, 
find the tensions in the three wires neglecting the weight of the beam. 

Solation. Let the tension 
in the wire AA’ be P, 

and tension in the wire 
CC’ be Q 

and tension in the wire 
BB’ be R. 

For the equilibrium, we 

have 

P+O+R=W .. (i) 

Taking moments about the 
left end of the beam, we have 

RI+- Q2l=: W Ki 
“, R+20=WK Fig 41. 
2 QO--+ (WK— R) .. (Hl) 
P=W-Q-R 
== W—}(WK—R)—R 
R 


-W--LWK 5 


W R 
=z Q-K)- 5 





Px een , (tif) 


Since the beam will always remain straight 
Extension of 8B’ =mean of the extensions of AA’ and CC’. 


Let the extensions of AA’, CC’ and BB’ be 3;, 5: and 33} 


8-3 
Spo tac Liv) 
P 
R 3, = 
ut I= ae ! 
S- g2 
2 AcE l 
R 
and 33= As | 


FTO dete ep eee, 


*Junior students may leave this numerical. 
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3:+5p 
Since Sg= 7» we have 
Ri if P Q- 
ASE 2tde Ae! 


R P OQ 
eet ee ee ele oe 
Ag Ay = Ag 
Substituting for P and Q, we have, 
R | WQ K)—R WK—R 


— 


“AZ 2A + 24o 
ett ==} [ "250-8 4 WE-R 
Ag Ay As 
. le onleap icin 7 | 2—K *..| 
eral aaa AS aN ae ae as 
PEK. IK 
in A ee OW 
Rot 4 1 4 


4Ay “4Aa * Ag 
R being known the tensions P and Q can be determined from 
equations (ii) and (iii). 
Problem 43. A uniform rope of length | units hangs vertically. 


Find the extension of the first aunits of length of the rope from 


the top due to the weight of the rope itself. Find also the total exten- 
sion of the rope. 


Solation. Consider an elemental length dx of the 
rope at a distance x from the botto n of the rope. 
Let the weight per unit volume of the rope be pe. 
Let the cross-sectioaal area of the rope be A. 
Force on tae cross-section of the elemental part 


SF eee a®- ap 


=9 Ax d 
Stress on the section of the elemental part ] 
a Ae, ie 
p A Px 
Extension of the elemental part Fig. 42 
Se pe OX 
=p dx E dx 


l 
Total extension =:3 = - [xdx 


0 
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er 

2E 
Extensiou of the top a units of length 


= Total extension —extension of the bottom 
(/—a) units of length. 


_ pl? 9 (l—a)® 
- 20E WE 


al 12—(I—a)? ] 
aera z la—a? ) 


p 


6 = 


§11. Temperature Stresses 


When the temperature ofa material changes there will be corres- 
ponding change in the dimension. When a member 1s free to 
expand or contract due to rise or fall of temperature, no stresses will 
be induced in the member. But, if the natura! change in length due 
to rise or fall of temperature be prevented, stresses will be offered. 


Suppose a rod AB of length / be fixed 

at the ends 4 and B. Let the temperature , = 
rise by 7. If the member was free to expand, > 
the free expansion of the member would be ' 
BB’ =aTI where « is the coefficient of linear Fig. 43 
expansion. Ifthe member is allowed to freely expand nc stresses 
will be induced. But ifthe member is prevented from expanding, 
compressive stresses will be induced. 

B This can be realized as follows. 


ee Let the rod AB be of length f. 
—) Let its ends A and B be fixed. 


B B! Suppose there is a rise of tem- 
(6) _SespamnmeeR pene ure: The rod tends to expand 

{———_——+l¢7, by aTT. 
. Suppose the fixture at the end 
(c) BB p Bis removed so that the rod freely 

Gay Pee expands by «7/ so that BB’=aT7T. 
| Let now an external load be 
(s) Ve ee applied at B so that the rod is 
P decreased in its length from (/-+-«77) 
Fig. 44 to I. 
Let a be the sectional area of the rod. 


B 


Compressive stress=p= 2 
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- pee aT! ~ Tl _ aT 
Strain ae ery ae 
Stress 


Sean E (Young’s modulus) 


ap 7E 
P=aTE 
Hence when the rod is prevented from expanding temperature 
stress =aTk. 
The thrust on the rod section 
= P=pa 
==aT Ea 
In general. the temperature strain 
_. Expansion or contraction prevented 
= original length 
Suppose a rod of Iength /. when subjected toa rise of tem- 
perature is permitted to expand only by 3, the temperature strain 
Sn _Expansion prevented 
Original length 
_ a7]--§ 
se 
Temperature stress 
== P== Ee 
__ EloTI—8) 
me | 


Problem 44. 4 rod is 2 metres long at 10°C. Find the ex- 
pansion of the rod when the temperature is raised to 80°C. If this ex- 


Ransion” is prevented, find the stress in the material. Take E=1x 108 
kg.jem.* and «=0°0000/2 per °C. (AMIE, May 1974) 


Solution. Rise in temperature==T=80—10= 70°C. 
Free expansion =a 7] 
. = 0°000012 x 70 x2 x 100 cm. 
=0°168 cm. 


Temperature stress =a TE 


=0°000012 x 70 x 1 x 106 kg./cm.2 
=840 kg.Jom2 
Problem 45. (S.1.) 4 rod of steel is 20 m 
i etres long at a tempera- 
ie of oid oe ae the free expansion of the length when the tempera- 
sed t009°C. Find the temperature stress produced (1) when 
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the expansion of the rod is prevented (ii) when the rod is permitted to 
expand by 58 mm. Take «= 12x 106 per °C and E= 200 GN/m2 
Solution. 
Free expansion of the rod=:277 
=: 12 10°§ (65—20) 20 metre 
=-0 0108 metre 
=10°8 mmr. 
(') When the expansion is fully prevented 
{emperature stress =27TE 
=12 * 10°© K (65— 20) x 200 « 108 N/aic tre? 
=: 108 x 10° Nimetre? 
=108 MN/metre* 
(ii) When the rod is permitted to expand by 58 mm. 
In this case, expansion prevented =10°8—5'8 =5 mm. 
. Expansion prevented 
mee = Original agi 
= 5 ] 
~ 20 x 1000 ~ 4000 
Temperature stress =Strain X E 
re x 200 x 109 
=: 50x /08 Nimetre* 
=50 MN/metre* 


Problem 46. (S.I.). A 15 mim. diameter steel rod passes centrally 
through a copper tube 50 mm. exiernal diameter and 40 mm. internal 
diameter. The tube is closed at each end by rigid plates of negligibie 
thickness. The nuts are tightened lightly home on the projecting parts 
of the rod. If the temperature of the assembly is raised by 60°C. 
Calculate the stresses developed in copper and steel. 


Take Es= 210 GN/metre* ; E.=- 105 GN/metre? ; 
as==12% 1078 per °C 3 a, =17°5X 10-* per °C. 
Solution. 


Area of the steel rod =A, => (15)? mm.2 
=-56°25 x mm.” 
Area of the copper tube=Ac=—- (502—40?) mm.* 


==225 = mm." 
Free expansion of steel =as7/ 
Free expansion of copper= «71 
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Let the actual} expansion of each component be 8 
acll>é>asT] 
.”. Steel is in tension and copper is in compression. 
Let fs and fc be the stresses in steel and copper. 
For the equilibrium of the system 
Tension in steel= Compression in Copper. 


SfrAs=frAc 
A. 
fal As |r 
Z 22 3x 
le cont fe 
fae 


Actual expansions of steel--- Actual expansion of copper 


dias fe 
asT]-+- E; l=«.7] E. l 
sl Ie = et <= Je 
Ra pee 
But f:=4f- and substituting for &s, a, Es and E., we get 


= 4f. 
12X10°8 x90+4+-— J". yey 1n-6 Ste 


. 4f. 
2.0 Nes 


4f. if 
210. 10s kee 
3fi 
“05 = 330 «x 103 


f: =330 x 103 x 35 N/metre? 
=11°55 x 108 Nimetre® 
=11'55 MNi metre 

s=4f-=4 x 11°55=46°2 MN/metre?. 


Problem 47. A gun niztal rod 22mm. diameter screwed al the 


e Passes thraugh a steel tube 25 i 
external digm <-) mm. and 30 mm. internal and 
to 126°C ¢ re a " The temperature of the whole assembly is raised 


ends of the tube ‘son the-rod are then screwed lightly home on the 


Find the intensj : 
common temperature has fallen to i ial pessta tie” roam nen the 


Coefficient of expansion for steel =12X 10°86 per’C 
Coefficient of expansion for gun metal =20 x 0-6 per’C 
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Modulus of Elasticity for steel =2°1 x 108 kg./cm?. 


Modulus of Elasticity for gun metal 20°94 x 108 kg./cm*. 
(A.M.LE., May 1966) 


Solution. Area of steel tube 
ahve] 32 9°52 Jems. 


soe wz om.® 


16 
Area of the gun metal rod =Ay=— x 2°22 cm?. 


= 1°21 % cn. 
Let the length of the rod and tube between the nuts be J cms. 
If the two members had been free to contract, 
free contraction of the gun metal rod =a, T/ 
free contraction of the steel tube =a, TI 


Since a, is greater than &s the free contration of the gun metal 
rod is greater than the free contraction of the steel tube. But, since 


ete L- 
GUN METAL ROD 


OF LLL ee 


Fig. 45 


the ends of the rod have been provided with nuts the two members 
are not free to coniract fully, each of the members will contract by 
the same amount. Let 5 cm. be the final contraction of each rod. 
The free contraction of the gun metal rod is greater than 3, while the 
free contraction of the steel tube is less than 5. Hence the steel tube 
will be subjected to compressive stress while the gun metal rod will 
be subjected to tensile stress. Let p: and p, be the stresses in steel 
and gun metal. 


For the equilibrium of the whole system. 
Total compressive force in steel 
=Total tension in gun metal. 


psAs=paAa 
Say ae ee 2 121n 
aes Cia | ee 
lig™} 


Pp: = 1°76 Po 
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60 
Final contraction of steel 
==Final contraction of gun meta} 


eT + el =2,71-- 


es mez Ky 7 Be 
tea Lg 


T=126-16=110°C 


da P+ 


| Regie VIO: _ ag yx 19-6 oo eee ae 
; 12x Li? Bo 110 4- dix ve = 20 x 10 x 110 0°94 x 108 
ies Py 


: vy MEIER 10s 2 3F; aa oe ae 
SOE a spp 20% 10 


1°76 fp cao 
: pl 2 es + 98 j-=8 x 110 
pr=462'7 kgicm® (tensile) 
pr- P76 X 4627 kg./em*. 

Ae .814°3 kg.fem*. (compressive) 

Problem 48. 4 stecl bur is placed between two copper bars 
each having the same area und length as the steel bar at 15°C. At this 
stage they are rigidly connected together at both the ends. When the 
temperature is raised to 315°C, the length of the bars increases by 
O15 cm. Determine the original length and the final stresses in the 


bars. 
Take Ex= 21X10 kg.fem2 + Eo= 1X 10% ke./em3 ; 


4s =O 000012 per°C 3 a-- 00000175 per °C 
(AMIE, Summer 1978) 


x, TEI 


COPPER COPPER ; eer 
STEEL STEEL arty} 
COPPER COPPER \ 


b - 











Fig. 46 
Solation. 
Let the sectional area of the steel component be A cm.” 
Sectional area of the copper component =2A4 cm.2 
Free expansion of steel component =asT/ 
Free expansion of copper component =«.7/ 
Let 8 be the actual expansion of each bar. 
aT] <8<2-Tl 
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Steel is in tension and copper is in compression. 
Let f: and f. be the stresses in steel and copper respectively. 
For the equilibrium of the system 
Tension in steel ==compression in copper. 
f: A=f: (2A) 
— fr=2f. 
Actual expansion of steel== Actual expansion of copper. 


att £ I~. n- ! 


Seg Lee 
as] + E. =a. EF. 
T-=315—15-= 300°C 
0:000012x 3004+". -o-0000175x300— , / 
ea OF x TOF 1 x 106 
12x 300+ ce _175X300-F, 
19524 f. ~- 1650 
fi=-845' Ll kg.Jom* (compressive) 
ae fs=2 X 845 11== 1690°22 kg. /com.* (tensile) 
Now consider say the steel bar. 
Actual expansion of the stee! bar 
2 pe 
=asT]+ F. f=0 15 
; 1690°22 | _n.ts 
0°000012 x 300 145.5 og =O! 


*. 12300 4 802? |= 150000 


3600 /+-804°87 I= 150000 


ais 4404°87 1= 150000 
; f=: 34°05 cm. 


Problem 49. A /2 mm. diameter steel rod passes centrally 
through a copper tube 48 mm. external and 36 mm. internal diameter 
and 2°50 metres long. The tube is closed at each end by 24 mm. thick 
Steel plates which are secured by nuts. The nuts are tightened until 
the copper tube is reduced in length by 0508 mm. The whole assem- 
bly is then raised in temperature by 60°C. Calculate the stress in 
copper and steel before and after the rise of temperature, assuming 
that the thickness of the plateS remains unchanged. 


Take Es=21x 10° kg.fom*, © Ec 1°05x 108 kg./em?., 
ae=12X10-6/°C and &= 175K 10°6/°C 
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Solution. Area of the steel rod = As= 5-1-2 cm?.=0°36n cm?. 


Area of the copper tube 
= A-= 5 -(4'8°—3'6?) cm*=2'52e cm?. 







Case (i). Stresses 
Pf fat Ld dea TS EAA hh dhe de hed dhe PY ff I Fidei ttité¢rvttit£ 


tightening the © , 
due to tightening i a 


S 
nuts. When the nuts pA __ Beil 
JOC het hhh hh dhddhebudbahudidcddariabrtabntapraiihertedeaticltadalertateds b 


are tightened the steel 
rod will be subjected 
to tensile stress and the Fig. 47 

copper tube will be subjected to compressive stress. Let pe and ps be 
the stresses in copper and steel. 


Total compression in copper=Total tension in steel. 












PcAo=psAs 
— fe | _ 2°52n 
Pe "As Po 0°36 P° 
ps=Tpe h : | h 
aa —e-. change io length 
Strain in copper=e original length 
. _ 90508 
°~ 250 


Stress in copper=pc=eec Ec 


00508 
~ 250 
=213°4 kg.jcm.2 (compressive) 
Stress in steel =pe=7ps=7X 2134 
= 1493 8 kg.J/em.” 
Case (ii). Stresses due to rise of temperature. 
If the two members had been free to expand, 
Free expansion of stcel = «s7/s 
Free expansion of copper=- x. 71; 
Since ac is greater than 2s the free ex i 
pansion of copper is 
greater than the free expansion of steel. But since the ends of the 
rod are provided with washers and nuts the members are not free to 
expand fully. Final expansion of each of the members will be the 
same. Let this final expansion be 8. The free expansion of copper 
is greater than 3 while the free expansion of steel is less than 8. 
Hence the steel rod will be subjected to a tensile stress while the 
copper tube will be subjected to a compressive stress. Let fs and f. 


be oe stresses in steel and copper. For the equilibrium of the whole 
system, 





X 105 x 108 kg./em.? 
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Total tension in steel=Total compression in copper 
: fiAs = fe cAc 
Ac 
pat “Le 
Final expansion of steel 
==Final expansion of copper 


ah 2. Is =aeTle— fey, 
8 o 


But T=60°C, 
1,=250+4°8 =254'8 cms. 
and le==250 cms. 
The X 2548 
~§ e , 
12 x 10-6 x 60 x 254°8-+ 41% 108 
7 f. x 250 
os [f° 6 —” ~~ 
175x 10°§ x 60 x 250 105 106 


fc =72'64 kg./cm. (compressive) 
fr=7X72'64 kg.fom2 
fa=508°48 kg /em.? (tensile) 


Final stresses due to tightening the nuts and rise of tem- 
perature : 


Stress in copper = pe+fc=213'4+72'64=286'04 kg./om.2® 
(compressive) 
Stress in steel = pst fs = 1493°8+508'41 = 2002°28 kg./em.? 
(tensile) 
Problem. 50. A steel rod 20 mm. diameter and 6 metre long is 
connected to two grips one at each end at a temperature of 120°C. 
Find the pull excrted when the tempcrature falls to 40°C (i) if the ends 
do not yield (ii) if the ends yield by 0 Il cm. Take E=2*x 108 kg.Jom2 
md a==12x 19-6/°C. 
Solution. Length of the rod=/=600 cms 
Fall of temperature=T7 = 120—40 =80°C 
Case (i) When the ends do not yield. 
Temperature stress=2x7£ 
= 12% 1078 x 80 x 2x 108 kg./em2 
=1920 kg./cm." (tensile) 
Pull in the rod =Stress x area ° 


= 1920 x oe x2? ke 
=6033 kg. 
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Case (it). When the ends yield by O11 cm. 
Contraction prevented 


Temperature strain = Original length 


aTi—4 

ot 
12 x 106 x 80 x 600—0'1 1 

= Tas rent ee 
0466 

~ 600 

Temperature stress =Strain x Young’s Modulus 

0'466 


= gag x 2108 kg./em.? 


= 1$53 kw.fem.2 
Pull in the rod ~=Stress v area 


== 1553 x - X22 ky. = 4878 kg. 


Problem 51. A sieel tuhe 45 cm. external diameter and 3 mm. 
thick encloses centrally a solid cupper bar of 3 cm. diameter. The 
bar and the tube are rigidly connected together at the ends at a tem- 
perature of 30°C. Find the stress ia each metal when heated to 
180°C. Also find the increase in length if the original length of the 
assembly is 30 cm Coefficients of expansion for steel and copper 
are 108x 10 and 17% 10-5 respectively per degree centigrade. 
E= 21x 10° kg.fem for steel and U1 108 Ag./cm.? for copper. 

Solution. 


Area of steel tube (5 = =--(4°52—3'92) = 3°959 em?, 


ia ri 


Area of copper bar = .4--- ; (3)? =7°069 cm?. 


Since the coefficient of expansion for copper is greater than 
that of steel, the free expansion of the copper bar is greater than 
the free expansion of the steel tube. Since the two components are 
rigidly connected together at the ends, 

actual expansion of steel actual expansion of copper. 

Let 8 be the actual expansion of each component. 

Obviously, 3 is greater than the free expansion of the steel tube 
and less than the free expansion of copper. Hence steel is in tension 
and the copper bar -is in compression. For the equilibrium of the 
system. 

Total tension in stee]~=Total compression in copper 


Let the stresses in steel and copper be f, and f. respectively. 
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frAc =frAe 
Ae 7069 
fim“ b= 3959 / 
: fr=1'785 f 
Actual expansion of steel = Actual expansion of copper 
alt Lima, 1- Et 


Sa aan sahe 
asT + Ex acl E 


T=180~—30=150°C 
, eg lee wee 
108% 10° x150+ Ae 7p 170 x 10-5 x 150——_ Fe 
VBS fe a sqq— Le 
1620-+ 1 =: 2550 ri 
1620+0°85 fe =2550—0°9091 f- 
1°7591 fc=930 
17591 g./cm. compressive) 
sie fs=1°785 x 528°8 = 943°9 kg./em.2 (tensile) 
Increase in length of either component 


=a, THF | 


-( “s7-+- £-), 

: 943°9 
-[ 1°08 x 10°75 x 150+ oa! 30 cm. 
=()°062 cm. 


Problem 52. 4 weight of 20 tonnes is supported by three short 
pillars, each 5 cm.* in section. The central pillar is of steel and the 
outer ones are of copper. The pillars are so adjusied that at a tem- 
perature of 15°C each carries equal load. The temperature is then 
raised to 115°C. Estimate the stress in each pillar at 13°C and 115°C. 
Take Es=2xX 108 kg fom? ; Ec=O8X 108 kg.fem.® ; e2=12x 10-*°C 





and %-=18°5 x 10-8/°C. (A.M.L.E. May, 1965) 
Solution. Area of each pillar=A=5 cm.2 
Initial stresses 
At 15°C each pillar carries tonnes. 


Hapa 2U_ a4 é 
Stress in each pillar=; x5 73 tonnes/cm®*. 


== ]333°33 kg.jcm.2 
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Stresses due to rise of temperature alone. Let the stresses due 
to rise of temperature alone be p: kg /cm.? (compressive) in copper 
and ps kg./cm.? (tensile) in steel. 


Let the change in Jength of each member be 8, 


a TH+ Bi I=aeTh--F I 


ps ae cum Aa —- *s— “6 
Be 5 BE a Tae—as)=(115—15)(18°5— 12)10 


ay Pigott aac toe = 100% 65 x 10° 


i+ i —650 
2pst Spe= 2600 ...(i) 

Also prAs=pcAec 
: ps* 5 pe X10 
a ps=2ps ..-(ii) 
Substituting in Eqn- (i), we get, 

2 X 2pe+ Spc = 27600 

pe=~2O 288'89 kg.jem.2 (compressive) 
and pe=2 X 288°89 = 577°78 ky./cm.? (tensile) 
.. Final stress in copper 
= 1333°33-+4-288'89= 1622°22 kg./cm.® 

Final stress in steel = 1333°33—577°78 = 755°55 kg.Jem.® 


Problem 53. A flat bar of aluminium alloy 24 mm. wide and 
6 mm. thick is placed between two steel bars each 24 mm. wide and 9 
mm. thick to form a composite bar 24 mm.x 24 mm. as shown in 
Fig. 48. The three bars are fastened together at their ends when the 


temperature is 10°C. Find the stress in each of the materlals when 
the temperature of the whole assembly is raised to 50°C. 


If at the new temperature a tensile load of 2000 kg. is appli d to 

ine core pene a wae are ie ea stresses in Saye my allov? “Take 
emzeX #.jcm.*, Lame X k 7, Seon J? ~  Ogr 

ae 24x 10% per’C. See aera on 
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Solution. Area of aluminium 
Aa=2'4X0°6 =1°44 cm.2 

Area of steel 
As=2X2'4X0°9=4'32 cm? ~ 
(i) Stresses due to rise of tem- 


perature. If the two members had 
been free to expand, 


free expansion of steel =«:77 

free expansion of aluminium 

=aal] 

But since the members are fas- Fig. 48 
tened to each other at the ends final 


expansion of each member would be the same. Let this expansion 
be 5. The free expansion of aluminium is greater than $ while the 
free expansion of steel is less than 5. Hence steel is subjected to tensile 
stress while aluminium is subjected to compressive stress. Let ps and 
Pa be the stresses in steel and aluminium. 


For the equilibrium of the whole system 
Total tension in steel=Total compression in aluminium 


i.¢., psAs = DaAa 
as ps X432= pax 1°44 


= -Pe 
ps 3 





Final increase in length of steel=Final increase in length of 
aluminium. 


asTI+ a [=asTI— J 


Teese. 7 Lt 
eta, eel es 
But ==50—10=40°C 


: 12x 10-6 x 40-4 Pt 24 x 10-6 x 40— oe: Pat. 
3 x 106 


Pt 969-2 
480+ > =960 2 po 


pr) oe 
> 3 pe=480 
oe Ps-+3pe= 1920 
an PE 
But ps 3 
E* +-3pe= 1920 
oe, po™576 kg. icm.* (compressive) 
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es ps = kg./cm2 
oe pa 192 kg.fcm.* (tensile) 
(ii) Stresses due to external toad of 2000 kg. 
Let the stresses due to the external Joading be f. and f, in steel 
and alumioium. . 
Strain in steel=strain in aluminium. 
fe _ Se 
Es E, 


Es 
fom fam3 fo 
But load on steel-+Load on aluminium = Total load 
ey frdetfrds=P 
ar 1°44 fa-+-4'32fs=2000 
. 144fa-+-432 x 3fa=2000 
‘ 14°40 fo = 2000 


fun? kg.Jem2 


= 69°44 kg.{om.2 (compressive) 
ee fr=3 x 69°44 ke./em.* 
== 208,32 kg./cm.? (compressive) 
Final stresses due to rise of temperature and loading 
Stress in aluminium ~576+69°44 kg./cm* 
= 645'44 kg./cm.* (compressive) 
Stress in steel == 208°32—192 kg./cm.4 
= 16°32 kg./cm.* (Compressive) 
Problem. 54. Two steel rods one of 8 cm. diameter and the other 
of 6 cm. diameter are joined end to end by means of a turn buckle. 
e other end of each rod is rigidly fixed and there is initially a 
small tension in the rods. If the effective length of each rod is 4 
metres, find the increase in this tension when the turn buckle is turned 
by one-quarter of a turn. On the rod of bigger diameter there are I'5 
threads per centimetre while there are 2 threads per centimetre on the 
other rod. Neglect the extension of the turn buckle. Find also what 
rise in temperature would nullify the increase in tension. 
Take E=2x 108 kg.fom.2 and a= 12x 10° ®[°C. 
Solution. Cross-sectional area of the smaller bar 


f 
“Ae x 67 cm.2 


=28'28 cm.* 
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Fig, 49, 
Cross-sectional area of the bigger bar 


an Ap we 7 x 82 cm.® 


en 50°27 cm.” 
When the turn buckle is turned by one quarter of a tarn, 
] 


2 \ I- 
Extension of the smaller bar= “3=R cm. 


Extension of the bigger bar at 


sol al 
4 576 °° 


Total extension of the two rods= r+? cm. 


Tem, 
"24 


Let the tension in each bar be 7 kg. 
.. Total extension in the two bars 


P R 
_ +7 
o(ae3e+ 3027 ) 
‘sei08 78° 50°27 | 
400 1855SP 7 
="2x108* 28°28x50°27 24 
P=26380 kg. 


In order this tension must be nullified by rise of temperature 
total expansion of the two rods must be equal to xem. 


Let the rise of temperature be 7°C 
aT= se 


ae | 7 
® 6 mo 
“12108 x Tx 800—55 


T= 7x 108 
24X12 800 


ws 30° 38°C. 
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Problem 55. A steel rod 32 mm. in diameter is fixed concentrically 
in a brass tube which has outside and inside diameters of 48 mm. 
34 mm. respectively. Both the rod and the tube are 40 cms. long and 
their ends are level. The compound rod is held between two stops which 
are exactly 40 cms. apart and the temperature of the bar is then raised 
by 60°C. 
(a) Find the stresses in the rod and tube if the distance between 
the stops (i) remains constant (il) is increased by 0°025 cm. 
(b) Find the increase in the distance between the stops if the 
force exerted between them is 8000 kg. 
fake E:=2x 108 kg./cm.? En=0°9 x 108 kg./em.? 
as=12x10°8 per°C and = a=21x 10-6 per’C. 
Solution. (a) (i) When the distance between the stops remains 
constant. 
Stress in steel = Os] Es 
= 12X 10-8 x60 x 2x 108 kg./cm.” 
= 1440 kg./cm.? (compressive) 
Stress in brass =orT E> 
=21 x 1078 x 60 X0°9 x 108 kg./em.* 
= 1134 kg./cem.2 (compressive) 


(ii) When the distance between the stops is increased by 0°025 cm. 


Strain in steel =e. = apansion prevented 
original length 


asTI—8 
aa 
ee 12 x 10-* x 60 x 40—0°025 
40 
=(°000095 


Stress in steel =Esesm2 x 108 x 0000095 kg./ci.? 
= 190 kg./cm.” (compressive) 


Strain in brass <en= CXPansion prevented 
original length 


a,7/—8 
ae I —= 

21 x10" 60x 40—0'025 
40 re 
=0°000635 


Stress in brass =Evep 
=0°9 x 10° x 0000635 kg./em.2 
=J571°5 kg.J/em.2 (compressive) 
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(b) When the force exerted between the stops is 8000 kg. 
Let the expansion of the composite member be 8 cm. 
Strain in steel meat 
12 x 10-6 x 60 x 40--8 
—s 40 


—(720 x 10+ ) 





Stress in steel ™=ps=Eses 


=2~x 106 (720 x 0+, } kg./cm.2 


= 10° 6 2 
=( 14407 ) kg.lem. 


Similarly strain in brass 


ap, Gull 8 
: I 


21x 10°§ x 60x 40—8 
te A 
-( 1260 x 10°6— aes ) 
40 
Stress in brass —=po=Eb ey 


=0°9 X 10°( 1260 x 1076 — as } kg./em.® 


—( 1134-99 +3) 2 
—(1134 iD x 10°8 } kg./cm. 


teel T 
Area of stee =A x 3°22 om? 


= 8'°041 cm’. 


Area of brass yi +( 4°82—3°42 } cm2=9'016 em?. 


Load on stee]+load on brass 
= Total load between the stops 
PpsAs+ DPoAv=P 


1083). ( _09 3) 9016 
(1440— 55 8041+ 1134" x 1088 } 9'016 =8000 ke. 
11580-+10220—605000 3 =8000 


13800 
S= nd by 
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$12. Heop Stress. 


Fig. 50 shows a thin steel tyre of internal diameter d.* Such a 
tyre can be shrunk on to a wheel of slightly bigger diameter D. The 
stop! tyre is heated so that its diameter exceeds D. In this stage the 
steel tyre is slipped on to the wheel. If now the tyre be cooled it is 
prevented from assuming its original diameter d. Hence it will grip 
the wheel. 


Hence a fensile stress is induced circumferentially along the 
tyre. Such a stress is called a hoop stress. 


Temperature strain 


___ contraction prevented 
Original length 


Fig. 50 Hoop stress due to fall of temperature 
a mek 


-(75° \z. 


Problem 56. <A rigid wheel is 3 metres in diameter. It is 
desired to shrink on to the wheel a thin steel tyre. Find the internal dia- 
meter of the tyre if after fitting the hoop stress in the tyre is 900 


kg./cm.*. Find also the least temperature to which the tyre must be 
heated above that of the wheel. 


Take E=2x 10% kg.{cem.2 and a=12X10-° per °C. 
Selation. Hoop stress p=(2 ie )e=900 kg./cm.? 


os Jax 10%=900 


300—d 900 
d ™~2x 10° 
300 14+ 900 

d 2x 106 


d 900 \-1 
07 ( a ) 


2x 10% 


d 900 : 
300 ~!— 3xjos *8Pproximately 
‘ == 1 —0°00045 = °'99955 
re d="99955 X300 cm. = 299°865 cms. 
TPE oe Hie of temperatire to which the tyre must be subjected 
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: nrD=rd (1-+a7) 
D 
eS 
D_,D-d_ Pp 
OT wm 
P 
T= aE 
900, 
™ 42% 1078 x 2x 108 
900 Rees 
= 4 = 35°83°C. 


Problem 57 (SI). A rigid wheel 1°25 metre in diameter is to be 


provided with a thin steel tyre. If the stress in the steel tyre is not to 
exceed 140 MN/metre*, find the minimum diameter of the tyre. Find 
also the minimum temperature to which the tyre is to be raised so that 


it can be fitted over the wheel. 
Take E=200 GN/metre® and «=12x 10-8 per °C. 
Solution. D=Diameter of the rigid wheel 
d= Least diameter of the steel tyre. 


Strain in the tyre == Dine 
Stress in the tyre =( 2-#) E=f 
D f  140xne_ 
“GZ 1 == 200x109 = 9007 
D _,- 
d 1°0007 
dene 
D = ()°9493 


a d=0'9993 x 1°25=1°24912 metre. 
Let the steel be subjected to a temperature rise of T °C 
. eD=nd [(1+«7] 


eo 2-=1°0007 


aT Q 0007 


00007 cg.270 
T= 5510-8 75833 °C. 
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§13. Lateral Strain and Poisson’s Ratio 
e e © e e d 
lindrical rod be subjected to an axial tensile loa 
she ad will obviously ee a a at the ore 
i diameter of the rod will decrease In other words, 
eaetscinal tres will not only produce a strain in its own direction, 
but will also produce a lateral strain. | 

Similarly suppose a rectangular bar of width b, depth d and 


‘al tensile load. The deformation of the 
length | be subjected to an axt Ae en eae 


Peeiue es S| ae place such that the 
length of the member 
will increase while 
the lateral dimensions 


Fig. 51. Shows 2 rod of length / and diameter d. namely the breadth 
and the depth will decrease. Let 31 be the increase in length and let 
3h and 3d be the decrease in width and depth. 


él. 

The ratio - 1S p : 
Samay : 
called the longitudi- 

nal strain while the 

_ 8 od. ree 
strain b or a 1S 
called the lateral strain. 


20k When the deformation of the member is within the elastic 
limit it is found that the ratio of the lateral strain to the longitu- 
dinal strain is a constant for a given material. This ratio is called 


Poisson’s ratio and is usually denoted by 7 ‘For most of the 


Suppose a Cy 
P, the length of 





metals we come across m lies between 3 and 4. 


oNateral 2 = Poisson's rat 
Hongitudmalsteain om 


§14. Volumetric Strain 


When a member is subjected to forces deforming it, it undergoes 
changes in its dimensions and hence its volume wil! be subjected to 
changes. The ratio of the change in volume to the original volume 18 
called the volumetric strain. This is usually denoted by ev 
_ Change in volume 

Original volume 
$15. Volumetric Strain of a Rectangular Bar 


Let a rectangular bar / units long; b units wide and d units deep 


undergo small changes by 8/, 3b and 8d_respecti : 
and depth. respectively in length, width 


Original volume = V==[bd 


Hence 


= 
sd 
a+ LE 
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Final volume =(I-+-3/)(b+85)(d+-8d) 
==lbd-+-bd 81+-1b 8d+-dl 8d 
(ignoring products of small quantities) 


7s 
* 
t 


- =é 


.. Change in volume 
=S5Vabd 8[+-lb 8d+adl 8b 
Volumetric strain 
Change in volume 
Cy. oer 
Original volume 


bd 514+-Ib 8d +-dl 8b 
ee lbd 


=e,t+eateo y 
.. Volumetric strain=Strain of the Jength+Strain of the 
depth-+-Strain of the width. 


§16. Volumetric Strain of a Cylindrical Rod 


Let a rod be / units long. Let its diameter be d. 
Let the length and diameter change by &/ and 8d respectively. 


Original volume =V= na 
Final volume — {d+ 8d4)*(1+-8]) 


Tt 


m= g Pla sit Id $d) 


ignoring products and higher powers of 
small quantities. 


.. Change in volume= 5V = 7 (a?8)+ 2d $d) 


-. Volumetric strain 
change in volume  5V. 
original volume =—s-sV 


d2814-21d 8d 


== - Sesnenlinmennsenemen ad 


d*l 
Ss], 8d 
US Aa 
.. Volumetric strain=Strain of the length+Twice the strain 
of the diameter. 





woe 
= 
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$17. Volumetric Strain of a Sphere 


Let the diameter of a solid sphere béd. Let its diameter in- 
crease to d+d. 
Original volume of the sphere 


= Vu man 
Final volume of the sphere 


=F(d+8d> == (d®-++3d48d) 
ignoring higher powers of 8d. 
.. Change in volume =8 V = . 3d28d 


.. Volumetric strain 


—o,= Change in volume _ 8V 
=€o~ Original volume V 
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.. Volumetric strain=three times the strain of the diameter. 


Problem 58. A steel bar 50 mm. wide, 12 mm. thick and 30 cms. 
long ts subjected to an axial pull of 8400 kg. Find the change in the 
length, width, thickness and the volume of the bar. 


Take E=2 x 108 kg./cm.? and Poisson’s ratio= 0°32. 


Solation. Longitudinal strain =p=— 


8400 _ 2 
“5x10 kg./cm. 


= 1400 kg./cm.? 
Longitudinal strain 


mee 
= 5 ae = 0'0007 
Lateral strain= Poisson’s ratio x Longitudinal strain 
=0'32 x 0°0007=0'000224 
.. Increase in length of the bar 
== §J == ef 
=(°0007 x 30 cm.=0°0210 cm. 
Decrease in width =35=Lateral strain x Original width 
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==()'000224 x 50 cm. 

=0°001120 cm. (—) 
Decrease in thickness = 3d= Lateral strain x Original thickness 

=()°000224 x 1°2 cm. 

=0°0002688 cm. (—) 
Volumetric strain  =e»=e:+er+ea 

= ('0007 —2 x 0°000224=0'000252 (+) 
.. Increase in volume=e,.V 

== ()°000252 x 30x 5 X1°2 em.3 

= 0°04536 cm. 


Problem 59. A bar of uniform rectangular section A is subjected 
to an axial tensile load P. Show that the volumetric strain is given by 


e~ = _( 1-2) where E is the Young’s Modulus \and se is the 
m , mm 
Poisson’s ratio. 


Solation. Strain of the length = e:= a 


Lateral strain =Strain of width=Strain of depth 


{ 


=a oe aac -_- P 
m mAE 
-. Volumetric strain =Strain of length+ Strain of width 
+Strain of depth 
e Buea iii 
"AE mAE mAE 


oe = 1-2) 
"AE m 
Problem 60. A steel rod 400 cms. long and 20 mm. diameter is 
subjected to an axial tensile load of 4500 kg. Find the change in length, 
diameter and the volume of the rod. Take Es=2x 10° kg./cm.2 and 


Poisson’s ratio= + 
Solution. Area of the rod =A= x 23 cm.2=3°142 cm.3 


Tensile stress p= kg./om.? 
1432 kg./cm.*® 
: p___—-1432 
Strain of length = E 72x 108 
0°000716 (+) 


78 STRENGTH OF MATERIALS 


.", Increase in length =0°000716 x 400 cm. 
=0'2864 cm. (+) 


Lateral strain = Strain of diameter 


X 0°000716 (—) 


— 
ees 


| — 


=('000179 (—) 

.", Decrease in diameter 
=(°000179 X2 cm. 
= 0°000358 em. (—) 

Volumetric strain - Strain of length+-Twice the strain of the 

diameter. 
=(0°000716—2 x 0'000179 
=(0'°000358 (+-) 
Increase in volume 


=0°000358 x A x 22x 400 em3 
= +0495 om3 
$18. Rectangular Block Subject to Normal Stresses on all its Faces. 


Fig. 53 shows a rectangular block of dimensions x, y and z 
60 that AB=x, BF-- y and BC =z. 


Let reference axes OX, OY and OZ be imagined paralleled | to 
AB, BF and BC. 


Let the stresses on the various faces be pz, py and p: acting 
parallel to the reference axes OX, OY and OZ. 


: Now the strain of 
each dimension can _ be de- 
termined as the algebraic 
sum of the strains produc- 
cd by the stresses ps, ps 
and p:. 

Strain of AB 


ez=-Strain along the 

X axis 
=Algebraic sum of 
the strains along the X¥ axis 


due to the stresses Pe» Pv 
and P:. 


ef h? _sPt Ps 
E mE mE 
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Similarly strain of BF=ey=Strain along the Y axis 





ey oe ...(ii) 
Similarly, 
Strain of BC =es=Strain along the Z axis 
oo f2_ Ps _ py 5 
Cs EE mE .. (iii) 


Change in the length of AB=5:=e, x 
Change in the length of BF=$8,;=ey. y 
and Change in the length of BC=38.=e: z 
Volumetric strain =e, =ezt+evtes 
Co= fas py Pz 2pe 2py _ 2p: 
E’ E'‘E mE mE mE 


= +e pat put pz )—2(ptpstp ) 


2 
eo=(petprtpe ) 1-2 )s 


Since for the metals we come across m lies between 3 and 4 the 
quantity ( 1-2} is always positive and is never equal to zero. 


Hence ev=0 if pe-+-pyt+p:=0 

This is no doubt possible if the stresses pz, py and ps may not 
all be like stresses Regarding tensile stresses as positive and com- 
pressive stresses as negative the volumetric strain can be determined. 
According to the above convention if ez is positive there will be an 
increase in volume of the block and if ey is negative there will be a 
decrease in volume of the block. 


Change in volume of the block =e. Xoriginal volume of the 
block. 


$19. Stsesscs on Oblique Sections of a Bar Carrying Axial Load. 


Fig 54 (a) shows a rectangular bar of cross-sectional area A 
subjected to axial tensile load P Suppose we consider a normal 
cross-section 1—1 (secticn normal to the axis of the member). The 


2 : P 
intensity of stress on this normal! cross-section 1— 1 =—p= a The 


direction of this stress on this normal cross-section is entirely normal 
and no tangential stresses (shear stresses) are induced on the 


‘ 


section 4—1.-"- 


Suppose we now consider a scction 2—2 at aa angle 8 with the 
normal cross-section. 
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(a) 


(b) 





Fig. 54. 
The area corresponding to the section 2—2=A sec 8 
Intensity of stress on this section 


i LP 
~P = sec 0 
i.e., p' =p cos 8 
This stress being parallel to the axis of the member is not 
normal to the section 2—2. 


Now the pull P applied can be resolved into a normal compo- 
nent Pa=P cos 8 and a tangential component P:=P sin 0. Hence 
the normal and tangential stress intensities are, 


Pn P cos 9 








=e - om = 2 
Pa=7 sec 8 Asec 8 P08" 8 
hae FP sin 9 3 


The above expressions for the normal and tangential stress intensities 
may also be obtained as follows : 
' Consider unit area of the section 2—2. 


Resultant force on this area 
=p'xl=p cos 0 
acting along thé axis of the member. 
Normal stress intensity 
. Ppa=p' cos §=p cos? 6 
and tangential stress p:=p’ sin 0=p sin 8 cos 0 
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Suppose the magnitude of the tensile force P be increased till failure 
occurs on the section 2—2. 


The failure may be due to excessive normal stress pn or due to 
excessive tangential stress pv. 


Since pp=p cos? 6, —s pn is maximum when 8 =0 


Hence the greatest normal stress occurs on the normal cross- 
section. Maximum normal stress =p 


Since pt=p sin § cos =f sin 28, 


the greatest shear stress occurs when 
26 =90° or 270° 
or 6= 45° or 135° 


Hence on planes at 45° or 135° with the normal cross-section 
the maximum shear stress occurs. 


Maximum shear stress =gmar = > 


It is easily seen that there are two planes perpendicular to each 
other carrying the greatest shear stress and these planes are at 45° 
with the plane carrying the maximum normal stress. 


§20. Element in a State of Simple Shear 


Fig. 55 shows an elemental rectangular block ABCD whose 
thickness normal to the plane of the 
drawing is unity. Let shear stresses 
of intensity g be set up on the faces 
AD and BC. Hence the forces acting 
on these faces, each of which equals 
q-AD, will form a couple. If the 
block should be in equilibrium, shear 
stresses Of intensity say q’ must be 
set up on the faces BA and DC. The 
forces acting on these faces, each of 
Fig. 55. which equals q’ AB will form a restor- 
ing couple. 

Hence for the equilibrium of the elemental block, equating the 

couples, we have 





gADXAB=q ABXAD 
ea qd =g’ 

Hence a set of shear stresses is always accompanied by a trans- 
verse set of shear stresses of the same intensity. This principle is 
called the principle of complementary shear stresses. The element 
offering these stresses is said to be in a state of simple shear, 
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$2. Element in a State of Simple Shear — Stresses on Oblique Sections 


Consider an elemental rectangular block ABCD (fig. 56) whose 
thickness perpendicular to the 
plane of the drawing is unity. Let 
this element be in a state of simple 
shear offering the shear stresses 
of intensity g across the faccs 
BA, DC and the faces DA, BC. ‘| 


Consider a plane BE at angle 
Owith the face BC. Consider D 
the equilibrium of the wedge BIC. 
This is subjected to the following 
forces. Fie. 56. 


(i) a force gBC acting along the face BC | 





B B (ii) a force gEC acting along the face FC-> 
f, (iii) a force Pu normal to the plane FB 
lr i (iv) a force P: tangential to the plane 7B 
Resolving these forces normal to the plane 
aac BE and along the plane BF we ney 
Fig. 57. P,.--qBC sin ®+qEC cos 0 


and P:= qBC cos 6-- qEC sin @ 


Area of the section corresponding to the sectional plane 
BE=A=AEX]1 i: B . 


The normal and tangential stresses on the plane BE are 


given by 
pent qBC sin_U-+qEC cos @ 
= TALS BE 
=-.2q sin 8 cos 0 
==¢ sin 20 
and pie pt _9BC cos 9—qEC sin 6 
A | BE 
= cos® §—q sin? 8 
=@q cos 28 
Hence the normal and tangential stresses on the plane BE ar! 
pn==q sin 28 


For the planes carrying the maximum normal stress. pa should 
be a maximum 


SIMPLE STRESSES AND STRAINS 83 


Pn Will be a maximum when sin 2?=+1 
j.e., 20=90° or —90° 
or 0=45° or —45° 


when 0=45°,  _ pn=+4 


(positive sign indicates 
that the normal stress is_ tensile) 
when 0=—45°,  _ pa=—9 
D (Negative sign indicates 

> that the normal stress is com- 
Fig. 58. pressive) 

Corresponding to §= +45", we find p: =0 

Hence the planes carrying the maximum normal stresses do not 
Carry any shear stress. 

Obviously for p: to be a maximum 

cos 20=-+1 

e 26=0° or 180° 

or 6=0° or 90° 

On these planes corresponding to the maximum sfear stress the 
normal stre._es are zero, 

Hence, we come to a very important conclusion. 

When an elcment is in a state of simple shear, maximum direct 
stresses are induced on mutually perpendicular planes which are at 
45° to the planes of pure shear. One of the maximum direct stresses 
is tensile while the other maximum direct stress is compressive. 
These direct maximum tensile and compressive stress intensities are 
of the same magnitude as the intensity of shear stress on the planes 
of pure shear. 

The above observation may also be made by considering a 
square block ABCD (Fig. 59) whose thickness perpendicular to the 
plane of the drawing ts unity. 


gee B A Z B A = B 





Cc 
n a Y (C) 
) 
(b) 


Fig. 59. 
Let us imagine for a moment that the block is of two parts 
ABD and CBD. Consider the forces on the part ABD. This is 
subjected to a force of gAB< on the face AB and a force qDAft on 
the face DA, 
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Resultant force on the part 
ABD= @ AB°+q? DA? =V/2aq 
where a is the side of the square. 

It can be easily seen that this resultant force 2 aq is acting 
normal to BD and is acting in such a manner as to cause a separa- 
tion of the part ABD from the part CBD. 

Hence when there is equilibrium the force V 2aq is resisted 


by a tensile resistance by the section BD. 
Hence the tensile stress on the plane BD 


_v2aq 
Pe BDX\ 
‘But BD=v2a 
_ v2.49. 
Px V2a 

pale pn=q (tensile) 

Similarly, if the block ABCD had been taken to cousist of the 
parts ABC and ADC it can be seen that the forces acting on these 
two parts tend to press the two parts towards each other and it can 
be easily seen that the direct compressive stress is equal to q. 


The pure direct tensile and compressive stresses acting on the 
diagonal planes BD and AC are called diagonal tensile and diagonal 
compressive stresses. 

Suppose the elemental block ABCD is of a material very poor 
in offering tensile stresses, then, as the magnitude of the shear stress 
q goes on increasing the block will fail due to excessive diagonal 
tensile stress. On the contrary if the material is very poor in 
offering compressive stresses, then a failure may occur by crushing 
due to excessive diagonal compressive stress. 

§22. Relation between the modulus of elasticity and the modulus of 
rigidity. 

Consider a square block ABCD of side @ and of thickness unity 
perpendicular to the plane of the drawing (Fig. 60). 


Let the block be subjected to shear 
stresses of intensity gq as shown in the 
figure. 

Due to these stresses the block will 
be subjected to a deformation such that 
the diagonal AC is elongated and the 7 I 
diagonai BD is shortened. Consider the 
diagonal AC. 

The iacrease in length of the dia- 
gonal can be computed by considering a ger Cc 
the effect of the diagonal tensile and 
diagonal compressive stresses. We know Fig. 60. 
~_ _ diagonal tensile and compressive stresses are also of jn- 

g. 


Be. eB 
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Strain in the length of the diagonal AC=Strain in the length of 
AC due to diagonal tensile stresses on the plane BD (Fig. 59 6) + 
Strain in length of AC due to diagonal compressive stresses on the 


plane AC (Fig. 59 c). 


Wy Ge (a) 
Strain of AC= & 4 4( 144) 


Hence the strain of the diagonal AC= L/ +4} 


The strain of the diagonal AC may 

At B, 1 also be determined from the geometry 
i of the distorted shape of the block 
\ Let the block 4BCD deform to the 


x position 4;B;CD threugh the angle ¢ 
\¢ relative to the face DC. 

\ 
\ 


Increase in length of the diagonal 
AC 


2 € =A1C—AC 
Fig. 61, Let AA» be perpendicular to 41C 
Since the angle 4CAz is very small, AC=42eC 
Increase in length of the diagonal AC 
== CAy— CA2 
= 4,Ay 
- AA; cos AA Ae 
But the angle 4A;-12 is nearly equal to BAC= 45° 
Increase in length of the diagonal AC 
= 4.4, cos 45° 
_ AAD 
0 
But shear strain=¢= ‘a 
AA 
a 
AA1=a $ 
increase in length of the diagonal AC 
ag 
oom V2 
But the length of the diagonal AC=ay/2 


; _ lacrease in length | 
Strain of the diagonal AC Original length 
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a 1 
“v2 avy2 


But we have also found that the strain of the diagonal 
"= ‘| 
ac=4(1+ 4 
£.4( +) 
2 E\ Ie 


shear_ stress 


But eeear strain 7 modulus of rigidity=C 
fC 
¢ 
ade 
ic C 


.. Strain of the diagonal AC 
$ @ ( wl 


E=2¢( +2} 


The above is the relationship between the Young’s Modulus 
and the modulus of rigidity. 


23. Bulk Modulus 


Suppose a body is subjected to like and equal direct stresses 
along three mutually perpendicular directions. We find that the ratio 
of thi> direct stress to the corres- 
ponding volumetric strain is found to 
be a constant for a given material. 
When the deformation is within a 
certain limit, this ratio is called the 
bulk modulus and is usually denoted 
by K. 

Fig. 62 shows a _ cube 
ABCDEFGH of sidea. 


Let the faces of the cube be 
subjected to a direct stress of intensity 
p. Let E be the Young’s Modulus, 


1 : : 
and =, the Poisson’s ratio. 


F 
p 
ve 





Let us now consider the strain Fig. 62, 
of one of the edges, say, AB. 


Strain of AB due to stresses on the faces AEHD and BFGC 
Behe 
~ ££ 
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Strain of AB duc to stresses on the faces AEFB and DHGC 


2 v 
ae 
Strain of .4B due to stresses on the faces ABCD and EFGH 
an 
mE 
Pp 2 
.. Total strain of AB: ZY 1-2 ) 
E m 
Original volume of. the cube 


== VP: 43 


Let the side of the cube change by $a@ so that the volume 
changes by SV. 
a SV=-3a"- Sa 

5 
SV 3 Pa 


a ena 

”. Volumetric strain= 3 X Strain of AB 
Ae) 
a a m 


Stress 
Volumetric strain 


”. Volumetric strain = 


But bulk modulus K = 


Hence we have 


; 
E--2¢( 1+~ ) m 
d =3 k{ 1-2. (ii) 
an: = mm Ade 
l £ ; 

E ; 


Multiplying eq. (iii) by 2 and adding eq. (iv), we have, 


EE 
3= GtIK 
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ee on ere = 7 ene 


~ 3KC 
_ 9 KC 
3K+C 

Problem 6). A rectangular block 25 cm.XlO cm.x8 em. is 
subjected to axial load as follows : 

48 tonnes tensile in the direction of its length 

90 :onnes tensile on the 25 cm.X8 cm. faces 

100 tonnes compressive on the 25 cm.x 10 cm. faces 


Assuming Poisson’s ratio as 0°25 find in terms of the modulus of elasti- 
city E of the material the strains in the direction of each force. 

If E=2x 108 kg.[cm.* find the values of the modulus of rigidity 
and bulk modulus for the material of the block. Also calculate the 
change in the volume of the block due to the application of the loading 
specified above. 


E 






100 TONNES 
Z 


48 TONNES 


Fig. 63 


Solution. Fig. 63 shows the block with its 25 cim., 10 cm. and 
8 cm. dimensions parallel to X, Y and Z axes. 


The stresses in the directions of these axes are, 


fr= oa =600 kg /cm? (tensile) 
fu a = 450 kg./com.* (tensile) 


fi Uae oe 400 kg./cm.2 (compressive) 


The strains along the three principal directions are, 
gr 000 450 400 
E mE mE 


-+( _.450 , 400 
 £E one mt or) 
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I 50 
E ( 600 =) 
=~; (600—50x0'25) 


387°5 
=+- 


., 450600 , 400 
= mE T mE 


( 450— "| 
( 


450— 200 x 0° 25) 


Pee 
S 
-4. 
bers 
© 
Ww 
© 
x 
© 
tw 
re 
wen” 


Volumetric strain 
=Cy=62-+-ey + es 
5875 , 400 __ 662'5 5 
Se Sapetap Be 
a 
re 
a 
=+ 93708 
.. Increase in volume= ep X V 


= seize (25%10x8 ) cm. 


=0°325 em2 


We know the following relations between the Young’s Modulus 
E and the modulus of rigidity C and the bulk modulus K. 


E=2C| 1+ ~} 


2 
and E=3K( = =. 
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2x 108=2C (1+ 0°25)=3 K (1—2 x 0.25) 
e C=0'8 x 108 kg./cm.? 
and K=1°33 x 108 kg [cm.? 
Problem 62. The niodulus of rigidity of a material is 0°8 x 108 
kg.[cm? When a6 mm.x6 mm. rod of this material was subjected to 


an axial pull of 360 kg. it was found tnat the lateral dimension of the 
rod changed to 5'9991 mm.x5°999I mm. Find the Poisson's ratio 


and the modulus of elactivity, 
Solution. Area of the section of the rod 
| =0°6 x06 cm? 
=()°36 cm.” 
Stress = p=: sO ke. /em.2 

= 1000 kg./cem.? 

Lateral strain _ Change in lateral dimension 

Original lateral dimension 


_6—5'9991 


But lateral strain 


Pees 
- 7 = "00015 
1000 20000000 
mE=- 0915 = 3 A) 


_ 2x10" 
— 3 


Also, E~2¢( i-}- i } 
m 
: mE=2C(m+1) 


x 7 
pie =2X0'8 x 108 (m+1) 
oe m+1=4°167 
a m=3°167 
: : rN ee es a 
Poisson’s ratio = 3167 =0°3158 
” 
E= mE 2x 10 20 x 108 


m ~ 3x 3167 9501 
= 2°] x 198 kg.Jem2 
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Problem 63. For a given material the Young’s Modulus is 1100 
tonnes/cm.* and the modulus of rigidity is 430 tonnes/cm.? Find the bulk 
modulus and the lateral contraction of a round bar of 40 mm. diameter 
and 2°5 m. long when stretched by 2°5 mm. (A.M.1.E) 


Solution. E=1100 t/em.* 
C= 430 t/cm.2 
=~ICK 
3K+C 
9X 430 K 


1100 = 3+-430 


K = 830 t/cm.* (Bulk-modulus) 
1 
E£=2C ( 1+ a : 


1 E 1100 ie 
It in 36 =2x 4307) 8 


E 





1: =0'28=Poisson's ratio 


Lateral strain = Poisson’s ratio < Linear strain 


pane 012s: 
e= ('28 X 450 
=0)'00028 


... Lateral contraction 
=3()'Q00028 <4 cm. 
==Q°00112 cm. 


Problem 64. A bar of metal 10 cms.X5 cms. in cross-section is 
25 cms long. It carries a tensile load of 40 tonnes in the direction 
of its length, a compressive load of 400 tonnes on its 10 cms. x 25 cms. 
faces and a tensile load of 200 tonnes on its 5 cms. X25 cms. faces. 
If E=2000 tonnes per cm.2 and Poisson’s ratio is 0°25, find the change 
in volume of the bar. 
What change must be made in the 400 tonnes load in order that 
there shall be no change in volume of the bar. 
_ _. Solution. Let reference axes X, Y and Z be taken as shown 
in Fig. 64 . The stresses along these axes are, 
40 
fo= Tix 


=: -+(0'80 tonne:/cm.* (tensile) 


92 STRENGTH OF MATERIALS 


200 
fmt asx 


= -+1'60 tonnes/cm.? (tensile) 


W,= 400 TONMES 


W, = A0 TONNES 





Wy=200 PBINNES 
imig. 64 
far SO tonnes/cm.* (compressive 


The Volumetric strain is given by 


ev=( fatfutfe Y 1— & \+ 


nae eee 
-(0 §-+1°60—1°00 \(1 0°5 )ishes 
i 


Sor a ae 


5000 
Change in volume =e» X original volume, 
Change in volume 


eee 3 
= 5000 x25x10xX5 cm. 


==0°25 cm.3 
In order that there may not be any change in volume /.+/fy-+/s 
must be equal to zero 
0°80+ 1°60-+-/: =90 
° fz=--2°4 tonnes|cm.? (compressive) 
Hence the compressive load on the 25 cm. x 10 cm. faces 
=2'4 X25 X 10 tonnes=600 tonnes 
But the existing compressive load on this face==400 tonnes. 


.*. Additional compressive load that must be applied on this 
face =600—400= 200 tonnes compressive. 


Problem 65. A bar of steel is of square section 60 mm. 
x60 mm. and 18 cms. long. It is subjected to an axial load of 30 
tonnes. The lateral strain is prevented by the application of uniform 

1 
external pressure. If = =0'3 and E=2x108 kg./com2., find the 


alteration in the length of the bar. 
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If, however, only one-half the lateral strain is prevented what 
would be the alteration in the length of the bar ? 

Solution. Fig. 65 shows R 
the bar with its axis placed 
vertical. 

Axial stress on the normal 


; 30 5 
section =p, = 6X6. 6 ] RR 


tonnes/cm.* 


Let the compressive stresses 
applied on the side face be po 
and ps. Due to symmetry po=ps 

Strain of either side 





2 PP h 
E mE mE 
=| p2—0°3p2—0°3 x3 | 
—="E [P27 PP 6 
=() 
jtpoee 
ea eA Fig. 65 
Po te Oe tonne/cm.2 (compressive) 
28 14 : 
— Pi _.» P2 
Strain of the length E 2 = FE 
1 5 
—E [= -2%03 x 14 


=o > 2S 
~ 2000: 6 14 
=p xe 600 (compressive strain) 


: ; a 13 
.’. Decrease in length = 91% 2000 x18 cm. 


= 0°000557 cm. 
When only half the lateral strain is prevented. 
Suppose the lateral stresses had not been applied the lateral 


strain would be er Since half this strain is prevented by the 


application of the lateral stresses, we have 


ee Pa PP 1 A 
Lateral strain <<  E “ak . mE 
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p= ze tonnes/cm.2 (compressive) 


Strain of the length 





Pt» be 
~ ft 2 Pt 

1/5 aes 
-7(2 2x0'3x = } 
1 61 
= 000% 81 


(compressive strain) 
: feted OL 
.. Decrease in length= 2000 * ey * 18 cm. 
= (0067 em. 


Probiem 66. A bar of steclis 4 cm. x 4m. in section and 
is 12 cm. long. It is subjected to tensile load of 20 tonnes along the 
longitudinal axis and tensile load of 50 tonnes and 40 tonnes on the 
lateral faces. 


(a) Find the change in the dimensions of the bar and the change 
in volume. 


(6) Find also what axial longitudinal tensile load acting alone 
can produce the same longitudinal strain as in (a). 


Take E==2X 10° tonnes/cm.2 
and + 03 
m 


Solution. Fig. 66 shows the bar subjected to the given load 
system. 


Let reference axes X, Y and Z be chosen as shown in the figure. 
Then stresses along these axes are 


4x12 °° % tonne/cm.® (tensile) 


ps 
pu +. axid =e fonne/cm?, (tensile) | 
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pe=t aA = a tonne/cm®, (tensile) 
Strain along the X-axis 
= — P* 2 Pee Ps Z4W,= 70 TONNES 
E mE mE 
5 5 
ara ro ™ Bian Gn ore wane RS es 
=F aax o é 
Increase in the dimension , 12cm ‘ 
parallel to X-axis Hi; «50 10QNES W, -4O TONNES 
— 3 ° 
24x 193 ~4 em ee 
==) 000833 cm. 
Strain along the Y-axis 
py po pz 2U IONNE S 
eB mE mE Fig. 66 
ee Be , PotD: } 
E (p : m 
ee {2-0 3( 3+3-)} 
2x 108 (6 24 
=()°0000729 
... Increase in dimension parallel to the Y-axis. 
=0°0000729 x 4 cm. 
= (00002916 cm. 
Strain along the Z-axis 
Bag el Oe es: 
E mE mE 
-+( _— Patpy 
EY’ m 
ats 
~ 2x stot eu 3( 32 6 
== (00034375 
.. Increase in dimension parallel to the Z-axis, i.e., increase 
in length =: 0'00034375 x 12 cm. 
== 0°004125 cm. 


Let p the axial stress acting alone longitudinally i.e., along the 
Z-axis to produce the same longitudinal strain. 


P Wg: 
E 0°00034375 
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p='00034375 X 2 X 108 tonne/cm* 
=()'6865 tonne/cm.* 
“. Longitudinal load =0°6865 X 4x 4 tonnes. 
== 10 984 tonnes. 
Problem 67. A60mm. diameter bar carries an axial tensile 
load of 18 tonnes. 


Find the normal and tangential stress intensities across planes 
at 30°, 45° and 60° with the normal section of the bar. 


Solution. Area of the normal section of the bar 
x yw EB em? 
4 x 6“ cm. 


=:28°27 cm”. 
Stress on the normal cross-section 
P 
Pa 
= 0°6368 tonne/cm.* 


The normal stress on any plane at an angle 0 with the normal 
section is given by 


om aS tonne/cm.® 


pa==p cos? 6 
When 6=30°, pa=0'6368 cos? 30°=0 4776 tonne/cm.* tensile 
When §= 45°, pa=0'6368 cos? 45°=0'3184 tonne/cm.? tensile 
When 8=60°, py, =0°6368 cos? 60° =0°1592 tonne/cm.” tensile 


The tangential stress on any plane at an angle 9 with the 
norma! section is given by 


p= sin 20 
When §=30", p= £6388 sin 60° = 0°2757 tonne/cm.” 


When = 45°, ps =f =03184 tonne/em.2 


When 0=60°, p= oe sin 120°=0° 2757 tonne/em? 

Problem 68. A bar of 30 mm. diameter is subjected to a pull of 
6t. The measured extension on gauge length of 20 cms. is 0°09 mm. 
and the change in diameter is 0°0039 mm. Calculate the Poisson's 
ratio and the values of the three moduli. ae ree ee 


Solution. Diameter of the bar=30 mm,=3 cms. 


Area of the bar A= 


2 ane 2 
7x3 cm. 
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== 7°0686 cm.2 
Tensile load =6 tonnes 
Intensity of tensile stress 
se 
P™ Ai 
6 


= 75 686 tonne/cm.” 
=0°8487 ronne/cem.? 
Change in length=8=0°'09 nm =:0°009 cm. 


Longitudinal strain=e= - = is = ()'00045 
e 5 )' 487 
ee Y — —— de ome anernmee 

oung’s Modulus = E£ 2 600045 


=. 1886 tonnes/cm.* 


leatecaletcaia __ Change i in lateral di jimension 


Original lateral dimension 


_ 0°0039_ 
30 


, ; 1 Lateral strain 
Poisson’s ratio  =—-- = ———— tra 


m Longitudinal strain 
_ 9O00I3_ 13 


~ (00045 45 
Let C be the Modulus of rigidity, 
we know, 





= 0'00013 


E=2C (1+ 


1886-=2C ( 1+ )= 2cx 28 


45 
I886x45, 
C= 9x58 tonnes/cm. 
= 731°8 tonne/cm.” 
Let K be the bulk modulus. 


we know, E=3K ( 1-7.) 


26 
1s86—34 (1-28) 
19 
-3KX 45 


1886 x45. 2 
K= 3x19 tonne/cm. 


= 496°4 tonne/em.* 
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Problem 69. A steel bar 40 mm.x40 mm. 300 cm. long in 
section is subjected to an axial pull of 12°4 tonnes. Taking E=2~x 108 
kg./cm? ond poisson’s ratio as 0°3, calculate the alterations in the 
length and sides of the bar during the extension. (AMIE, Winter 1974) 


Solution. 





Tensile stress - fe 12800 800 kg./cm? 


A 4x4 


Linear or longitudinal strain=ee=- = ae 24x 10™ 


2x 108 
Lateral strain= ey=e:>=— ati 
mE 
=—(°3x4x10%4 
= —1°2x1074 


.. Increase in length =ez x original length 
=(4x 1074) 300=0°12 em. 
Decrease in side (or lateral dimension) 
=ey X original lateral dimension 
=(1°2 x 1074) 4=0°00048 cm. 

Problem 70. A cylindrical bar is 2 cm. in diameter and 100 
cm long. During a tensile test it is found that the longitudinal strain 
is 4 times the lateral strain Calculate the modulus of rigidity and the 
bulk modulus, if its elastic modulus is 1108 kg./em.2. Find the 
change in volume, when the bar is subjected to a hydrostatic pressure 
of 1000 kg./cm2. Ce Teeter eg Sica 

Solution. d=2cm.; l= 100 cm. 

Longitudinal strain =4 times lateral strain 


E=1X108 kg./[em2 p=1000 ke./cem.? 
Rigidity modulus C=? Bulk modulus K=? 
sVv=? 
Poisson’s ratio es lateral stra = () 25 


m ~ longitudinal strain 4 
E=2¢( } +- al ) 
mi 


Goes Eee 
2 poe) 2!-- 0 25) 


nm 
=4x 105 kg /cm,? 


e=3k(1-? | 
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en 
3 ( 1-2) 3 (I-—-2 x 0°25) 
m 
2 6 2 
= 3 10° kg/cm. 
Volumetric strain 
Hea E =,” = 15x 10-4 
"3 X 108 


Decrease in ‘voliime 
8 V= Ce V 


=1°5x 1073 x a (2)? 100 cm3 


=0°47] cm3. 

Problem 71. Find the elongation in cm. of a straight bar of 
steel 12 metres long due to its own weight if hung. The value of the 
modulus of elasticity of the material is unknown. However, it is 
known that the modulus of rigidity of the material is 0°88X J0® kg./ 
cm.? and Poisson’, ratio is 0°25. Take specific weight of steel equal 
to 0°0083 kg./cm.* Sieg hae tare ern 

Solution. 


E~20{ +1) 


=2X0°88 x 106 (14-025) kg./em.? 
= 22x 108 kg./em.2 
Extension of the bar due to its own weight 
_ garth 
0°0083 (1200)? 
" 2x22x 106 ; 
=0°0027 163 cm. 
Examples on Chapter 1 
(1) A rod of steel 6 cm. wide and 15 cm. thick is 800 cm long. 
It extends by 0°558 cm. when an axial pull of 12 00 kg. is applied. 
Find the modulus of elasticity of steel. (2007 x 10° ke /cm.2) 
(2) A rectangular base-plate is fixed at cach of its corners by a 
20 mm. diameter bolt and nut as shown in Fig. 67 At each corner 
the plate rests on washers of internal diameter 22 nun. and external 
diameter 50 mm. The washers provided betwee» the nuts and the 
plate are 22 mun. internal diameter and 40 mu:1. ext rma) diameter. 
Find the stress in the washers when the hase plate carries a 
load of 20,000 kg. assuming that the load is equally distribu'ed to 
the four corners. 
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Find also what would be the stress in the top and bettom 
washers when the nuts are tightened so as to produce a tension of 
2000 kg. in each bolt. 


(Before tightening 
nuts) : 
Stress in top washer 


= 


Stress in bottotw washer 
= 3159 kg.jom.? 


after tightening muts : 


Stress in top washers 
=228 1 kg.|cm.? 
Stress in bottom washers 
= 4422 kg/cm.* 
(3) A steel column is 12 cms. in diameter and 3 metres long. 
Find the intensity of stress and the strain when it carries an axial. 


compressive load of 95 tonnes. Take £,=2 x 108 kg./cm.? 
(839°9 kg./em.? ; 0°00042) 


(4) Find the extension of the conical rod shown in - 
Fig. 68 due to its own weight, the weight per unit volume iG 
of the material being w 
( vr) 
6E£ 


(5) Find the maximum diameter of a steel wire 
with which a load of 350 kg can be raised so that the _ Fig. 68 
stress in the wire may not exceed 1300 kg/cm? For the diameter 
chosen, find the extension of the wire if it is 4 metres long. Take 
E==2x 108 kg./cm2? (586 mm. ; 2.596 mm) 


(6) A tie bar has enlarged ends of square section 6 cm. x6 cm. 
as shown in Fig. 69. If the middle portion of the bar is also of square 


section find the 

° 6Cax6On 

size and length of 66B.x6aM 

the middle portion an { 

if the stress there LOANS | 8-75 FONNES 


is 1400 kg /em 2, 
lean. 2. $0Ch 


and the total ex- 

tension of the bar 

is 0014 cm. Take Fig. 69 

E=2x 108 kg./em 2 [2°5 em.x2°5 em, 17°9 em] 
(7) A red circular in section tapers from 2 cms. diameter at 

one end to | cm. diameter at the other end and is 20 cms. long. On 

applying an axial pull of €00 kg. it was found to extend by 0°0068 cm. 


Find the Young’s modulus of the material of the rod 
(1°123 X 10 kg.jcm?). 









2 
Strain Energy—Impact Loading 


§24. Stra Energy 


When a load is applied on a member, the member is deformed. 
The member offers a resistance against this deformation. We know 
that the internal resistance offered by the member is the total stress 
inthe member. it is very important to note that only when the 
member has the capacity to offer a resistance to the deformation, a 
stress will be induced in the member, when the member is subjected 
to a deformation. 


Fig. 70 (a) shows a bar of length / and of uniform cross-section 
A. Suppose the top end A of the rod is fixed and the bottom end B 
is pulled down, so that the rod is extended by 5= BB. 


In this position if R is the tesistance 


offered by the member against the exten- LBL + 
sion, 
We have, 
(a) h) (o)| 
Stress intensity =p= # 
on @ 
| 1 
Strain =—e= . ; es 
and extension $= el: oe [ 
Since the bar is in equilibrium after Fig, 70 
the extension BB, has taken place 
We have R=P 
Stress intensity = p= as = 


Now let us consider as to what may be the resistance offered 
by the member during the process of extension. The resistance at any 
instant depends upon the extension at that instant. Suppose at any 
instant during the process of extension, the extension of the member 


18 BB‘ =x 


Strain Pe 
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E E x 
Stress intensity =erE= TE 


Resistance ox R’ == 7 AE 
But when the total extension 5 has taken place, resistance 
ae R=- AE=P 


Hence the resistance R’ offered by the member goes on increas- 
ing as the extension x gees on increasing. This resistance therefore 
increases gradually from sero when the bar is not stretched, to R=P 
when the bar has stretched fully by 8. 


Hence inorder to extend the member by 8 the average resis- 
tance put forth by the member 
R_SP 
oy alae. 
Hence work done against the resistance to extend the member 
= Average resistance X distance for which 
the resistance is overcome. 


5 


tae 
oD 
bie 
“3 PSs 
This work done on the member will be stored by the mem- 
ber as energy and is called sirain energy. 


Strain energy is the energy absorbed or stored by a member 
when work is done on it to deform it. 


Suppese a member is of such a material that it does not offer 
any resistance at all against the deformation. Such a member can- 
not regain its Original shape after the load producing the deforma- 
fon ts removed. in oiher words when the member allows itself to 
be deformed without offering any resistance at all, there will be no 
stress in the member. Hence it is very important to recognize this 
fact that the stress induced by a member is entirely due to its 
capacity to offer a resistance against the deformation. A member 
which allows itself to be deformed without any resistance is said to 
be plastic. When a member is in a plastic Stage, no stress will be 
induced by its section due to any deformation of the member. 


A member which allows itself to be deformed, but will offer a 
resistance to the deformation is said to be elastic. Hence when an 
elastic member is kept in a deformed position the member will be 
offering a resistance. When the external load producing the de- 
formation is removed, the member will regain its original dimension. 
S ee which does not allow itself to be deformed at all is said 
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Structural members, we come across, are neither plastic nor 
rigid. In general, structural members are elastic allowing themselves 
to be deformed and (offering a resistance against the deformation 
when the deformation is within the elasic limit. If the member is 
deformed beyond the elastic limit, the member will certainly allow 
itself to be deformed without offering any more resistance. 


Let us now consider the elastic member in Fig. 70. 


Let P be the load causing the deformation. Let p bd the stress 
in the member when the full extension 5 has taken place. 


Stress p= + 
R=pA=P 


Work done against the resistance, on the member 
= Strain energy stored by the member 
= Average resistance X displacement 


=> .8 


But S=el where ¢ is the strain 
and R= pA 
Strain energy stored by the member 
ai? s el 
l 
= 2° Dp-é (Al) 


— > . Stress < Strain X Volume of the 


member 


But =F 


Strain energy stored by the member 
1 Ee 


af 
=35 (Al) 


Strain energy stored per unit volume 


p* 


2E 
§25. Stresses due to various types of Axial Loads 


Gradually applied load 
Let a load of magnitude P be applied axially on a member of 
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length | and uniform cross-sectional area 4. Let 8/ be the extension 
of the rod. Let p be the stress intensity in the rod. 


Strain. Energy stored by the member 


_ Pp 
= 95 X volume of the rod 


2 
eis 
= 75 Al 
Work done by the external load = Average load X extension. 
aah | 
9 P oe 8] 


Equating the strain energy stored by the member to the work 
done by the loading. 


We eet P giz Pp. 
€ Bet, Spe 
sf © 
But zB! 
De te ep 
pli =_P. =z! 
me 
EA 


Suddenly applied load. Let the load P be suddenly applied. 
Let the extension of the member be 8) In this case the magnitude 
of the load is constant at P throughout the process of extension. 
Let p be the maximum stress induced. | 


Equating the strain energy stored by the member to the work 
done. 


p* 
We get, apAl=P° 8] 
But =F 
EF Al=P ee 
p=2 4 


Hence the maximum stress intensity due to a suddenly applied 
load is twice the stress intensity produced by the load of the same 
magnitude applied gradually. 
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Impact load. 


In this case the load P is dropped from a 
height A before it commences to stretch the bar. 
Fig. 71 shows a vertical bar whose upper end is 
fixed at the top andacollar is provided at the 
lower end. The load P drops by a height A on 
the collar and will thus extend the memaber by 3/. 


Let p be the maximum intensity of stress 
produced in the bar. 


*, Extension of the bar 
Zeger. 
== §]= E l 


Equating the loss of potential energy to the 
strain energy stored by the rod, 


we have, 
P (ata )--- Al 
P(A +t) £ Al 
. £ Al— FPL. pp 
pa pains 


< 


‘Adding GS to both sides of this equation, 


we get, 
Pp, P? _ P?, 2PhE 
2 en Al Al 
" pele Ine 2PhE 
A Az ' AL 


= + — Mg 


. p= 4+ foe ~ eh 


When 38/ is very small in comparison with A 
Loss of potential energy = Ph 


Equating the loss of energy to the strain enersy, 


EPA 
we get, Ph= oF Al 
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p= oR kg ee .o (ie) 
When fA =0, from eq. (i), 
we get, 
p= 20 which is the case of the suddenly applied load. 


Having determined the maximum instantaneous stress, the in- 
stantaneous extension is given by 


Sf 2 


by 


Problem 72. A steel rod § cn. in diameter is 3 metres long. Find 
the maximum instantaneous stress induccd when u pull of 10 tonnes 
is suddenly applied to it. Find alo the instantaneous elongation. Take 
E=2x 108 kg /em.” 

Solution. Area of the rod-- (x5? em2 

25 

2 
=x - 3 CM. 
4 mem 


Since the load is suddenly applied the maximum stress is double 
the stress due to gradual application. 


Max.  stress== p=2 vi 


= ge i tonnefem.? 
(7) 
== 1019 tonne/cm.® 
Max. instantaneous elongation 


ae 


EF 
._ 1019° 
2x 108 

==Q)'1528 em, 
___ Problem 73. An unknown weight fatls by 3 cms. on to a collar 
rigidly ittached to the lower end of @ vertical bar 4 metres long and 
cm.“ in section. If the maximum instantancous extension is found 
to be 0 466 cm., find the corresponding stress and the value of the 
unknown weight. Take E-- 2x 108 kg Jem? 


Solation. Maximum stress -p=E> Max. strain 


x 300 cm. 


0°366 » 
=2 x 10° x 400 kg.fem.- 
==1830 kg fom? 
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Let P be the load. 
Equating the loss of petential energy to the strain energy stored 
by the rod, we have, 


P (a+3i Be 
)-# 


2. P(3+0°366 )= U5 ge x 10x 400 


__ (1830) x 10 x 400, 
P= 9x2 108% 3'366 “F 


=995' I kg. 


Problem 74. A steel specimen '5 cm? in crasss-ection stretches 
by 0°005 cm. over a 5 cm. gauge length under an axtal load of 3000 kg. 
Calculate the strain energy stored in the specimen at this stage. If 
the load at the elastic limit for the specimen is 5000 kx., calculate the 
elongation at elastic limit and the proof resilience 
(AMIE, Winter, 1977) 


Solution. 
A=1°5 cm? 
$/=0°005 cm. 
l=5 cm. 
P=3000 kg. 
Load at elastic limit 
= 5000 kg. 
Strain energy stored =work done 
=P 
== }(3000)(0 005) =7°5 kg. cm. 
Elongation due to 3000 kg. ==0°005 cm. 


Elongation due to S000 Ag.= a (0°005)= 590 cm, 
=elongation at clastic limit. 
Proof resilience (Maximum strain energy in the elastic condition) 
= Work done at this stage 
=:4(load at elastic limit) 


(Extension) 
=4 X 5000 x a kg. cm. 
=20°833 ke. cm. 


Problem 75. A bar 100 cm. in length is subjected to a pull 
such that the maximum stress ts equal to 1500 kg/em®. Its area of 
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cross-section is 2 cm.* over a length of 95 cm. and for the middle 5 cm. 
length the sectional area is | cm*. If E=2x 108 kg./cm?., calculate 


the strain energy stored in the bar. (AMIE, Summer 1975) 
Let the stress in the Jarger part 


=fi ke./om-* 
Stress in the smaller part 
= f= 1500 kg./em.” 
Ay=2 cm? ; As=1 cm.” 
Si Ai=frAe2 
2. fr=750 kg./em.? 
Total strain energy stored 





AREA=2cm* 


AREA= 10m" 65cm 


andi x volume of the larger 
2E 
part 


Se 
ae op * Volume tothe smaller joes. o¢m? A7-5.¢m 


part 
! 
= 5x9 x 108 [(750®X2x95) 


+ (1500? x 1 x 5)] kg. cm. 2 
= 29°53 kg. cm. P=1500 kg 
Fig. 72 


Problem 76. An object of weight 10 kg. falls by gravity a 
vertical distance of 5 metres when it is suddenly stopped by a collar 
at the end of a verticalrod of length 10 metres, and diameter 2 cm. 
The top of the bar is rigidly fixed to a support. Calculate the maximum 
Stress and strain induced in the bar due to the impact. Take 
E=2xX 10 kg.jem? (AMIE, Winter 1979) 

Solution. 

Falling weight =W=10 kg. 

h=5 metres=500 cm. 
[=10 metres= 1000 cm. 
d=2 cm. 
E-=2™ 108 kg. jem? 
: W “Wwe  O3wWh 
Maximum stress f= -— +, | W* 1. 2EWh 
A / At 


ee ne ee = ms, 


Peo E) 
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But Wa NO 23183 kg jem? 
(9 
i (2) 
( Ag ) =3'1852=10'131 


2 
h_ 500 _.. 
ane 1 1000 7° 


fo 3183-4 v TS PIRERIIRT INOS 
=:2526°278 kg./em.” 


Maximum strain 





Problem 77. (SI) A load of 160 Newtons falls by gravitya 
vertical distance of 300 cms. when it is suddenly stopped by a collar 
at the end of a vertical rod of length 6 metres and diameter 2 cms. 


The top of the bar is rigidly fixed to a ceiling. Calculate the maximum 
stress and the strain induced in the bar. 





Take E=1°96 x 107N[cm.? 
Solution. 
Falling weight = W=+=100 Newtons 
h=300 cm. 
1=6 m=600 cm. 
d=2 cm. 
E=1°96 x 107 N/cm.? 
Maximum stress =/f= nt\-e 2EWh- 
A 42 AL 
W W\? |. |;W\h 
== —~ + ee ae 
A V (4 ) +28 (3 )( , 
But SE 2 = 31°83 Nicm.* 
A kT no 
=) 
A No ce Ne 2 
(— ) =(31 83) =1(13'1 
h = 300 _ 6 
and T = 600 ==0°5 


f=31'834+4/ 10131 +2 X 1°96 x 107 X 31°83 XO°S- 
== 24977 N/em*. 


{10 
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Maximum Strain= e = f 


_ 24977 


— 


A 10 mm. diameter mild steel bap Of lengrh | "50 
metres is stressed by q weight of 72 ‘8. dropping Sreely through 2 ems, 
before commencing to stretch the bar. Fin the maximum Instantaneons 
siress and the elongation Produced in the bar. T, 
ke.Jom2 


ake F=)y 98 


Problem 78. 


Let the maximum instantaneous stress be p kg./em.2 
Maximum elongation 


=$/../ [ 


Equating the loss of Potentia! energy to the strain en 
by the member, we have 


Mbt BI) = 41 


Ply) pt 
nes 12 24 P ‘} FA! 


12p] pt 
24.1. 2406 a 
oa E oF! 


ergy stored 


2 24). 24x Ze 
or a Ai 


pr —24 "4%2x2x 196 


0 7854 ~ 0°7854 x 159° 
P*~30°56 p=814799 
(p~15°2g)2 (15 28)?+-814709 
= 3814933 
P--15°28 ~902°8 
P=918-08 kg. Jem? 
; ee / p27 iP UF 
ternatively, "soy ta) ew AE 
e ns Vat, l 
P I 
But 2 


oe 


A 0°7854 = 15 28 ke jem 2 


a0 | 1 2k BR 
P=1528-+ Hisoge =XIS XDD ANTS 


=I718°08 kg. Jem 
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Maximum elongation 
wag PF 
l Ee! 


= erat x 150 cm. 


== ()}06885 cm. 


Problem 79. A steel wire 2.5 mm. diameter is firmly held ina 
clamp from which it hangs vertically. An anvil, the weight of which 
may be neglected, is secured to the wire I'8 m. below the clamp. The 
wire is to be tested allowing a weight bored to slide over the wire to 
drop freely from |! metre above the anvil Calculate the weight 
required to stress the wire to 100 kg.{mm.2 assuming the wire to be 
elastic up to this stress. Take E=21X10° kg.[em2 


Solution. 
Maximum stress = p=100 kg./mm.? = 100 x 100 kg./em.2 
= 10,000 kg./cm.? 


Area of the wire =A =4-(0'25=0 04909 cm.? 





Instantaneous extension 
___10,000 
21x 108 
Let P be falling load. 


Equating the loss of potential energy to the strain energy 
stored by the wire, we have, 


P(k43l) = 2 Al 

ON) age 

(10.0°¢)? 
2x21 108 
(10,000)? x 0°04909 x 180 : 

100°8572 x 2x21 108 “4 

= 2086 kg. 

Problem 80. A weight W falls a distanc2 h before beginning to 


stretch a bar of length Land cross sectional area A. Derive expressions 
for the maximun: stress induced in the bar when 


(a) the maxinium extension is negligible compared with h 
(b) the maximum extension is of the same order as h 


(c) A bar 3 metres long and 5 em. in diameter hangs vertically 
and has a collar securely attached to the lower end. Find the maxi- 
mum stress induced : 


(i) when a weight of 250 kg. falls by 135 cm. on the collar 
(ii) when a weight of 2500 kg. falls by 1-5 cm. on the collar. 
Take E=-2)1X 108 kg fem? 


== $] 





* 180 cm.=0°8572 cm. 


P (100-}- 0°8572) = x 0°04909 x 180 


p= 
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Solution. Lét 5] be the extension and let p be the maximum 
stress 


eee 
é]= z l 


(a) when the maximum extension is small compared with h 


Loss of potential energy of the load 
==: Wih+ 81) = Wh (since 3] may be ignored) 


ae Pe 
Strain energy stored OE Al 


Equating the loss of potential energy to strain energy stored 


_ PP 
Wh=4-- Al 
_. /2WhE 
i Al 


(b) when the maximum extension is of the same order ash 
Loss of potential energy of the load 


= Wh+31)=W ( n+ Pe } 


p* 
Strain energy = or Al 
Equating the loss . © potential energy to the strain energy 


BD sy ene 
w( h-+ Fe aE Al 


“A ALS 
Solving as a quadratic in p we have, 
WW he 
A A2 Al 
ror the numerical, W=250 kg. 
== i x 52= 19°63 cm?. 
(i) when a weight of 250 kg. falls by 15 cm. on the collar. 


For this case W==250 kg. and h=15 em. 
The maximum exteusion being small compared with / 


_.. |(2W hE 
PON Ai 
— . /2X250X15x21x 108 , 2 
~"y9'63 e300 
= 1635 kg.jcm2? 
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(ii) when a weight of 2500 kg. falls by I°5 cm. on the collar 
For this case W=2500 kg. and h=1°5 cm. 
The maximum extension being of the same order as that of h 


ve W? | 2WhE 
A +a] Na+ Al 


_ 2500 2500 \?_, 22500 x 1°5x2'1 x 106 a 
30 + al (ees am 19°63 X 300 KS:1Cm 


= 127-+-1640 kg./cm.2= 1767 kg./cm.4 


Problem 81. A vertical round steel rod, I°82- metres long is 
securely held at its upper end anda weight sliding freely on the rod 
falls on to a stop at the lower end of the rod. When the weight falls 
from a height of 3 cm. the maximum Stress reached in the rod is 
estimated to be 1570 kg./cm.2 Determine the stress if the load had 
been applied gradually and also the maximum stress if the load had 
fallen from a height of 45 cms. Take E=2°1x 10° kg.Jem.* 

Solution. Maximum stress=p = 1570 kg./cm.* 


Maximum extension 





= oe x 182 cm. 
=0°1361 cm. 
Strain energy stored by the rod 
= Pal kg. cm. 
Let the falling weight be W kg. 
Loss of potential energy of the weight 
= W(A+8I) kg. cm. 
= W(3+0°1361) kg. cm. 
=3°1361 W kg. cm. 
Equating this loss of potential energy to the strain energy 
stored, we have, 


1361 W=-2-- 
31361W=-2 . Al 


P.( P 
2 (4 1). 4 
1570 


3 X0°1361 A 
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W 1570 | 01361 


——_—_—_ =a ee ———— xX ————~ 


3 
s A a * 34367 elem. 
=34°Q7 kg.j/cm.” 
If the load W had been gradually applied the intensity of stress 
would be a = 34°07 kg.fem2 
If the load had fallen from a height of 4°5 cms. the maximum 


stress is given by 
pa ta] 4 +70 


at = 30°07 ke./em2 


h=4°5 cm. 


”. p=3407+4/ (34072 +2x3407x GS X21 x 10° 


kg.jcm. 
= 1915 kg.jem2 


Problem 82. A vertical tie, Pree rigidly at the top end consists 
of a steel rod 2°5 metres long and 20 mm. diameter encased throughout 
it a brass tube 20 mm. internal diameter and 30 mm. external diameter. 
The rod and the casing are fixed together at both ends. The compound 
red is suddenly loaded in tension by a weight of 1000 kg. falling freely 
eet J mm. before being arrested by the tie. Calculate the 


maximum stresses in steel and brass. Take Ex=2X 10° kg./cm.* and 
B=! x 108 kg./cm2 (A.M.LE.) 


Solution. <A:= Area of steel rod 
= 98 ap 2 
4 X2* cm. 
== 3°142 cm.? 
A ,=Area of brass tube 
<5 (3-2 ; cm.3 


=3°927 cm.2 


Since the clongations of the steel rod and 
brass tube are siaale me 


we have, 
Strain in steel—=strain in brass 


Let pe and po be the stress intensiues j 
eteel siad trast. 





ae eh hh te hhh eat ares 
OS heh th DD SD Se atthe << oso ee 
oe a 


Fig. 73 
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ee 
Ee E 


a me 2% 108 
pem"n, P ix10* P* 


ps = 2p» 


sf 2% pa 
Extension of each bar=6/= E I B I 


Loss of potential energy of the load=P (h+3!/) 


2 
Strain energy stored by steel rod= oer Al 


po? 
25 Aol 


Equating the loss of potential energy of the load to the strain 
energy stored by the steel rod and brass tube. 


Strain energy stored by brass tube= 


= Dt pe 
P( +31 | Jee Alt 2 Aad 


2 3 
P ( h-Ldl )- Ser. Aul-+ P— Aad 


1 Po _ _2pr* : 
as 1000 ( 0°3+ 108 250 ) 5x 10° xX 3°142 x 250 


+52, x3'927% 250 
300-+0°250 po=0°0007856 po?+-0°0004909 p® 

ps 0°0012765 po*—0°250 po =300 
- ps?—195'8 po==235100 
. (po—97°9)2=235100+(97'9)* == 244685 
pr—97°9 =494'6 

po==592°5 kg.jcm.* 

ps=2, p= 1185 kg.Jem.2 


Problem 83. A member formed by connecting a steel bar to an 
oluminium bar is shownin Fig. 74. Assuming that the bars are 
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prevented from buckling sidewise, calculate the magnitude of the force 
P that will cause the total length of the member to decrease by 0°25 
mm. The values of the elastic modulus far steel and aluminium are 
2100 ticm® and 700 t/cm* respectively. What is the total work done by 
the force P ? (A.M.LE) 
Solution. Area of the steel bar 
=A,=5x5=25 cm ? 
Area of the aluminium bar 
=Aa=10X 10=100 cm.” 
P Total change in length 
a Ph é Pla ans 
AsEs AakEg 
Is la ] 
os ee | Oo 
SOCm. SCMKSCM. Acks 0 Aaka 
STEEL BAR 30 38 
25x 2100 100x700 J 
=() 025 cm. 
718P 
Bae a EOOZS 
re 1ocmxiocm. 700 x 100 
: ALUMINIUM BAR . 0'025 x 700 x 100 
2 ea SY | 
P= 22°44 tonnes 
Total work done=$ x load x deformation 
==4 x 22°44 x0'025 tonne cm. 
=0° 2805 tonne cm. 


fonnes 


Fig. 74. 


Problem 84. A vertical steel rod, 150 cm. long, is rigidly secu- 
red atits upper end and a weight of 8 kg. is allowed to slide freel 
on the rod through a distance of 10 cm. onto the stop at the lowe 
end. The upper 70 cm. length of the rod hasa diameter of 20 mm 
while the lower 60 cm. length is 16 mm. in diameter. 


Calculate the maximum stress induced in the bar ignoring the 
extension of the bar in determining the potential energy given up b) 
the weight. E=2X 108 kg./cm.2, (London University) 


Solution. Area of the upper part 
sAy=— X22 cm.2=3'14 cm? 
Area of the lower part 


“Agen x 1°62 om.2==2°01 om? 
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Let the stresses in the upper and lower 
portions be p; and po. 


We have, p141=peAe 





_ Az 
] 2 
a a} = 20 MIM O14 
ta G=70CM. 
Pi =0'64 po (i) 


Strain energy stored by the rod= Strain 
energy stored by the Upper and lower parts 


2 2 
= ae Ayli+ a Aaly 


2 
=35 (06 pa) x 3°14 x 70-+- po? x 


2°01 x 60 | kg./em. pes '4 


105°3 . 
Sores en ae 
=” Pe 


Ignoring the extension of the rod the PQ 


otential energy given up by the falling weight 
=8X10 kg. /em. 


Equating the total strain energy stored Fig. 75 
0 the loss of potential energy, we have, ta 
oe p2t=8 x10 
8x 10x 2x 196 
Bee Ae. 
a 105°3 
p2= 1232 kg.cm2 
Examples in Chapter 2 


(1) A bar is 3 metres long and 6 cms. diameter. It is subjected 

04 tensile load of 20,000 kg. Find the stress and the elongation 
vhen tne load is applied gradually. What would be the maximum 
tress and the maximum elongation if the load had been suddenly 
Pplied ? Take E=2x 108 kg /em?. (707°3 kg./cm*., 0°1061 cm., 
1414°6 kg./em*., 0°2122 cm.) 

(2) A vertical steel rod, 5/8’ diameter is rigidly secured at its 


Pper end and a weight of 15 Ibs. is allowed to slide freely on the 
~" through a distance of 3 in. on to a Stop at the lower end of the 


113 STRENGTH OF MATERIAL 


rod which is 50 in. below the fixed end. Find the maximum str 
induced in the rod. 


What would be the maximum stress reached if the upper 
length of the rod had a diameter of 3/4" with the Jower 20° len 
remaining at 5/8° diameter ? 


In both cases take E= 30 x 108 ibs./in®. and ignore the extensioy 
of the rod in the determination of the potential energy given by th 
weight. (London University, 13330 Ibs.Jin®. ; 14700 Ibs. in’) 


(3) An unknown weight falls by 2°20 cm. on to a collar rigid) 
attached to the lower end of a vertical bar 325 metres long and 
6 cm. in section. If the maximum instantaneous extension is know 
to be 0'25 cm., find the corresponding stress and the magnitude of 
the falling weight. E=2% 108 kg./cm! 

(1538 kg.Jem. ; 470°6 kg) 

(4) A bar ofa certain material 14” diameter and 4 ft. long 
has a collar securely fitted to one end. It is suspended vertically 
with the collar at the lower end and a tensile load of 5000 lbs. is 
gradually applied to the collar, producing an extension in the bar 
of 0°011 in. Find the height from which this load could be dropped 
on to the collar if the maximum tensile stress in the bar is to & 
6 fons per square inch. (London University) (0°07175 in) 


(5) A verticai steel rod of 2'5 cm. diameter checks the fall on 
its end ofa weight of 230 kg. which drops through a distance df 
0°38 cm. before it strikes the rod. Find the shortest length of th 
rod which will bear the impact if the stress is not to exceed 
1260 kg.jcm*. Take E=2x10® kg./cm®. Verify that the length 
found is the least possible length. (48°48 cm, 


3 


Centre of Gravity and 
Moment of Inertia 


§ 26. Centre of Gravity 


Definition. The centre of gravity of a body is that point through 
which the resultant of the system of parallel forces’ formed by the 
weights of all the particles of the body passes, for all positions of the 
body. A given body has a definite centre of gravity. 

Centre of gravity or centroid of a lamina. 


Fig. 76 shows alamina of definite area. The iamina may 





Fig. 76. 
be taken to consist of an infinite number of particles lying in the 
plane of the lamina. Suppose the masses of the various particles be 
iy, Mtg, 13, tc. 
The weights soe poh, ag he form a system of parallel forces 


like ng, meg, mag Let the coordinates of the various 
particles be on Can (ean (xe ye) etc. referred toa set of 
reference axes OY and Let the mass of the whole lamina be 


M w that the weight of the whole lamina is Mg. Let G be the centre 
of gravity or centroid of the lamina. 
119 
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Let the coordinates of 'G be (x, y ). 


- Hence Mg is the resultant of the forces, mg, Mag, mag, mag etc. 
Since the sum of the moments of a system of coplanar forces equals 
the moment of the resultant we have, taking moments about O, 


myg x1-+moeg xo+mag x3+ meg Xq-+...... 


_inXi + moxet maxgt maxet... 
M 


e oa 
ee & 


By a similar reasoning imagining the lamina and the reference 
axes as turned by 90°, 1t can be shown that 


-_ myi-tmeyet+msys+mayat... 
Vr M er ences 


Uniform lamina. This means a lamina where particles within 
equal areas of the lamina are of equal weight. Ifa uniform lamina 
has a symmetrical shape the centroid of the lamina will be the geo- 


metric centre of the lamina. 


Moment of an area abouta Y 
point. This means the product of 
the area and its centroidal distance 
from the point. 


Centroid of auniform lamina. 
Fig. 77 shows a uniform lamina of 
surface density p per unit area. Let 


the total area of the lamina be A. Z 

Let G be the centroid of the lamina. Ag 

Hence the weight of the lamina pAg Er 
acts through G. Fig. 7 


Consider an elemental area da 
of the lamina at a distance x from the axis OY. The weight of the 


elemental part is ep dag. The moment of this force about the axis 
OY=eda gx. 


Total moment of the weight of lamina 


=pAgx = Ledag x 
=pg i dax 
as a da.x 





Hence if a lamina be split up into smaller areas a1, ae, @3,...elC. 
is Moment of the individual areas about O Y 


Total area 
or pee Ok. 
2a 
Similarly 3 
>= ~~ Gy 
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where x1, Xe, X3...are the centroidal distance of the areas. 
ai, G2, a3...from the axis OY and }, ys, ys...are the centroidal 
dist ances of the areas aj, a2, a3...from the axis OX. 


Problem 85. Find the centroid of the lamina shown in Fig. 78. 


ea 
| 
|._______scn__—_ - 


Fig. 78. Fig. 79. 
Solution. The lamina will be split up into two rectangular 
areas ABCD and EFGH as shown in Fig. 79 of areas. 
2x 10=20 cm?. 
and 15 x 230 cm?. respectively. 
Centroidal distance of ABCD from the axis 1—1=7 cms. 
Centroidal distance of EFGH from the axis 1—1—1 cm. 


Let 7 be the height of the centroid of the lamina from the axis 


_2ay 20x7+30x!1 
*" Ya = — 20+-30 
== 3°4 cms. above the axis 1 —1. 


The above computation may be conveniently worked out ina 
tabular form as shown below : 





ee ee ERATE: ASTI PY GRATIOT il, ornk ETS, 























Centroidal | 
Area 
distance ay 
Component — from I—1! cm 
om yom. 
ABCD 20 7 140 
EFGH 0 i | 30 
Total | 50 | 170 
—_ > ay 
2a 


170. 
= ie ne 4 cms. 
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Problem 86. Find the centroid of the lamina shown in Fig. 80. 


Solution. The given oe 
famina will be split up 
into a number of com- 
ponents. The areas of 
the various components 
and their _controidal 
distances from axis 1—l 
and the moments of the 
individual components 
about the axis 1~—1 are 
shown in the following 





























table. W L 
->—___—— »v_____+ 
Fie. 80 
Area Centroidal dis- 
Component a tance from 1—I ay 
cm? | y em.* 
cm. 
ABCD 10x2,_— 20 13 260 
EFGH10x2 |} 7 140 
JKLM 2x2; _—s 40 1 40 
Total ! 80 | | 440 
kiet Renee | 
440 
yan = Bp ems 


, = 9°50 cms. above the axis 1—1. 
Problem 87. Find the centroid of the lamina shown in Fig. 81. 
Solution. The given lamina may be split up into two rectan 
ABCD and EFGC as shown in Fig. 82. eae = 
_ _ The position of the centroid of the lamina with respect to the 
axis 1—1 and 2—2 will now be worked out. The relevant computa- 
tions are shown in the following table. 






ABCD 2X10 
EFGC 6x2 12 I 5 12 


Total 
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Leong 


10cm 





/}—— eon 

Fie. 81. Fig. 82. 
Problem 88. In a rectangular lamina 10 cms.xI2 cms., a 
rectangular opening PQRS 3 cms X4 cms. is made as shown in Fig. 83. 


Find the centroid of the lamina after the opening is made. 
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Solution. The computation is made in the following table. 
Zay _ 672 





= —~—— =6°22 cms. 
I~ Sa 108 
Zax _ 510 
X= OO ——— = 472 ems. 
la "108 
Centroidal | Centroidal 
Component | Area . | Distance y Distance x ay ax 
cm’ | from bottom | from left 
| | edge (cm.) edge cm.* cm.* 
i. ese eaceotie fs CM le 
Area ABCD 10x12 120 | 6 5 720 600 
| Deduct for 12 ! 4 75 48 90 
opening PORS 4 3 | ! 
| —___———- ELT PETE 
Net qusntity | 408 : 672 5.0 


é 
ven ORR REOEte mwa mts men pe ee Fea oe caeninionmmemmninney ys eg ww mtidae seas anienanemyeeu’ 


Problem 89. Determine the centroid o yf the Section shown in 
Fig. 84. 


FLANGE PLATE 19 C.X2CM. 






“STOP 5 ANGE 
1OCM.. 2E. 4 
Solution. The 


computation is 
ee a made in the 
| ee een ae following table. 


BOTTOM FLANGE 24M. x2c. 




















hee teat eas eI en eet dee) oe et ee ee ee 
| Centroidal | 
| Area a distance | ay 
Component cm.” from 1—I1 (cm.)* 
| y cms. 
Top Flange plate | 36 | 17 612 
Top flange : 20 | 18 300 
Web 24 | 8 | 192 
| 
Bottom flange j 48 1 48 
Total | 128 | 1152 
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§27. Centroid of a triangular lamina. 
Let ABC be a triangular Jamina. 


Let this Jamina be divided 
into a number of narrow strips 
like B,C, parallel to BC 

The centre of gravity of 
the strip B,C, is at the middle 
point M of B,C. 

If AD be the median we find 
that M lieson AD. This holds ~ D 
good for the centre of gravity Fig. 85. 
of any other strip paralle! to BC Hence the centres of gravity of 
all such parallel strips lie on the median AD. Hence the centre of 
gravity of the whole lamina lies on AD. Similarly it can be shown 
that the centre of gravity should also be on median BE. Hence 
the centre of gravity lies at the point of intersection of the medians 
of the triangle. 

Some important cases : 

(i) Right-angled triangle of base b and altitude h. 

Let G be the cen- 

A troid. 

Let the distance of 
the centroid from AC 
be *. 

hi By similar triangles 
AGE and AHC, we have 
‘ GE AG _2 





HC AH 3 
4 
B Cc GE=%= HC 
Fig. 86 3 
2D oD 
32 3 


The centroid is at + from the end C and o: b from the 


end B. 
(ii) Any triangle 

Let ABC be any triangle of 
base | and altitude /. 

Let AD be perpendicular to 


BC. 
Let BD=a and DC=h 


ea 

Let the centroid of the tri- 
angle be at a horizontal distance 
of -¥ from B. 





a 
AreRey 
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Sum of the moments of the areas ABD and ADC about B 
==Moment of the area ABC about B. 


paislen 2 aaa, ba 


2 2 
D pte 
oer 
2. = 
zatabt+ zr 


But (a+b)=3 


Hence the centroidal distance from the left end 
I+a 


3 
Similarly, the centroidal distance from the richt end 
_/+b 
~ 3 


§28. Centroid of a Trapezium 
Let ABCD be a trapezium. 
Let the parallel sides 4B and DC be a and } respectively. 
Let h be the distance between the parallel sides. 
Let AA, be perpendicular to DC. 
and BB, be perpendicular to DC. 
Let the centroidal distance from DC be 3. 
Total Area ="? h 
The moment of the trapezium about DC 


=Sum of the moments of triangle ADA, 
triangle BB:C and rectang! 
about DC. eee 


ath 1 h , ak? 
9 hj gq KDé1+Chy) +3 
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see spy eee ab 
th eae | 
‘ 
.. eiy= I W (2a-+b) b 
Fig. 88 





= bt+2a h 
b+a 3 
Hence centioidal distance from DC 
. b+2a h 





~ b+a 3 
Similarly, centroidal distance from AB 
at+2b h 
~ a+b 3 
90. Find the centre of gravity of auniform plate ir 
the form of a symmetrical trapezium whose parallel sides are 3 metres 
and 1°5 metres in length and 2 metres apart. 

If it has a rectangular extension of the same weight per square 
metre attached to the I'5 metres edge and I'5 metres long so as just 
to fit that edge, find what should be the height of the rectangular piece 
if the centre of gravity of the whole is on the I'5 metre edge of the 








trapezium. (I. Mech. E.) 
Solution. Case 1. Trapezoidal plate- 
Aa-+5m B Distance of the cenroid from the 
side AB 
: at+2b fA 
h:2m ey 3 
| TES 2 ar 
D b=3mM. C 
su WU 57 oonpite 
Fig, 89. . 9 


Case 2 ~~ sm E 
Let the size of the rectangular piece 
be 1°5 mxX y metres 
Since AB is the centroidal axis. 
Moment of the area FEBA about AB 
== Moment of the area ABCD 
about AB 
se, Jf #5 *.) 10 
aS y. > -( 2 x2x 
yp=l258 m. 
3M. Cc 
Fig. 90. 
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Problem. 91 Find the centroid of a semicircular lamina of 


radius r. 

Solation. Consider the ele- 
mental radial area OPP’ the angle 
POP’ being d9. This can be taken 
as a triangle of area } r2 d8. The 
distance of the centroid of this 





elemental area is + r from O. 


Hence the height of the centroid A O B 
of the elemental area above AB Fig. 91. 
a r sin 8 


Moment of the elemental area about AB 


=r x Sr sin @ 


a3 sin 8 dé 


Moment of the whole area about AB 
7 


-$ [sin 8 dd 
0 
n/2 
1 ys | 
=3 72 sin 6 d6 
0 


4 


Let » be the height of the centroid above AB 
Area of the semicircle 


as 
2 2 
Tr 2 
soak 

3% ee 


Problem. 92. Determine the 
re of the centre of gravity of 
the plane figure shown in Fig. 92. 


_ Solution. Area of the tra- 
peziu m. 


= Ay = (204-40) cm, 
= 540 cm, Fig. 92. 
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Height of the centroid of the trapezium above the base 








1 b+2n , kh 
1 b+a 3 
 20+2%20 | 18 
40+20  *~3 %™- 
=§8 cm. 
2 2 
Area of the semicircle= 42= ao nxt cm.® 
= 353°5 cm.” 


Height of the centroid of the semicircle above the base 


Distanc: of centroid of 
the net section 


=j _AD1~ Aaa 
A,— Ag 
$40 x 8—353'5 x 6365. 
ae 540— 353°5 ot 
= 11°10 cm. 


Problem 93. Find the height 
of the centroid above the axis 1—I] 
for the lamina shown in Fig. 93. 


Solution. F/=FG cos GFH 


: 8 
8 x 10 6°40 cm, 


TH= 10-—6°4=3'°6 cm. 


The lamina can be split up 
into a number of components. 
The areas of the various com- 
ponents, their centroidal distan- 
ces from the axis |—1, and the 
moments of the various compo- 
nents about the axis I[—1I1 are 
tabulated below. 
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Se RATAN Rare BETTING AR oar e Seeaitig a se A I DCR TT a ie 





soa AeA g ay RTE REET ee BI 








| esi 
Areaa Stance y ay 
Component cm. from! 1 (cm.)® 
(cm.) 
{cj t | x 
memmeucle «xf =25°23 26 49X84 =3770 $47 2 
{ Rectangle 30 x 8 = 283 18 1 
ACDE oe 
Triany le 8 10 +6 
fa 3 x6=24 10pm i546 | 371 
j 

337752 | 6502°2 








Sapte: 





Re EE 


.. Distance of the corer from the axis 1—1 
a >= ay __§502'2 _ ‘ 

la “33712 oo 
Problem 94. Determine the centroid of the lamina shown in 


Fig. 94 
jp-———10¢n ~~ —| 


7 q 





Solutio os 

n. The position of the centroid with tes to axes 

af wh and 2—2 will be determined. The lamina is Prien split 

Fig aoe components ABCD, LCKE and EFGH, as shown in 
The areas of these components 

the axes 1-- 1 and 2—2 and the mom 

dual components about the axes 1— 


their centroidal distances from 
ents of the areas of the indivi- 
1 and 2—2 are tabulated below : 
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AR EE ite 2g EL REEL: eR E 








a 
cnn 


Centroidal Centroid.l 





mts | Areaa distunece y distance x 
ee cr.® 1 fram t I from2 2 cm,* cm." 


| cm. cm. 
{ 
| 





: 
se a 10°44 cms. from the axis 2—2 


ical Solution 


To find %. ‘The given section is split up into three rectangles 
wn. The areas of the three rectangles are respectively 20 cm.’, 
2 and 24cm. Now forces of magnitude 20 units, 28 units, 
Units are assumed acting vertically through the centroids of 
dective rectangles. Let the forces be represented by AB, BC 
-D. Adopting a convenient scale mark off ab=20 units, 
‘Units and cd=24 units. 
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oe A pole O is chosen and ao, bo, co, and do are joined. Starting 
from any point on the load line AB the funicular polygon is drawn, 
and the point QO is obtained. Through Oj a vertical line 1s drawn. 
This Hine represents the vertical centroidal axis. This axis is at a 
distance of 10°4 cm. from the right end. 





A 
Fig. 96 

Similarly taking three horizontal forces of 20 units, 28 units 
and 24 units through the centroids of the respective rectangles, a 
polar diagram and the corresponding funicular polygon are drawn 
and the point O2 is obtained. Now a horizontal line is drawn 
through Oy. This renresents the horizontal centroidal axis. This 
axis is found to be 8°6 cms above the bottom edge. 

Problem 95. Fig. 97 shows the cross-section of a masonry 
dam. Determine the distance of the centroid from the vertical face. 

Selution. The figure will be split up into a rectangle ABCD 
and a triangle BCE as shown in Fig. 98. Area of the rectangle 
ABCD =ah. 
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Centroidal distance of the rectangle ABCD from the vertical 
side 
a 


2 
Area of the triangle BCE 


_(6—a) 
Centroidal distance of the triangle BCE, from the vertical side 
=y +5 md 
2at+b 


4 
| 


Ax 
— haces 


Fig. 97 Pg. 9B 
Moment of the cross-sectional area about the vertical side 


4 =a), (2a-+-b) 








oe ‘au 
=% nae 
Ft tab tb 


Area of the whole section 
= (ats) 
Let the Ss of the section be at * from the vertical side 
Sy ate) ea TOTE y 
a®-+-ab+b2 ee 


‘3 = "3@+b) OF 368 at) 
Problem 96. Determine the centroid of the dam section shown 
in Fig. 99. 


Sviation. The section may be conveniently divided into various 
“0; 2ponents as shown in Fig. 100. 
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le ——— 4§m —~-> | 
Fig. 100 


eateg ee 





‘a a cece oo mee 
re i 
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The areas of the various components, .their centroidal distances 
from the axes 1—1 and 2—2 and the moments of.the areas of the 
various components about the axes 1—1 and 2--2 are tabulated 


below : 


ceceets Maen dade wearer 




















| Cemroidal Ce--troidal | 5 
Component | Area | distance y distance x | Ay Ax 
i a from l—1 from 2-2 | (m?) (mm) 
| (mm?) (m) (ni) | | 
a ote are EN a a 
ABCD 15x10 | 1500} 5°00 075 | 7500 ' 1125 
! 
25, : Co ae eo nee 
| EFGS x6 7°50 Megs | PSO+ =z | 2250) 17°50 
| 
Ripedian ss | ! 
| HGDA4S* 1 4°50 + aos S 2°25 : 16°88 
| | 
. cece en eee \ Rr rT em teeter sao sees mame | armen career eneaneaeetee 
Tota! 27°00 | 99°75 45°63 
~ Height of centroid above the axis |—1 
‘ =y="s “o 
99° 45° 
wnt = 3604 7 
27 : 
Distance to the centroid from the axis 2- 2 
pee OX 
on sy 
45° 63 
as Se == ]° oY 
47 MH 


Problem 97. In a circular sheet of metal of radius R a hole of 
radius ris made as shown in Fig. 101. Determine the centroid of 
the remaining sheet. 

Salutinn Area of the eee 
sheet before making the vee / 
hole =tR? i 

Its centroidal distance 
from A= R. / 


Area of the hole = zr* O. \% 


It. centraidal distance 
from A =r. 


Moment of the area of 
aa sheet about A before re 
riving the hole Fig, 10t 
> =-@R2x R=eR?® " 
Moment of the area of the hole about 4 

sett? <p = er, 
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Net area of the sheet after driving the hole 
=nR?—npt=r( R272) 


Net moment of the area of the sheet about 4 after driving the 
= RR3— gr3 = n(R3— p3) 


Let the centroidal distance of the sheet after making the hole 
be x from A 


hole 


1(R2— r?)¥=n(R3 —r3) 
_ R—r3 
vee Rip? 


§29. Moment of Inertia of a Lamina 


Fig. 102 shows a lamina of aré&. 
A. The lamina may be split up 
into an infinite number of elemen- 
tal components each of area da. 
Suppose these infinite components 
be at distances y}, ye, y3 etc. from 
the axis OY, the quantity 


da y\3+-da yo®-+-da ys*-+...ete 
i.e., Uday* is called the moment of 
inertia or the second moment of 
avea of the lamina about the axis 
x OX. 





Fig. 102 
Similarly, if x11, xe, x9, efc. are the distances of the various ele- 
meatal components of area da each from the axis O Y, then 
da x\"+da x2"-+da x3?-+...1¢., da x2 is called the moment of 
Inertia of the lamina about the axis OY. 


In general if 71, re, rg3...etc. are the distances of the elemental 
components each of area da of the lamina froma given axis, then 
da ry3-+-da re2+-da rs‘+-...i.c. Sda r® is called the moment of Inertia 
of the lamina about the given axis. 


Radius of gyration of a given lamina about a given axis. 
___ , Fig. 103 () shows a lamina of area A. Let this area be split up 
into infinite components of area da each. Let these components be 
at distances ri, ra, ra cfc. .com a given axis AB. By definition, moment 
of inertia of the given lamina about the given axis AB 


=a faye Zda r32 


Let the infinite components of the lamina be arranged at the 
same distance k from the axis AB, the distance k being such that the 
moment of inertia‘about the axis AB remains unchanged. In this. 
rr position, cach elemental area is at the same distance k from 
~ Moment of inertia raf the lamina about the axis 4B 
w= loox=da k*+-dg k?+-dq k®-+.,.. 

REda= Ak* 


Sas 
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6 
If in the two positions the moment of inertia should be the 
same Tov = Ak? 
k is called the radius of gyration of the lamina about the axis 





AB. 
A 

A 

&, 

& 

& 
8 B 

(i) Fig 103 (ii) 


The radius of gyration of a given lamina about a given axis is 
that distance from the given axis at which all elemental parts of the 
lamina would have to be placed so as notto alter the moment of 
inertia about the given axis. 


'§30. The perpendicular axes theorem 


If Ia and Iw be the Moments of Inertia of a lamina about 
mutually perpendicular axis OX and OY in the plane of the lamina and 
loz be the Moment of Inertia of the lamina about an axis normal to the 
lamina and passing through the point of intersection of the axes OX 
and OY, 

I os “I, on + I. ov 


Fig. 804 shews a lamina #? 
of area 4. Let OX and OY be 
two mutually perpendicular 
axes lying in the plane of the 
lamina. 


Let OZ be an axis normal 
to the plane of the lamina and 
passing through O. Consider an 
elemeatal component of area da 
of the lamina. Let the distance 
of this elemental component ©* 
fromethe axis OZ, i.e. from O be r. 


y* 





Fig. 104 
Moment of inertia of the elemental component about OZ 
=dar 


If the coordinates of. the elemental component be (x, y) referred 
to the axes OX and OY, we have 
r2 ae x2+ 2 
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bd* 
Ir 5 
bd? (4 : 


bd bi 
=a9 Tt 4 
__ bd? 


3 
Similarly the moment of inertia about the axis 2—2 (Fig. 106) 
is given by 


db*® 
SoBe 


If G be the centroid of the lamina the axis through-the centroid 
and normal to the plane of the Jamina is called the polar axts. Let 
Ip be the moment of inertia about the polar axis. J» is called the 
polar moment of inertia. 

By the perpendicular axes theorem. 
bd® | db 

Iz 7 12 
An importan particular case 7 


Suppose the lamina ABCD be a &, 
square of side 5 


Top=Tez-+luy = 








b* Z 
fea = Iw = 5 ee 
: Reet 9 fgets - 
Polar Moment of inertia wie 7 | \ 
bs eo <i 


= Jp a tm an f 


4 . 


b 
Fac loa in ee or 


In general if mn be any centroidal axis in the plane of the 
lamina 
bt 
12 


‘ (ii) Rectangular lamina with a centrally situated rectangular 
é. 

Let in a rectangular lamina Bx D a rectangular hole xd be 
made centrally. 


_ _., Moment of inertia of the Jamina about any axis =Moment of 
inertia of the bigger rectangle—Moment of inertia of the smaller 
rectangle. 


Lm y= 


BD> bd 
; F sa > a” ast - 
or example lew i2 12 
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(iii) I-section and channel section . 
Fig. 109 shows an J-section. Let the overall dimension of the 
J-section be B units wide and D units deep. 





tig. 108 Fig. 109 
Let the dimensions of the web be b units wide and d units deep. 
Moment of inertia about the axis YY 


= Moment of inertia of thé fe es -x| 
rectangle Bx D-—moment of 2 
inertia of the hollow rect- 
angular part. 


- 7 BD* (B—b)d? 
im iD 12 


Fig. 110 shows a channel 
section of overall width Band y— —. — =X al D 
depth D Let the web be 5b 
units wide and d units deep. 

Moment of inertia of this 
lamina about the axis Y¥= 


Moment of inertia of the re- 
ctangle Bx D— Moment of jn- 
ertia of the rectangle (B—) x g Fiz. 110 
1,._BD® (B-b)® 
on aE ae 
12 ] 
tiv) Moment of Inertia of a thin ring 


Fig. 111 shows a ring of mean radius r 
and of thickness t. 


Consider an element component da of 
the lamina. The moment of inertia of this 
elemental component about the ; olar axis of 
the lamina= dar?. 


Since all the elemental components are 
at the same distance r from the polar axis, 
moment of inertia of the ring about the 
Fig. 111 polar axis 
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= [,~= Udar®= r*2da 
—p? Xarea of the whole ring 
e=p* X Dart 
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Moment of inertia about the axis XX 
=Moment cf inertia about the axis YY 


Ip 


(v) Moment of Inertia of a circular lamina 
Fig. 112 shows a circular lamina of 
radius R. 


The lamina may be considered as 
onsisting of infinite number of elemental 
yoncentric rings. 


Consider one such elemental ring at 
radius r and having a thickness dr. 


The moment of inertia of the elemen- 





al ring about the polar axis Fig, 112 
=area of the ring x (radius)? 
=2er dr. 7? 
s=2nr® dr 


'. Polar moment of [nertia of the whole Jamina 
R 
=I, ~ [208 dr 
0 


_2eR! aR 
ao ae’? 
If D be the diameter of the lamina 


D=2R 
n/p\4 
8 
a 
m2 
But, Taz = Tyy 
4 
and Iau hy = [y= > 


a ae 
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(vi) Moment of inertia of 
circular lamina with a cen- 
Wy situated circular hole. 


Let D be the external 
ameter and ¢d the internal 
ameter of the lamina. 


Polar moment of Inertia 
fo=Polar moment of 
Inertia of the bigger 
circle— Polar moment 
of Inertia of the smal- 





ler circle 
y,=™_DA_x dt 
“32 32 
ay 1 Dt x4 
= == — y 
iw 64 64 Fig 113 


(vii) Moment of Inertia of a semicircular lamina 

Fig. 114 shows a semicircle of radius R. Let AB be the base 
the semicircle. 

The moment of inertia of a circular lamina about a diameter 


m R4 
AB:: 4 
= Dp 
64 
Moment of inertia of the semicircle about 4B 
4 
==" 8 
_. D4 
' “, 128 
- ethec y .dal axis parallel to the base AB. Let » 
4 tbetwee *.¢ axis XX and AB. 


wo 





ees 
2 


w 
We have by the parallel axes theorem. 
Tov = lax + AP? 
The area of the lamina = A 
TR? 
2 
«D? 
oS 28 
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y a “* = Ing 


wR? (4R\2 
T 9 fe} 


@ 


clase 
y nD* 
Fig. 114 128 


(viii) Moment of Inertia of a quadrant 
Let AOC be a quadrant of a circular plate of radius R. 


Moment of inertia 
of the area AOC about 
the axis AB=one-fourth 
of the moment of inertia 
of the circular area about 
axis AB, 


Consider the semi- 
circle ABC. Tistance of 
its centroid from 

4R 


AB= Fig. 115 


The dist: , | 
snes eaal palace of the centroid of the quadrant AOC from AB is 





AR 
3x 


i.e., the axis YX is centroid i 
the semicircle ACB al axis of the quadrant AOC as well as 


-» Moment of inertia of th 
€ quadrant about the axis YY 
equals one-half the moment of inertia of the semicircle about \.Y. 


lae= 3 O11 RA Jeers Ri 
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(v) Moment of Inertia of a triangular lamina 
Let ABC be a triangle of base b and altitude h. 





Fig. 116. 


(a) Moment of Inertia of a triangle about an axis 1~1 through 
the vertex and parallel to the base. 


The triangle may be taken to consist of a number of infinitely 
small elemental components parallel to the base. 


Consider one such elemental! component at a distance y from 
the vertex and of thickness dy. Width of the elemental component 


1, by 
ao h 


Area of the elemental component 
_b 
=b' dy= ae dy. 
Moment of inertia of the elemental compenent about the 
axis |—1 
= oY 2,0. 
1 99 Pay dy 
Moment of inertia of the lamina about the axis 1 —t 


h 
fin e | y dy=-—— oe 


(b) Moment of inertia of a triangle about the centroidal axis 
rallel to the base. 


Let XX be the centroidal axis. This axis is at a distance of + h 
the vertex. 


Applying the parallel axis theorem, we have, 
2 
Ih_1 =Iz2-+A (2 h } 


3 
bh® 1. bh. 4 


4 2° 9% 
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br _ 2 a5 
ae Ioo= 4 9 bh 


_- bi? 

3% 
(c) Moment of inertia of a triangle about the base. 
Applying the parallel axes theorem again, we have 


| 
Toe Tua +A (4 ) 


bh® , bh ih? 
36 9 
bh® bh 
36 18 
bre. 

12 


Problem 98. Find the moment of inertia of the area shaded 
in Fig. 117 about the axis AB. 


Solution. Moment of 
inertia of the triangle about 
the axis AB 

_. Base x(altitude)®_ 

12 
wz S28" 2am 
12 

= 341°33 cm’ 

Moment of inertia of 
the semicircle of 8 em. dia- 
meter about the axis AB. 

— ™X(diameter)‘ 

128 





= 100°53 cm. 
Moment of the 
gross area about the axis AB 
Fig. 117 e= 341°33-+-100°53 
= 441°86 cm‘. 
.From this we have to subtract +themoment of inertia of the 
hollow part which is a circle of 4 cm. diameter. _ 
Monrent of inertia of the circle of 4 cm. diameter about the 
axis AB : 
mx 44 
: 7 4 
64 12 56 cm 
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The moment of inertia of the met area about the axis AB 
= 441°86— 12°56 =429°30 cm‘. 

§32. Moment of Inertia of composite sections. 

Fig. 118 shows an ]-section. 

Let it be required 
to find the moment of 
inertia of the section 
about an axis i1—1 
passing through the 
bottom edge. 


The section may 
be split up into compo- 
nents like 1,2 and 3 of 
areas a1, @2 and as. Let 
the centroidal distances 
of these areas, from 
the axis I—1 be yt, yo 1-~— 
ind y3. Let fs1, Iso, sg be Fie. 118 
he Moments of Inertia ies 
yf the individual components about their respective individual 
entroidal axes parallel to the axis 1 —1. 
Now the moment of oe of the section about the axis 1 —1 
== f}-1 
= Moment of Inertia of component l 
-+ Moment of Inertia of component 2 
-+Moment of Inertia of component 3 
= I -+21)17 
+-Isg-+a2yo? 
+Is3+-a3y3" 
oe h-p=2ayPr+2iy 
1.@., ia = Lay?-+ Zs af 
where Isetry = Moment of Inertia of any component 
about its centroidal axis parallel to the 
axis 1—{. 
The computations may be conveniently made in a tabular form 
hown below : 


77 many VP 7 
7: fanaa 





eT Re ER 8 A cer elas nati StL > MANES RNEDASSFSAS- SA POTES TOOT STSRSNGEASINe gnhnacats <ansehinapishanen 














Cenatroidal 
Components Area distance oy ay" l sath 
a from the | 
‘ axis l—l | 
1 ay yr ay: ay* | mh ¢ 
2 rs Jz asys @y2" | buy 
3 a3 | Vs { asys Gays" | les 
. “Pip Sea stk eee ae aot 1 ae ere SSE el ge Rae a he ee ee ee pean oe Ces Gaerne en 
Total | za | ay Lay* | Shey 











sitet ieee eter alanieee a omen eneneente 
— ey a ees eee 
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Hence for any complicated composite section the above quan- 
tities may be entered as shown. 
Moment of Inertia about the axis 1—1 
=hy=%a y+ Lheess 


Le., J\.-1=Sum of the last two columns of the 
table 
Distance of the centroidal axis YX from 1— 1 
Lay 
= J = = ~ 


The moment of in-rtia about the centroida! axis XX is given 
by the relation 


h-1 = Is2-+(2a)3? 
fas = 11-1 —(Za) 9? 


. Prop em 99. Find the moment of inertia of the section show 
in Fig. 119 about the centroidal axis XX See to the web. " 
Loe jocm, 
A 


Solution. The given 
section will be split up into 
components ABCD, EFGH 
ahd JKLM. The areas of the 
individual components, their 
céntroidal distances from the 
axis |—1 through the bottom 
, edge and the moments of 
scm. inertia of the individual com- 

@ ponents about their respective 
centroidal axes parallel to the 
axis 1—1 are given in the 
Fig. 119 following table. 















distance y ay oy" Teets 
from 1—I cm cm" cnr 
cm 











3 
ABCD 260 3380 ane «= 6°67 
B‘ GH 140 980 _ =16 ‘67 


semen 
40 xe = 1538 
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Distance of the centroidal axis XX from the axis 1—! 
_y 2ay_ 440 
“J *ya ~ 8) 
Moment of inertia about the axis I—1 
= 4y.y=Zhewr t+ ay? 
= [86°67 +4400 cm.4 
== 4586'67 cm.4 
But h_y=Iez+ (Za) 9? 
e 4586 °67 = I,2-4- 10(5°5)* 
- Isz=2166°67 cm! 
Problem 100. Find the moment of inertia about the centroidal 
axes XX and YY of the section shown in Fig. 120. 


Solation. To find the moment of inertia about the axisXX. 


277m. 


iocm. 


2cM. 
LL 


|-—sem—.| 





Fig. 120 
The following table shows the relevant computations. 


| 
Area Centroidal | 


Component | a distance a} ay" Leet 
rea ¢ | em cnt cm* ping 
| from Il—1!1 
* CS lia eae ee i 
ABCD 20 5 100 500 7 == 166°7 
E:GC 12 | i | 42 12 Ox2 40 





~- a aa namaste | eaeteemsegs semtmmmanrnimniineane: ~~ - ED 


Total | 32 | 112 $12 ) 170°7 
“ ou 5 = 1B = 3°50 cms. 
Moment of inertia about the axis ! —1=/_1= 2lse1s-+-Zay® 
But J,.1=170'7+- 512 =682°7 cm.4 
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: ha =let+(Za)y 
682°7==Ien-+ 32(3°5)® .°. Iee=297 7 cm! 
To find the moment of inertia about the axis YY. 
The following table shows the relevant computations. 



















| Centroidal ; ; 
t area | distaneex ax ax if 
Componen ie fem te ae 
ABCD | 20 | 1 2 | 2 ones = 6°67 
300 2x x 6* = 36°00 


EFGH 12 5 60 





Moment of inertia about the axis 2—2 
= Jo9=% Teers-+- ax? 
Io-2=42'67 +-32"=362'67 cm.# 


But Io9=Javt-(Za) (XP 
362°67 = Ivwvt+32(2'5)* 
- Ivy = 162°67 cm.4 


Problem 101. Calculate the moment of Inertia about the hori- 
zontal and vertical gravity axes ({cz and Ivy) of the section shown in 
Fig. 121 (A.M.LE) 


Soluticn. The given sec- 
tion will be split up into two -}-—— 1 cm.— 


components. The areas of the 
individual components, their ae 
centroidal distances from the 
axis 1—1! through the top 
eJge and the Moments of  s5¢cm. 
Inertia of the individual com- 
ponents about their centroidal 
axes pirallel to the axis 1—1 
are tabula'ed below. 

-+| 5m [- 


Fig, 121 
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Properties of the Section 
ae a ae ole en ee a 
: Area | Centroidal ay ay® Toot t 
. Component a distance y (cm) (cm)* (em*) 
(cm)* (em) 
Pe ae ae ee etas Oey 
| Top flange 75 2'5 187°50 | 468°75 155 156 2s 
: 5X10" 416° 
| Web 50 10 sooo | sooooo | 5-46? 
— DEB alk ee ee 
| Total | 125 | | ears | 5468 75 | $72.92 
Distance of the centroidal axis XX from 1 —1 
=p ._ $875 
~~ Za 125 
= 5'5 cm. 
hh-1 = Dheet¢+ Lay2 = §72'°92-+ 5468'°75 
=6041'67 em.4 
But hh-1=I,0+(Za)y* 


6041°67 = Jeo+(125)(5'5)* 
Iza= 2260'42 em.4 


5x 153 10 x 53 
hyy= 12 + 12 


Problem 102. Find the moment of inertia about the centroldal 
axis XX for the lamina shown in Fig, 122. 





=1510°4 cm.4 





x 
§ 





Fig. 122 
Solution. The given section will be split up into three rect- 
angulae components, i.e., the top flange, the web and the bottom 
ge. 
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The properties of the components are tabulated below : 


cee eee nets ae Ate SONNE ERAN A RI SRNR Se ce LANTOS RS ET MT Ot OO 


| 





een ETL 














Area | Ccntroidal | , 
Component) u distance y ay ay" Tecit 
(em*) | from }--1 (cm) | (cm') (cm) 
(cm) |, 
eer) eet ee ah See tei Sete a a a ee 
| Pee ee 
2x 38 = : 
Web | 26 10°5 273 | 2866'50| “",, a6G'1o! 
10x 43 — «2 
Bottom flange | 40 2 80 160 i - 53° 333 
Total 84 686 | 9187 | 453 


ee 


Distance of centroidal axis YX from the bottom edge 1 —1 


Lay _ 686 ; 
“Ea 84 = 8°17 cm. 


== P= 
Moment of inertia about the axis 1—1 


= fy_4 = 2Is.1¢-+ Day" 
= 433 +9187 =9620 cm?4 


But hyo lezt Ap? 
ss 9620= I12+84 X 8°17? 
oe T2xz==40 15°38 cmA 


Problem 103. A 7-beam is made up of two plates and two angles 
as shown. Determine the moment of Inertia of the T-section about 


167 


" ~ ANGLES 





IOC xtcm 





+ \k— 
1cM. 


ig. 123. Fig, 124, 
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an axis passing through the centroid of the section and parallel to the 
top plate. (A.M.1.E.) 


Solution. The given section will be split up into different 
components. The arcas of the individual components 1, 2, 3, 4 and 
their centroidal distances from an axis 1—1 through the upper edge, 
their moments about the axis 1—1 and their moments of inertia 
about their respective centroidal axes parallel to the axis |1—1 are 
tabulated below : 


ee err 
pe em rr ene nee ment a ue net RE ee ee TE tent re viieem tS eon Oe eS NY Fy eee 1a) a paate <eaige 




















bo seria ennenemneetmtne nineteen arn a 





| Area eee 
a istance y ay ay 1 
| COMPONEns (em)* from the (cm)* | (em)* ( mes 
axis [—I 
| ey eee |e aoe, Sees) 
16x 1° 
| ] 16x 1= 16°00 05 800} 400 | yy = 1333 
t at 
| 2 | 13 x1 =13°00 1°5 19°50 | 29°25 ee 1°083 
| 
| : : . 3x 5° 
| 3 3 x 5$—15°00 4°5 | 67°50 | 30375 | =-75-.=31'250 
, ee ae ; : : 3 
! 4 1x10=10:00 | 120 | 126°00 |1440°00 A 83 333 
| Total 54 215 1777 116.999 say 117 


Distance of centroid of the section from the axis 1 —i 


=p? ay 215 
za =s«54 


Moment of inertia about the axis 1—|! 


=fhp=2 Tsets+-Zay? 
= 117+ 19777= 1894 cm. 


But hiz=l az t(2a)y" 
1894= J2z+ 54(3°98)? 
I-2==1037°'98 cm4. 
say 1038 cm, 
The method of tabulation adopted in the above problems can 
be used with great advantage even when the section is complicated 
consisting of several components. The following problem illustrates 


an interesting case. The student may note that any other method to 
analyse such a section will be tedious. 


Problem 104. Find the moment of Inertia of the built up section 
about the centroidal axis X-X shown in Fig. 125. (A.M.LE.) 


cm, = 3°98 cm. 
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. CMxICT —-28CMx2CM zcmxien 
aor 
YAM ML MLL tltltei te KK Mises y 
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- v) 
MxICM. sacmxicm. ® p 
sscmurcm |) "6 | N 
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N 
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| 
Ny 
AY 
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40.019x10M. WS 
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= . 
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Lh idhh he 
vate de ExIssaneeurespemeenceress SWEARARAARRAARRAN 8 


36 CMKICM. 
Gf} sa ee ee ee ee ee ee AR teen On a ee oe cen ce Ol Gp E> chee ow ew ae apy ane oe oe PP 


OCIMK ITM. 


Vibddhids 


Fi, 125, 


Solution. The section consists of several components. Con- 
sider an axis 1—1 through the bottom edge. The areas of the various 
components, their centroidal distances from 1—1, their moments 
about the axis 1-1, and the moments of inertia of the individual 
components about their own centroidal axes parallel to the axis 1—1 
are tabulated below : 
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Ae ome etn re er eet eee reaper nr meNT ORR eer ene = 


Area) SmS} ay ay* Tects 
Component a 2 ae 
(cm)* § & (cm)* | (em) (cm)* 
s™ 
SS 
(i) One plate 28(2)° 
Wemxem! $6 | $2 | 2932 | 151424] —“YQ- ~ 18°67 
Sa (ii) Two plates 2x 12(1) 
3 I2cmxlcm| 24 | 495 | 1188 | 58806 |—y27 — = 2°00 
fh 
Q. (ii) Two plates 2x 1€12)3 
I2cmxicm| 24 | Sos | 12:2 | 61206 /-—~75°  =288°00 
| (ivi One plate 1601)? ; 
36cmxX1cm | 36 | 50S | 1818 | 91809/"77- ~=300 
| 
ss | ; pee RN Econ 
& Two plates 2x1 (40)* 
> | 40 cm x 1 cm | 80 | 29 | 2320 67280 12 = 10666°67 
ee ea 
(¢) Two plates 2x12 q)> _ 
bo 2 emxXicm; 24 | 8&5 204 1734 [jg «9 =2 00 
a 
i ii) Two plates 2x1 (8)’ 
g Seca ean | 16 14 64 256 |" “y2 85°33 
© 
S | (til) One plate 36x 
= | 36emXx1em| 36 | 75 | 270 | 2025 |" a2 = 
Seeger re mn poser oncasannsemraeaneerinm sav nies eemwrnenae er mneesre) | Tomah Sie eT : ae ee 
7 | Toval | 296 | 9988 | 434540 11068°67 





ee 





Distance of the centroidal axis XX from the axis I1—I 


nyn2 E988 2374. 
Moment of inertia about the axis 1—1 
= Jy_y~Zenst+Zay* 


= 1 1068°67+434540== 44560867 cm. 


But Iy_1 = Isa-+(2a)y* 

44 5608'67 = Iaa-+296(33°74)? 
c fay™ 336995 12 cm! 
Examples in chapter 3 


(1) Determine the centroidal distances ¥ and } for the section 
Shown in Fig. 126. (9 =2°49 cm., ¥=1°15 cm.) 
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(2) Find the centroidal axis 
of the lamina shown in Fig. 127 
parallel to the base. Find also the 
moment of inertia about this cent- 
roidal axis. (4°08 cms. ; 385.33 
cm.4) 








a 
a eed 


_ _ (3) For the lamina shown in Fig. 128 Ao lp 
find the moment of inertia about the cen- 
troidal axis Y—X parallel to the base. 20cm 


(18°91 cm., 183193°34 em’) + Boy ate 
"tZ 74 
DLeocm--20cm-|€ 
Fig, 128 






15¢m——_—»| 


js 








(4) Find the moment of inertia 
of the lamina shown in Fig. 129 about 
the centroidal axes XX and YY. 





cm. 


: & 


ecm. 


(> =6°345 cm. from top edge 
Taa= 3340'51 cm. 
Iw = 1199°67 cm.9) 
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(5) Find the moment of inertia of the box girder section shown 

in Fig. 130 about its centroidal axis XX. (London University) 
. 60 cm, Bonet 
—eaaet 


14 cm. | | 





Fig. 130 
2 flange plates at top each 60 cm. x 1°2 cm. 
2 flange plates at bottom each 60 em X1°2 cm. 
2 web plates each 80 cm. x1 cm. 
4 angles each 14 cm. x15 cm. X1°2 cm. 
For one angle A= 34°59 em.” 
Isn=735'4 cm.4 
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Shear Forces and Bending Moments 


Definitions. A beam is a structural member subjected to a 
system of external forces at right angles to its axis. 


If such a member 
is fixed or built-in at 
one end while its 
other end is free, the 
member is called a 
cantilever. (Fig. 131a). 

If the ends of a 
(a) CANTREVER beam are made to 
freely rest on supports 
the beam 1s called a 
freely or simply sup- 
ported beam. Fig. 1316 
shows such a beam. 
In this case the beam 
is resting freely on 
brick masonry walls. 
The clear horizontal 
distance between the 
walls is called the 
clear spa of the beam. 
The horizontal dis- 
tance between the 
centres of the end 
bearings is called the 
effective span of the 
beam. If the intensity 
of the bearing reaction 
is not uniform the 
effective span is the 
horizontal = distance 








(4) CONTINUOUS BEAM between the lines of 
action of the end 
Fig. 131 reactions. 


If a beam is fixed at both its ends, ‘it is called a built-in, or 
encastred or fixed beam (Fig. 131c). 


A beam which is provided with more than two supports is 
cailed a continuous beam (Fig. 131d). 
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§33. Conception of Shear Force and Bending Moment. 
Fig. 132 shows a cantilever 4B whose end A is fixed. Let the 
cantilever carry a vertical load of 4000 kg at C. 


For the equilibrium 


of the cantilever the fixed a000k' 
support at A will provide 

a vertical reaction vertical- Dn 

ly upwards, of magnitude 79“ _.~. ¥e 1 
Va=4000 kg. bie setetenteet ars 


Taking moments 





about A, we have a clock- avook3 

wise moment of 40002 Sriee | . 

==8000 kg. m. Mm. D P 
Hence for the equili- —— slperee ee) 


brium of the cantilever | 
the fixed support at A | 
| 
| 


must also provide a react- y= 4000K9 

ing moment or fixing mo- 2 

ment of 8000 kg. m. of an sii sti SOD os eas . 

anti-clockwise order. fh aed ae Bee se 
Now consider a sec WS 


tion D. At this section 
there is a possibility of Fig. 132 
failure by shear as shown in Fig. 132. If such a failure will occur at 
section D, the cantilever is liable to be sheared off into two parts. It 
is clear that the force acting normal to the centre line of the member 
on each part equals S=4000 kg. The force acting on the right part 
of the scction D is downward, while the force acting on the /eft part 
is upwards. The resultant force acting on any one of the parts normal 
to the axis of the member is called the shear force at the section D. 
For the case illustrated above the resultant force normal to the axis 
of the member on the right part of the section is downwards while 
the resultant force normal to the axis ofthe member on the left part 
of the scction is upwards Such a shear force will be regarded as a 
positive shear force. 

Let us now study another effect of the load applied on the 
cantilever. The cantilever is liable to bend due to the load on it. 

For instance, the cantilever has a tendency to rotate in a clock- 
wise direction about A (Fig. 133). Hence, the fixed support at A 
has to offer a resistance against this rotation. 


Taking moments about A we find that the applied load of 
4000 kg. has a clockwise moment of 4000 X2=8000 kg. m. about A. 
Hence, for the equilibrium of the cantilever, the fixed support at 
A will provide a reacting or resisting anticlockwise moment of 
8000 kg. m. If the support A is not able to provide such a resisting 
moment, the cantilever will not be in equilibrium and will, there- 
fore, rotate about A in the clockwise order. 

The magnitude of the reacting moment at 4 depends on (i) 
the magnitude of the load and (ii) the position of the lead. We say 
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that the support 4 provides the necessary fixing or reacting moment 
at A, and that at the section A of the beam, there is a bending 


moment of 4000 x 2=8000 kg. m. 


Now consider, for 
instance, the section D 
Suppose the part DB was 
free to rotate about D, 
obviously the load on the 
part DB would cause the 
part DB to rotate in a 
cockwise order about D. 
Considering the part DB, 
taking moments about D, 
we find that there is a 
clockwise moment of 
4000 X0°8= 3200 kg. m. 
about D. Hence for the 
equilibrium of the part 
DBit is necessary that 
the part DA of the canti- 
lever should provide a 
reacting or restoring anti- 
clockwise moment of 3200 
kg. m. about D. 

Let us now discuss 
the equilibrium of the 
part AD (Fig. 133). Taking 
moments about D, we 
have following moments about D. 





Fig. 133 


(i) Vax AD=4000 x 1'2=4800 kg. m. (clockwise) 
(ii ) couple =8000 kg. m. (anticlockwise) 


”. Net moment about 
(anticlockwise). 


D=8000—4800=3200 kg. m. 


Hence, for the equilibrium of the part AD, the part DB should 
provide a clockwise moment of 3200 kg. m. 


Hence, we find that at the 
section D, 

The part DB provides a 
clockwise moment of 3200 kg. m. 
and the part DA provides an anti- 
clockwise moment of 3200 kg. m. 
We say that at the section D there 
is a bending moment of 3200 kg. m. 

_ The bending moment at the 
section D is the eee sum of 
the moments of forces and re- 
actions acting on one side of the 
section. 


In the case illustrated above 
athe tendency of the bending 


a 
s 


EFFECT OF HOGGING BENDING MOMENT 


ee 


EFFECT OF SAGGING BENDING MOMENT 


Fig. 134 
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moment at D is to bend it so asto produce convexity above the 
centre line. Such a bending moment is called a hogging bending 
moment. Itis quite possible that the bending moment at a section 
may bend the member at the section so as to produce concavity 


above the centre line. Such a beading moment is called a sagging 
bending moment. 


In our discussion we will consider sagging moments as positive 
and hogging moments as negative. 


Now let us consider the cantilever 4B carrying three point 
loads as shown (Fig. 135). 


Total load on the cantilever being 3000 kg. the vertical reaction 
at A =3000 kg. upwards. 


1500kg9. 6o0okg. 700kg. 





8ookg. 700kg. 


V,-3000kg. im rsm_y B 





Fig. 135 
Taking moments about A we have the following moments ” 
(i) 1500x2=3000 kg. m. (clockwise) 
(ii) 800 x 3°5==2800 kg. m. (clockwise) 
(iii) 7O0XS =3500 kg. m. (clockwise) 
Total moment about A 


=9300 kg. m. (clockwise) 


Hence the fixed support at 4 must provide a reacting or fixing 
moment of 9300 kg. m. (anticlockwise). 


Now consider the section F. 


_ To find the shear force at this section, consider the force 
acting on any one side of the section. 


162 STRtNGiH OF MATERIALS 


S.F. at F=Total force normal to the member on the 
right hand side of F=-+-700 kg. 


ternatively S.F. at F=Total force normal to the member 
PME : on the left hand side of F 


= -+3000— 1500—800= -+-700 kg. 
Bending moment at F=Algebraic sum of moments and 


reactions acting on one side of the 
section F, about F 


B.M. at F=Algebraic sum of moments of forces on the 
right hand side of F about F 
= —700 x 0°8 = — 560 kg. m. (hogging b.m.) 

Alternatively Bending moment at F= Algebraic sum of moments 
and reactions on the 
left side of F about F 

== 3000 x 4°2— 1500 x 2°2— 800 x 0°7— 9300 kg. m. 

== — §60 kg. m. (hogging) 


Similarly 


S.F. at G=Total force normal to the member on the right 
hand side of G 
==-++-700-+ 800=-+1500 kg. 
Alternatively, S.F. at G==-Total force normal to the member on 
the left side of G 
= -+ 3000 — 1500 =-+-1500 kg. (hogging) 
B.M. at G= Algebraic sum of the moments of forces acting on 
the right band side of G about G 
= — 700 x ?°5— 800 x 1 = —2550 kg. m. (hogging) 
Altematively, B.M. at G=Algebraic sum of the moments of 
forces and reactions acting on the 
left hand side of G about G 
=*-+- 3000 x 2°5 — 1500 x 0°5 
— 9300 kg. m. 
=-——2550 kg. m. (hogging) 


Some important hints to be noted - 
SHEAR FORCE 


In general if we have to calculate the sbear force at a section 
the following procedure may be adopted : 


(i) Consider the left or the right part of the section. 
(ii) Add the forces normalto the member on one of the 


If the right part of the section is chosen force on the right 
part acting downwards is positive while a force on the right nat 
acting upwards is negative. For instance, if the S.F. at a section Y 
ofabeam is required _and if the right part YB be considered the 
forces P and Q are positive while the force R is negative. 
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., SF. at ¥=P+Q—R 
If the left part of the 
section be chosen, a force on ; P Q 
the left part acting upwards is | 
positive and a force on the left x 
part downwards is negative. | 
For instance if the S.F. at X of 7 
a beam is required and if XA SECTION 
is the left part, the force Q is 
positive while the forces W, Ww 
and We are negative. | 


S.F. at ¥=Q—Wi— We A x 
BENDING MOMENT 


To find the bending mo- 
ment at a section of a beam the @ SECTION 
following procedure may be 
adopted : 


(i) Consider the left or right part of the section. 
(ii) Remove all restraints on the part selected. 

(iii) Now introduce each force or reacting element one. & 
time and find its effect at the section (i.e., find whether the moment 
produces a hogging or sagging effect at the section). Treat sagging 
moments as positive and hogging moments as negative. Note that the 
moment due to every downward force is negative and the moment due 
to every upward force is positive. For instance, let the bending 


moment at the section G of the cantilever AB (Fig. 135) be 
required. 


If the right part of the section be selected 


Fig 136. 








gh one Remove the restraints on the part 
200k, Introduce the load of 700 kg. at E 
‘ aM So cae The independent effect of the load 







isto produce a hogging moment of 
fie Laan of wOkg AT E Wi — 700 x 2°5 =— 1750 kg.m. 
| 


w 


ie PRODUCE 2 g 
HOGGING MOMENT OF 1750k9.M AT G Now consider the independent 
eooky effect of the 800 kg. load, at D. 


Ioan ae Obviously this will also produce 4 
hogging moment of — 8001 
=-—800 kg.m. 


B .. Resultant bending moment at 
The load of 800 kg at Dwill G=—1750—800 = =2550 kg m.(hogging) 


produce a hog ing moment of 


00 kgm at G. § 34. Shear Force and Bending Moment 
Fig. 137. Diagrams 


A shear force diagram for a structural member is a diagram 
which shows the values of shear forces at various sections of the 
member. 
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A bending moment diagram for a member is a diagram which 


shows the values of bending moment at various sections of the 


member. We shall now cons- 
truct these diagrams for mem- 
bers carrying different load 
systems. 

A. CANTILEVERS 

(i) Cantilever of length I 
carrying a concentrated load W 
at the free end. 

Fig. 138 shows a cantilever 
AB fixed at A and free at B 
and carrying the load W at the 
free end 2B. 

Consider a section X ata 
distance of x from the free end 


S.F.at X¥=S.= 4+ W 


B.M. at X¥-=Me=--Wx ek 





S F DIAGRAM 


hL_— . 


8.M. DIAGRAM 
Fig. 138. 





Hence we find that the S.F. is constant at all sections of the 


member between A and B. 


But the B.M. at any sec- 
tion is proportional to the dis- 
tance of the section from the 
free end. 

At x=0, ie., at B, B.M. =0 
At x= 1, i.e., at A, 
B.M.= WI! 

Fig. 138 shows the S F. 

ad B.M diagrams. 


(ii) Cantilever carrying 
several concentrated loads. 


Suppose a cantilever AE 
is 2 metres long and is subjec- 
ted to the forces shown in 
Fig. 139. 


At any section between D 
and E, distant x from E, 


S.F - Se=-4 500 kg. 
B.M.= M-- = —500x 
At x=:0, M:-=0 
At x=-0°5 m. 
Mz=: — 500 X0°5 kg. mi. 


=~ 250 ke m. 


At any section between C 
and D, distant x from E, 


aookg, sdokg sookg § sooky 








TOR 


sOKG. 
HI 
UL 


A B Cc D E 








8.4. DIAGRAM 
Fig. 139. 
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S.F.= Sz = + 500+ 600=-+ 1300 kg. 

B.M.= Mz= — 500x—800 (x—0°5)= — 1300x+ 400 

At x=0°5, Ms== —1300X0°5+400 kg. m.=—250 kg. m. 

At x=1 m, Mz=— 13004400 kg. m.== —900 kg. m. 

At any section between B and C distant x from E, 

S.F.=Sz= +500+ 800+ 300 kg.==1600 kg. 

B.M.== Mz= — 500x—800(x—0°5)—300(x—1) kg. m. 
= — [600x+.700 kg. m. 

At x==1 m, Mz=— 1600+-700=—900 kg. m. 

At x= 15 m, Mz== —1600 X 1°5-+700= —1700 kg. m. 

At any section between A and B distant x from E, 

S.F. = S2= + 500 + 800+300 + 400= 2000 kg. 

B.M. = Mz == —500x— 800(x—0°5)— 300(x— 1)— 400 (x—1°5) 
= — 2000 x+1300 kg. m. 

At x==1°5 m, Mz=—2000 x 1°5+ 1300 kg. m. =—1700 kg. m. 

At x=2m. Mz=—2000x 2+ 1300=—2700 kg. m. 


In the above example the S.F. and B.M. were computed consi- 
dering the forces on the right hand side of any section. In fact the 
computation could be made by considering the left hand side of a 
section also. 


Suppose we consider a section between B and C distant x 
from E. 


Distance between A and the section=(2—.x) metres. 
S.F. at the section, considering the left side of the section 


= §:= V,— 400. 
Sz=2000—400= +-1600 kg. (as obtained 
before) 


B M. at the section, considering the force and reactions on the 
left side of the section 
= Mz= + Va(2—- x) — Ma— 401 (2-- x —0°5) 
== + 2000(2— x) —2700— 400(1°5— x) 
M:=—1600x+ 700 kg. m. (as obtained 
before). 


(iii) Cantilever of length | carrying a uniformly distributed load 
of w per unit run over the whole length. 


Fig. 140 shows a cantilever AB fixed at A and free at B 
carrying a uaiformly distributed load of w per unit run over the 
whole span. 

Consider any section X distant x from the end B. 

S.F. at ¥=S.:=-+wx 


B.M, at ¥=Ma=—wx . > 
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@ PER oe RUN Me=- w x2 


oi) B 
a 





Hence we find that the varia- 
tion of the shear force is according 
to a linear law, while the variation of 
the bending moment is according to a 






parabolic law. 
At x=0, S,=0 ; 
At x= 0; M:z=0; 
At x=], S:=-+wl 
2 
At x=l,  Mr=— 3 


(iv) Cantilever of length | carry- 
ing a uniformly distributed load of w 





wl" per unit run over the whole length and 
8M. DIAGRAM a concentrated load W at the free 
Fig. 140. end. 


Fig. 141 shows a cantilever 

AB fixed at A and free at B and @ PER.UNIT RUN 
Carr ying the load system men- sign (sl A CEST Nh 08 OS Oo OS UA 
tioned above Consider any 
section ¥ distant x from the end pee 

B. The S.F. andthe B.M. at V,= (wl +w) 
the section X, are respectively | 
given by (ol+w) | 


Se —~wx-+ H’ yy 





wre 
and Ms ~ ~( ; + Wx) A 3B 


At, x--0,7e. at B, 
S44 W 
Mz--:0 
At 2x -d, 1c. at A, 
So + (wl: W) 
Mz -(") +-WI 
2 / Fig. 141. 


S F. varies following a linear law while B.M. varies following 
a parabolic law. 

(v) Cantilever of length 1 carrying a uniformly distributed load 
of w per unit run for a distance a from the free end. 


Fig. 142 shows a cantilever AB fixed at A and free at B and 
Carrying the Joad system mentioned above. 


ae pooner any section between D ana B dist: nt x from the free 
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S.F. and B.M. at this section 
are given by 





S:= +wx 
wx? 
and M:=— > 


The above relations hold good 


| : ’ 
t 
for all values of x between x=0O and wa aa 
x ali.e., between B and D). ae 





Hence for this range the S.F. A D B 
varies following a linear law while the 
B.M. varies following a parabolic law. 

At  x=0 Se=0 1 

and M,=0 

At x:=a," S,=+wa 

wa* 
and M.=-— Fig. 142. 


Dey consider any section between D and A, distant x from 
tne en ; 
The S F. and B.M. at this section are given by, 
Sz = -++ wa 
and Mea be $ 
_ Hence between A and D, § F. is constant at -+wa but the B.M. 
varies according to a linear lay 


At ae os a, 
¢ a 3 
wa 
Ma---we a—$ =~ 
At =f, 


nf $) 
M:.=-—wa > 
(vi) Cantilever of length | carry- 
ing a load whose intensity varies uni- 
formly from zero at the free end tow 
per unit at the fixed end. 
Fig. 143 shows a cantilever AB 
of length / fixed at A and free at B 
carrying thé ivad system mentioned 
above. 
Let the intensity of foading a 





‘CUBIC CURVE X, at a distance x from the free 
B be wz per unit run. 
ol? : ; 
B- Tt OLAORAM 7. Wa= ~w since the intensity 


Fig, 143. 
of load increases uniformly from zefo 


at the free end to w at the fixed end. 
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. Load acting for an elemental distance dx from X= wsz.dx. 
Hence the total load acting for any distance between x=a and 
ei 


x=b 
= > weds 
Xx =@ 


= area of the load diagram. betweez x=a 
and x=b. 
Hence we come to a very important point, namely that the 
total distributed load acting on any segment equals the area of the 
load diagram on that segment. 


S.F. and B.M. at X are given by, 
Ss=area of the load diagram®between X and B. 


x=b 


= els ne XWae= + s xx 


2 2 l 
Sx Faoe 
and, M.= Moment of the load acting on XB about X 


=area of the load diagram between X and Bx 
Distance of the centroid of this diagram 


from X 
___ Wx? 
2] ° 3 
wx? 
; Ma=— 67 

At X= > AY =) 
and M:z=0 
At x=l, Sz = we 
and M;:=-— wi? 


The S.F. changes following parabolic law while the B.M. 
changes following a cubic law. 


(vii) Cantilever carrying a loud whose intensity varies sniformly 
from zero at the fixed end to w per unit run at the free end 


Fig. 144 shows a’ canti- 
lever AB of length / and fixed 
at 4 and free at B and carry- 
ing the load system mentioned 
above. 

It is convenient to find 





ed the S.F. and BM. at any 
section by considering the left 
Fig. 144 part of the section. 


Let Ma be the reacting moment or fixing moment at A. 


SHEAR FORCES AND BENDING MOMENTS 169 


se M.a=moment of the total load about A. 
, wh 2 we 
" 3 3 


Va=Vertical reaction at A 
= Total load on the cantilever 





wl 
Va=-2- 5 
Consider any section X distant x from the fixed end A 
S.F. at X= Algebraic sum of forces on AX 
wl x wx 
pring es a 
wil wx? 
Se 2 9] 
B.M. at X = Algebraic sum of moments of forces and 
reactions on AX above X 
wl wxe x 
Mem gi ay. 8 ee 
awl wx wh 
2 6/ 3 
At x=0, i.e., at A 
wi 
S2= wes 
and M,=-- \ 
At x=l, ie., at B, 
az,  PERUNIT RUN 
2 
00 
At F | 
gt wh ur! 
CO om 
itm. 
S.F DIAGRAM 






CUBIC CURVE 
wt, _wa?_wt" 

Pe 2" "et 3 

7 8.M1. DIAGRAM 


Fig. 145 
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wi w/2 
Si 2/ ==0 
- wi wi? 
and a 6] 3 2) 


Problem 105. Draw Rear force and Bending moment diagrams 
Jor the cantilever showa in Fig 1 


3t 2.5¢ Solution. Let Va be the 
vertical reaction at A. Since 
ae rtm. | there is only one support 
Le 
A B (: D £ V =Total load on the span 
{i} - > ky Mm - =O 5 ~ we Va=3 I 1x2-+2°5 
" : == 7'5 tonnes (upwards) 
eee owes Mnw-- - --e- = ~ 5 
There will also be a react- 
Ixy 146 ing. moment or fixing moment 


at Ainan cnticlockwise order which will be equal and opposite to 
the moment of the forces on a cantilever about A. 






.. teacting moment <3 <1 bx 2K 3542°5 x 5=22'5 tm, 
S.£. Calculations, 
S.F. between .f and # 34 
~*~, 25k 
17TSt 
SF. between /} and C at 
Ee ypihes ye gee, A2nstm 4 a 
SkiatD~- 254 Bee wre — 2M= - psn 
V=75t 


From C to D the 


S.F. will change uni-  -5¢ 75¢ 
formly from * 4°57; to + 2-5¢, 


S.F between 2 and G 





= 2S 
B.M. Catleulations 
B.M. at E-@ 
BM.atD~ 25405 HH 
~ 125 tm ll @r5im. 
B.M. - C= —2°552°5 
< 15t.m. 
~—T-2<\1:- $825 mM 
or Saket 79-61.1 BE OACRArs 
SD Se) HO eS tig. 147 
=~ §'25 tm 
B.M. at B=- 25x4--]> 25- —15 tm. 


or alternatively, 

2254756 b-- —15 mi 

B.M. at A=—22°5 tm 

From Cto Dthe B.M. will vary according to a parabolic law. 
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§ 35. Beams freely supported at the two ends 


(i) Simply supported beam of span I carrying a concentrated load 
at mid span. 


Fig. 148 shows a beam 
AB simply supported at the 
ends A and B. Let the span 
of the beam be Jand let the 
beam carry a concentrated 
load W at mid span. 

Since the load is sym- 
mstrically placed on the span, 
reaction at each support 

w 


—_ 
wn 


2 


. J. Kax Vin 
# For any section between 
AandC 
SF. S.4 
For any section between 


Cand B 
~ + Ww B.M DIAGRAL 
S..F. == Se eh ee ery oC 
2 Fig. 148 





=> 
= 
carer eee ee ~ 





W 


"7" = 


+ 
At the section C the S.F. changes from ne to — 


‘At any section between A and C distant x from the end A, the 
bending moment is given by, 


M:z=+ x (sagging moment) 
At x=0, M,=0 
and at x= > M:= o 


WI 
Hence the B.M. increases uniformly from zero at A to q 2t Cc 


ae Wil 
Similarly the B M. decreases uniformly from 4 at C to zero at B. 
Maximum bending moment occurs at mid span, ie., at C 
where the shear force changes its sign. 


(ii) Simply supported beam carrying a concentrated load placed 
eccentrically on the span. 


Fig. 149 shows a simply supported beam AB of span / carrying 
a concentrated load W at D eccentrically on the span. 


Let AD=a 
and DB=b 
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Let Va and Vs be the vertical ‘reactions at A and B. 
For the ec uilibrium of the beam, 






Taking moments of 
the forces on the beam 
about A, we have 


Vol = ae 
Vo= ie 
yw 
W(I—a) 
l 
a=" 
a+b=! 


For any section bet- 
ween A and D the shear 
force . 
7 
= §,= Voz + ~ 
For any section bet- 
ween D and B, the shear 


force 
GM. OAGRAM Wa 
— S2= —-hV=—- 


Fig. 149 a 
At any section between A and D distant x from A, the bending 
moment Is given by 


M.=- + Me (sagging) 


At x--0, M.- 0 

At x -@, M.— 4 

Hence the B M. increases uniformly from zero at the left end A 
to os at D. Similarly the B.M. will decrease uniformly from 


Wah : 
j at D to zeio at the rightend B. 


_ It may be observed from the S F. and B.M. diagrams that the 
maximum B.M. occurs at D where the S.F. changes its sign. 


; (iii) Simply supported beam carrying a number of concentrated 
louds. 


Fig. 150 shows a simply supported beam AB of span 8 metres 
carrying concentrated loads of 4 sonnes, 10 tonnes, and 7 tonnes at 
distances of 1'5 metres, 4 metres and 6 metres from the left support. 
Let us construct the S.F. and B.M. diagrams. 
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Let V.and Vo be the vertical 
reactions at the supports A and B 


4t wt 1 
respectively. rnd esn- pom-pom | 
For the equilibrium of the t 4 ae ~t 

—~4 - 


beam, taking moments of the forces 














am- 
on ee about.the left support, ae yetit 
VoX8=4X15+10X447X6 ot he : | | 
ms tonne metres C re | | 
, Ve==—- Il tonnes | 
8 | Na 
“. Va==Total load on the beam—Vo 4 | 
=-2]—1}=-10 tonnes 
S.F. between A and C - } 
== + 10 tonnes 
S.F. between C and D nd 


| 
| 
= -+-10—4= +6 tonnes | 

S.F. between D and E 
=+ 0—4—10= —4 tonnes 
or alternatively | 
= —J1+7=—4 tonnes | 

S.F. betwecn E and B 

== -+-]0—4-10—7=~—I11 | 
| 


fonnes 
or alternatively 4 B 
=~ - Voz-—I1 tonnes. Fig 150 
B.M. at A= 0 
B.M. at C +1015 
- +15 


tonne metres (saggingy 
BM. at D -+10x4— 
4xX2'5---+30 

ronac metres (sagging) 
B.M. at E-- | L1X2= }-22 
tonne metres (sagging) 
It may be observed 
+ from theS.'’.andB.M dia- 
eras je eases ——— grains that the maximum 
t of i * B.M. occurs at D where 

| PARABOLIC the S.F. changes its sign. 
| CURVE | (iv) Simply supported 
| beam carrying a uniformly 
| | distributed load of w per 
6 unit run over the whole span. 
AM. OAERAY Fig. 151 shows a simply 
Fig. 151 supported beam AB of spam 










* 


A 
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J carrying a uniformly distributed load w per unit run over the 
whole span. Let Va and Vo the vertical reactions at the supports 
A and B respectively. 

Since the loading is symmetrical on the span, each vertical 
reaction equals half the total load on the span 


Veo= a 


Consider any section ¥ distant x from the left end A. 
S.F. and B.M. at the section X are given by, 


Sa==-+ Va—wx=+ " —wx 








and , 
Me=+Vax— 5 
wl. wx 
2 2 
w 
Me=+ > MI-x) 
At x=0, So=+ and Mz=G6 
At Fl ey ee and MeO 
2 2 
chelate _we_ wl | 
At i > ’ S2= > Spee and 
ee | | wl 
Wn te (es )a+ 
The S.F. diagram is a straight line. The S.F. uniformly 
changes from-} ue at A to-- ea at B and obviously the S.F. at 


mid span is: zero. 
The B.M. diagram is a parabola. The B.M. increases according 


2 
to a parabolic law from zero at A to -+ “— at the mid span C and 


from this value the B.M. decreaseg to zero at B following the para- 
bolic law. 


(v) Simply supported beam carrying a‘ uniformly distributed load 
over part of its span, 

(a) When the beam carries a uniforinly distributed load fora 
certain distance from one end. 

Fig. 152 shows a simply supported beam AB of spag 9 metres 


carrying a uniformly distributed load of 1800 kg. per metre for a 
distance of 4 metres from the left support A. 
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Z Let V, and Vs be 
B the vertical reactions at A 
and B. For the equili- 
40————}»—__——- 5m. brium of the beam, taking 
cof moments about the left 
y,= 5600k9. Se support .4, we have, 

{ 

| 

| 


1800 kg/m. 


VoX9=1800 x 4x > 


. Vo==1600 kg. 
“. Va=1800 x 4--1600 kg. 
=5600 kg. 
At any section bet- 


ween C and B, S.F. = 
— 1600 kg. 


_ Consider any — sec- 
tion between 4 and C 
distant x from 4. 


S. F. at the section 
is given by, 


S2=- +5600— 1800 x 





At «=0, 
B.A. DIAGRAM 
Fig. 152. Sz = -+- 5600 kg. 
At x=4m, Sx= + 5600— 1800 x 4= — 1600 kg. 


Let the S.F. be zero at x metres from: A. Equating the S.F. to 
zero, we get, 


5600—1300 x=0 
x= m=3°1l m. from A. 
At any section in AC distant x from A the B.M. is given by, 
M.= +5600 x—1800 x = 5600 x- 900 x? 


At x=0, M;r=0 
At x=4m,. Mz=+5600 x 4—900 x 4° = -+ 8000 kg. m. 


At x= 28 mm. Me =5600% 22 —900 x (2) 
9 9 9 
78400 


k.g.m =+ 871111 kg. m. 


B.M. decerases from ~+-8000 kg. m. at C to zero at B according 
to a linear law. 


Max&B.M. occurs at D where S.F.=0 : i.e.. 
where the S.F. changes sign. 
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(b) Simply supported beam carrying auniformly distributed load 
on an intermediate part of the span. 

Fig. 153 shows a simply supported beam AB of span 9 m carry- 
ing a uniformly distributed load 1800 kg. per metre run on the part 
CD of the span so that AC= reco kgfn 
2m, CD~ 4 mand DB=3m. 
Let us construct the SF. 
and B.M. diagrams for this 
beam. 


Let }’%, and / be the 
vertical reactions at A and 










B respectively. For the 
equilibrium of the beam, P_ B 
taking moments about the A 
end A, we have,. 
Vo x 9= 1800 x4 x [5° oracrawe sem. sey 
pei | 12444 449 01 PARMDOLIC CURE 
J. Ko = 3200 kg. foooky 250DKI. 1 
aan en 1800 x 4—3200 s7RAGHT Sh ee eee 
=-4000 kg. fill: 
At any section between A C Eo Do 
A and C B.M DIAGRAM 
S.F.= + 4000 kg. Fig. 153 


At any section between D and B, S.F.=—3200 kg. Consider 
any section between C and D distant x metres from A. 


S.F. at this section is given by 
S;-- §-4000-- 1800 (« 2) 


At pea) Sr== {4000 kg. 
At x~=6 mM, S:= +4000 —18(0 x 4 
=~ — 3200 kg. 


Let the S.F. be zero x metres from A. Equating the S.F..to 
zero, we get 
4000— 1800 (vx—2) =0 
_ 4000 _ 20 


~~? Soe ee 


[s00.—s«@9 
3 
X == m—-4'22 m., 
B.M. at A 0 
B.M. at B=0 
B.M. at C= --4000 x 2= +8000 kg. m. 
B.M. at D= 4-3200».3= 4-9600 kg. m. 


At any section in CD distant x from A, the B.M. is given by 
_.9)2 
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= 4000 x—900 (x — 2)? 


At oe 
2 
B.M. = +4000 x =. -900 ( ~ -2 } kg. m. 
=f se kg. m 


= 12444°4 kg. m. 


B.M. will uniformly vary from 0 at 4 tu 8000 kg. m at C. 
Between C and D the B.M. varies following a parabolic law reaching 
the maximum valuc at FE. From D to B the B.M. will uniformly de- 
crease from 9600 kg. m. to zero. 


Problem 106. Draw the shear force and bending moment diagrams 
for the beam shown in Fig. 154. Also find the position and magnitude 
cf the maximum bending moment. 

Solution. Let the salient 


points of the beam be named 
as Shown in the ogure. 


400kg/m. 






Let Vaand Va he the 
vertical reactions at the ieft Hab 12m ae 20 
aid right supports respec- ine ! | 
& icy, 
lively. A Cran; etnerormene B 





Taking moments about 
the left support, we have 


bn S== 400» 1°5 
(1°5 40°75) 
Vo 270 ke. 
V,= 400 » 1°5--270 


1 SM ope 9 5M ~~ 201M 
| 





== 330 Ag. 
S.F. Between 4 and C i 
~ ! 330 keg. 631 125kg.m , 
SF. Between D and B 149849" mr Aili na 
—270 keg. ffi by Hl he val te! 
Let the S.F. be zero eT il EEL Mi 
atl, Fig. 154, 
iet AE=x 


Equating the S.F. at E to zero we have 
ae -400 (x — 1°5)=0 
x= 2°325 im. 
BLM. calculations 
B.M. at A=Ma= 
» B.M. at C= M.=330 X 1'5=495 kg. im. 
B.M. at D= Ma=270 X2=540 kg. m. 
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B.M. at 2°322 mfrom A 
-z Me = 330 x2 325— 400 
=631125 ke mm. 


Problem 107. 4 bcum AB 10 metres Img has supports at its 
ends A and B It carries a point load of 5 t. at 3 metres from A 
and a point load of 5 t. at 7 metres from A and a uniformly distributed 
load of I tonne per metre between the point loads. Draw SF and BM 


diagram for the beam. 
Solution. 


Reactions : 
Since the loading 1s symmetrical reaction at each support equals 


half the total load 
Va== Yu to tl x 7t. 


(2°325— 1°5)* kg. m. 


S.F. Analysis 
S.F. at any section in AD - +7 t. 
S.f. juston RHS of D=+7—5-=42 14. 


5t 
{tim ‘| 
TOC B 
, T ae 
| vale 
{ 
| 
E B 











azane tes 23 £/M 


| alt 


G E 
BMD 


Fig. 155 
S.F. just on LHS of E=—7+5=-—21 
S.F. at any section in EB=—7 t. 
S.F. at centre G=0 
B.M. Analysis 
B.M. at A=BM at B=0. 
B.M. at D=BM at E=+-7X3=+21 om. 
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2 
B.M. at G=7x5—5*2—1 x= =35—10—2= +23 tm, (maxi- 


mum bending moment). 


The B.M. diagram is linear for the parts AD and BE and is 
parabolic for the part DE 


(vi) Simply supported beam carrying a load whose intensity 
varies uniformly from zero at each end to w per unit run at the mid 
span. 

Fig. 156 shows a simply 
supported beam AB of span | 
carrying the loading men- 
tioned above. 


Total load on the beam 
=area of the loa 
diagram 
1, ,.” 
tea ee 
.. Each vertical reaction 
= half the cou oes 
w 
a= Vo 4 
Consider any section xX 
in AC distant x from the end 
A. 


Rate of loading at 
ea ee 


External load on the 








length AX 
-=area of the load dia- &M DIAGRAM 
gram between A and X Fig. 156 
x 2wx _ Ww 
=o. Ween 
acting at a from X. 
S.F. at X is given by, 
Sem ME Wye 
x=0, 
wl 
Sz= + A? 


At x= > § 
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180 
wl ow 2 
S2-: ee 0 
r] 
At veal, Sr= ae 
B.M. at X is given by, 
wi ul xo \ 
M:-- 4 ; 
wi we 
seh ae ee ay 
Al x=. 
M: == () ‘ 
At =o, 
wl wD 
Mee 30 
wl 
TD 


The loading being symmetrical, the S.F. and B.M. apran s 
can be easily drawn. 
Max. B.M. occurs at mid span and 1s equal to 
we 
ry 


Total load on the span 
wii = wil 


2 

wl ol 
Max. B.M. am . ee 
2° 6 

= Wil 

6 

Total load x span 
6 

(vii) Simply supported beam carrying a load whose intensity 
varies uniformly from zero at one end tow p.r unit run at the other 


Fig. 157 shows a simply supported beam “B of span / carrying 
a load whose intensity varies uniformly from zero at the left end A 
to w per unit run at the right end B. 

Let Va and Vo be the vertical reactions at A and B. 

For the equilibrium of the beam, taking moments about 4, 
we have, 
Ww 1x 


2 
wi 


Vo am 


Vy Ts / 


we) hd 
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S.F.DIAGRAM ; wt 
wit 
i” 
C B 
B:M. DIAGRAM 
Fig. 157 
wl owl ow] 
Vice ari gee 
CD ana aG 


Consider any section X distant x fromthe end A. S.F. and 
B.M. at this section are given by 





Rinet wire xe wx wl we 

’ DF eG OD] 

wl wre x wil wx? 
Meme x9 = 6 6 


Hence the S.F. diagram is a parabolic curve and the B.M. 
diagram is a cubic curve 


At x=), 
wl 
S.F.— 63 
At x=, 
wl wit wi 
S.F.= “6. OF oer ee 
At x=, 


Mz==1) 
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At x=, 
wl wl3 
Mu=——. [— 61 ==0 
Let the S.F. be zero at a distance x from A. 


Equating the S.F. to zero, we have, 


wh Wx" 
6° 2) 
wheat 
x= V3 
.. Max. B.M. occurs at x= <3 from A 
, shoal  ( malts \ 
NUR age a agi AS 
wl? 
PPOs 


Problem 108. Zhe intensity of loading on a simnly supported 
beam of 5 metres span increases uniformly from 800 kg./m. at one end 
to 1600 kg./m. at the other end. Find the positiun and magnitude of 
the maximum bending moment. Also draw shear force and Bending 
Moment diagrams. See 


Solution. The trapezoidal loading on the beam consists of a 
uniformly distributed loading and a triangular loading as shown in 
Fig. 158. 

Reactions : 
Taking moments about the end A, we have, 


Vn x S— | 800 x 5x | | 4-800 5x 


Pin OY 


aaP Vo=-Total load— Va 


-| 800x545. x800%5 | 
= 6,000 — 10.000 


3 
8,000 
= kg. 


Consider any section YX at a distance x from A. 
Load intensity at the section YX 


10 


10, 


=890+ ‘A ¥ BOC = 8004+ 160 x. 


SHEAK FORCES AND BENDING MOMENTS 183 


1600 kg{m 


~ oo 


TU e0ks/ 


TH 
um ae 


%: 
—— SFAN=5 metres —---- fogoe kg 
; , 
LR. | 


+ 
A 5 
| S.F DIAGRAM i. = 
O00 
}-—-2637m —+ Oy” kg 













5761+ 5i KG/m 





| wee 
¢N a + | 
7 | 
A hoe es 
8.M. DIAGRAM 
Fig. 158 
S.F. Analysis 
S.F. at the sectton XX- 
oe SS ee — 80 \ — . x (160 x) 
S= £000 8CO x— 8 x? 
The S.F. diagram follows a parabolic law 
At x= 0 i.e., at A, 
8000 
S=+-3 
At x=-S mr, ite., at B, 
10000 
S - £0 >» 5- 80» §2--— = kg. 


Section of zero shear 
Equating the general expression for shear force to zero, 


8000 _ 00x —80x2=0 
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3x2-+-30x— L00:=Q. 
Solving, we gef x-- 2637 m. 
B.M. Analysis 
B.M. at the section YX 
-M 32% 5-800 


1 x 
oy: x (160 x) 3 


Ie 


_ BG00 400 x? -*) x 


The B.M. diagiam follows a cubic law. 
ding moment occurs at the section of zero shear, 


Maximum ber 
637 metres from A. 


i.e., at a distance Ch 
Maximum icading moment 

s X%2°637— 400 X 2°63727— . K 2637" 

kem. 


--3761°51 xgm. 


Problem 109. 4 deum of length (+ 2a) has supports | apart with 
an overhang a on each side. The beam carries a concentrated load W 
at each end. Construct shear force and bending moment diagrams. 


Solution. [et DABC be the beam of length (/+2a). Let the 
supports be at 4 and B so that 
DA~- BC =a 
AB=:l 


Each vertical reaction= W 
‘ Vi — Vi — W 


S F. at any section between D and A=—W 





S F DIAGRAM 





@a B.M. DIAGRAM 
Fig. 159 
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S.F. at any section between Band C=+W 

S.F. at any section between A and B=0 

B.M. at D=0 B.M. at A=— Wa 

At any section in AB distant x from D the B.M. is given by 

M.=—Wx+W(x—a)=— Wa 

B.M. at B=—Wa B.M. at C=0U 

The B.M. throughout the length is of the hogging type. 

(viii) Beam with overhang at one end and carrying a uniformly 
distributed load aver the whole length. 

Fig. 160 shows a simply supported beam ABC with supports 
at A and B, 6 metres apart 
with an overhang BC 2 metres 
long. Let us construct the 
S.F. and B.M. diagrams for 
this beam. 

Let Vu and V> be the 
vartical reactions at 4 and B. 


For the equilibrium of 
the beam, taking moments 
about A, we have, 
VomO=V5X8X4 
* Vos=8 tonnes. 

v=15X8—8=4 tonnes 

S.F. at the left end 

=-+4 ¢, 


S.F. just on the left 
hand side”’of B 
=+4—15xX6=—SI! 
SF. just on the right hand side of B 
=+1°5X2—=3t 
S.F. at C=0 
Fig. 160 shows the S.F. diagram. 
Let the S.F. be zero at x metres from A. Equating the S.F. to 
zero. we pet, 





Se= 4—1°5 x0 
= + metres = 2°67 m. 
B.M. at A =() 
At any section in AB distant x from A, the B.M. is given by 
Mz=4x—1°53— 


Hence the B.M. diagram is parabolic ; 


M 8 mis Mmar=4 Soa 
B.M. at x= —>m Is mar== 4% as 2 
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16 
= ~im 
ae 
=~+5 33 tin 
B.M. at v=6 mie., at B 
Sie 
=4X6-=z X6 
=—3 tm 
or alternatively B.M. at B, 
taking moments of the forces on the right hand side of B, 
Mt =—15xX2x(4)=—3 tm 
Point at which the B M. ts zero. 


; 8 ‘ 

Since at x 5 m the BM. is +533 tm and at 
x-= m the B.M is —3 ti there must be a section where the B.M. 
is zero. This section can be determined by equating the generel 
expression for B.M. to zero. 


ie., by the equation, 


2 
4x--1°5 a - 0) 
x(4 -075 v= 0 
yO 
l 
and x= = m=5°33 m1 
Let the B.M. be zero at O (Fig. 160) 
16 
AO = “3 OM. 
The point O where the BM. vie 
is Zero is called the point of contra- 4{-AMMmEt ommtamnbommmen ne 
flexure oT point of inflexion fF ey Ese eaey t 
For all sections from A to O y=at mie, 


the B.M. is of the sagging type 
while for all sections between O 
and Cthe BM. is of the hogging 1 


type. “TAT 
Some interesting observations 


For the beam discussed above a 
the B.M. at A 1s zero and the BM. 5-339tm 
at Ois also zero and the distarce 
16 
AO= : 
3 m 
A 0 
Suppose a simply supported 


beam AO has a span of > m. and Fig. 161 
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is subjected to a uniformly distributed load of [5 t/m over the 


. : \ 
span, each vertical reaction would be 3 ( 5x .. )=4 tonnes. 





@) 
id eas © m-- ——_—- ~— —+14f 
‘acai - 
0 s 
A Ti r§m a 2m~ -< 
(Cc) 
(d) 


mo 


Max. sagging B.M. 





8 4 DIAGRAM 





gy Hit 8 c 
at _ SF DIAGRAM 

st 

0B 
ch) 

3tm 
6 > OLAGRAM 
Fig. 162 
will occur at the cenre and its magnitude 


Is 16 * 
== -f-  x( 3 ) em. 
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z= +} = tm.—+5°33 tm. 


It may be noted that the S.F. and B.M. diagrams for this beam 
AO are exactly the same as the S.F. and B.M. diagrams for the por- 
tion AO of the beam ABC. 


Hence for analysis purposes we may consider AO as a separate 
simply supported beam supported at 4 and at the end O of a double 
cantilever OBC. The S.F and BM. diagrams for the portion OBC 
of the given beam can be drawn easily by drawing the corresponding 
disgrams for the double caniilever OBC. 


Problem 110. 4 simply supported beam ABC with supports 
at A and B.6 metres apart and with an overhang BC 2 metres long 
carries a uniformly distributed load of | 5 tonne per metre over the 
whole length as shown in Fig 16% Draw S.F. and B.M. diagrams. 


5 é]m 
A OOORA? 
6m at 2m | 
Wi4t Y=at 
le | | 
HT 3t 
A 
B we 
a 8, ni a 5FD br | 
; 5-33 | : 
| Wr 3 
eH Be 
ae 
BMD 
Fig. 163 


Solution. 


Reactions. Taking moments about tke end A, 
Vux6: V5x8x3 
Vox=8t 
Va=Total load—Vs 
=(1°5 x 8)—8 
~12—8= ff 


S.F. analysis, At any section in AR distant x from A, sheaf 
orce 


=-$=4—-T5x 
At x=(, S=44t 
At x=6m, S=4—-1'5x6=—St 
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Section of zero shear. Equating the general expression for 
shear force to zero, 


4—-1°5x =0 


4 
15 


At any section in CB, distant x from C 
Shear force-=S=+1°5 x 
At x=Q, S=0 
At x=2, S=P45x2=+3t 


B.M. Analysis. At any section in AB distant x from A, 
Bending Moment 


8 
ae = m=: 2°67 metre 


== M=-4x-—1°5 > 


M=4x—0°75x" This is a parabolic Jaw. 
At x--0, M-0O, 
At .=6m. M=4-6 -0°75 x 6*-= —3 tm. 


Maximum bending moment, which occurs at the section of. 
zero shear 


fo 


3 el Ba\e 
=: M-—-4~x 2 -075( %) 


~ 


are E —= 1S 33¢m, 


At any section in CB distant x from C 


Bending moment 


tw 


v 


ee 2 Ge 2 
Lede 5 O°75 4 


At x=0, M--0 
and at x- 2m. M= —-075:2" -- 3 tm, 


(ix) Simply supported beam with equal overhangs and carrying 
a unifor nly distributcd load cf w per unit run over the whole length. 


Fig. 164 shows a beam EASBD of length (J :-2a) with supports 
at A and B so that AB=/and 4E=BD aa. 


Let the beam carry a uniformly distributed load of w per unit 
run over the whole length. 
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Since the Jodding 
is symmetrical on the 
beam, each vertical reac- 
tion equals half the total 
load on the beam. 


Let Vu and Vs be 
the reactions at A and B. 
b a-- Vi 
‘wt 24) 
2 
S.F. at any section 
in ¢A distant x from £ 
is given by Sx-- — wx 
At x: 0, ie. at £, Se-=0 
At x=a, é.e., just on the 


left hand side of A, 
Szu=— wa 





Fig. 164. 
At any section in 4B distant x from E the S.F. is given by 


S2e= Va-wx 


5 (+ 2a)—wx 
At =a, i.¢., just on the right hand side of A, 
z WwW 
Ses 2 (1+ 2a)— was + we 
At x=(u-+-1), i.e., just on the left hand side of B 


Ses -(14 2a)—wlat)) 


Hence from A to B the S.F. changes uniformly from — to 


+ wl 
Hence the S.F. at C the middle point of the beam is zero. 


For the portion BD, the S.F. will i A 
fren ae pe will change uniformly from 
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At any section in EA, distant x from £, the B M. is given by, 


2 
M:z= ae (hogging) 
At x=, fe., at E, 
B.M.=0 
At x== a, i.e., at A, 


B.M.=M.= — A (hogging) 
Hence from E to A the B.M. increases from zero at EF to 
nes (hegging) at A followi: 2 a parabolic law. Similarly the B.M. 
for the portion DB will vary from zero at D to en (hogging) at B 


following a parabolic law. 
At any section in AB, distant x from E the B.M. is given by,. 


M:c= Viix—ay— "9 
Ww wx? 
M:z=- > (14-2a)(x--a)— 7 


M:-- 4 (74 2a)\(x—a)—x? 


At x- aand at x--a4+/i.e., at A and B 
wa 
Mi- — 
2 
| 
At x--at > i.e., at the middle point of the beam 


(where the S.F. is zero) the B.M. is 
given by 


M. = 4 (14-2a)at+ > —a)— (a+ ht 


Me =—— (4a?) 


Some important observations : 


We find from the above discussion that the B.M. for the over- 
langing parts EA and BD are of the hogging type. 


The B.M. at the middle point C= M.= —5- (?—4a%) 
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Case (a). When {?> 4a? i.2., 1>2a 
For this case ([2—4a?) is positive. Hence M- is positive and 
the B.M. diagram will be as shown in Fig. 164. 


For this case there will be two points of contraflexure O; and 
Og between A and B. 


The positions of these points can be determined by equating 
the general expression for B.M. for any section in AB to zero. 


We know at any section in AB distant x from E the B.M is 
given by, 


Me > ir 2a)(x--a) —x? t 


For the points of contraflexure, 


we have, 
> \c 4-Ia\(x—- a)— x? be 0) 
Mb 2ayx—a— x? + 0 
x? —(2a + I)x-} a(2a-+-1)-=0 
Qa} DtvV Qa-+?--4a(2a+1) — 
2 
l 1 er ime Ra eee 
x ( al +t} /(2a +1)(26 4+ I~ 4a) 
d (a: jas Vv (at )G—-2a) 
x ( ai zt Jay V 24a? — 
2 2 
I 
But EC @+e~— 
C a 5 
Hence the poimts of contraflexure O; and Q2 are at the distance 
| FE 3 < 
a [4 4a" from the middle point C of the beam. 


Hence distance between the two points of contraflexure 
~ O1097= \/ [2 4g? 


Hence the part 0,02 alone can be regarded as a separate 
simply supported beam, the maximum BM. at the centre being 


O Ox 2 : 9 sy . 
w mi 202) 2a (I[* - 4a~) as obtained before 
Case (6). When [?=4a> j.e., l=2a 
B.M. at C=Mc: ™ (2—4a?) 


=() 
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The B.M. diagram between A and B will just touch the span at 
the middle point. The beam is subjected to only hogging bending 
moments. The points of contraflexure O; and O2 will coincide 
with C. 

Fig. 165 (a) shows the S.F. and B.M. diagram for this case. 


4 UNIT RUN 
TAM DH OOD DUmU Ct thn mou LO UO 


C ; D 
: a-4—l 












S.F DIAGRAM 


’ Kee tpye oe 
a ae 
8 


was’ 


8 M.O1AGRAM 


Case ie When I? <4? ie 1<2a 
B.M. at C= M-=-% (12-42) 
M.- is negative since [2<4g2 

M: -——* (4a2—P), 
Hence for this case, the B.M. will be zero only at the ends A 


aod /) and at all other sections the B.M. will be of the hogging type. 


Froblem 111. Calculate the reactions at the supports A and B 
of the beam shown in Fig. 166. Draw bending moment and shearing 
force diagrams. Determine also the points of contraflexure within 
the span AB and show their positions on the bending moment diagram. 


Solution. Let reactions at A and B be Va and }% respectively. 
Taking moments about A, we have, Vs « 7-;- 1000 » 2 
=2400 x 4-} 1500 x 10 
Vpn 22000 kg. 


==3228'6 kg. 
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Vo= Total load— Vo 
= 4900 — 3228°6 kg. 
—=+1671°4 kg. 
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S.F. Calculations 
S.F. between D and A=— 1000 kg. 


S.F. between A and C=—1000+ 1671°4 kg. 
= -+671°4 kg. 

S.F. between Cand B= -+1500—3228'6 kg. 
== — 1728°6 kg. 

S.F. between B and £==-+ 1500 kg. 


s000kg. 2400kg. 1500kg 
oo B + 

2 sm—2\C 
"2M 7Ma— -3m— 


‘ } 
so00kg. ies 1,500kg. 
on At 4. : a 1B 3mM-- 
aka 4° 9278 6kg 
; a ss p0kg. 
6 71-4 ky. 671-akg. 
| 
Dr iB iE 


goookg =‘. qookg, 
1728-6 kg, 1728-6 kg. 





Fig. 166 


B.M. Calculations 


B.M. at D=M«=0 

B.M. at A= M,=— 1000 x 2=— 2000 kg. m. 

BM. at C=Mc=-+-1671 4x 4—1000X6 kg. m. 
== -+-685°6 kg. m. 
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B.M. at B= Mo=— 1500 x °3=—4500 kg. m. 
B.M. at E= Me=9 


Points of conirifiexure. There will be two points of contra- 
flexure O, and Oe. One of them lies between A and C and the other 
lies between C and B. 


Point of contraflexure O1 between A and C. Let this point be 
x metres from A. Equating the bending moment to zero 

1671°4x— 1600(x+ 3) =0 

a x==2'¥8 metres from A. 

Point of contrafiexture Oo between C and B. Let this point be 
x metres from B. Equating the bending moment to zero, 


3228 °6x — 1500(x+3)=0 
: x=2°6 metres from B. 


Problem 112. A beam of length L is sinply supported on two 
intermediate supports, movable along the length, with equal overhangs 
on either side. The supports are so adjusted that the maximum B.M. 
is the mmimum possible. Determine the position of the supports and 
draw the B.M and S F dicgrams for this position. The beam carries a 
uniformly distributed load of w per unit length over the entire length. 

(A.M.LE., November 1965) 


w/UNT RUM Solation When the overhang- 
AUDRRROARORO DOOR OMNI RETIRED 33 ing lengths are smal] there will be 
D a sagging BM. at midspan anda 

hogging B M. over the supports. If 





yout y wt the maximum B.M. should be the 
# a2 minimum possible the length of the 
CO/MIT RUN overhanging portions must be so 


A ru B -adjusted that the sagging B.M. at 
02071 05866 Dh o.207 midspan equals in magnitude the 
hogging B.M. over the supports. 


Let the overhanging length of 
each side be a. 

Fig. 167 shows the beam carry- 
ing the distributed load over the 
whole Jength. 

Each vertical reaction 

= half the total load 





== WL 
2 
Vo=Va -S 
big. 167 é Hogging B.M. over the supports 
_.Wa 
2 


Sagving B.M. at the centre of the span 
wb (kL \-- 
aoe yg 
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="h( i —a) 
9\4 4 


Equating the sagging B.M. at midspan to the hogging B.M. 
over the supports, we nave, 


wh( J _. wa" 

: te a 
4 --La=a 
: L 
a“- La= 


Completing the square, we get, 
L 2 J? L? 2 
a +) =-- +—= 


2 4 4 2 
4- L —— L 
: ata 
2 Bo, 
ee 2 2 
_L = 
a5 (V/2—1) 
a= (YF L 
1°414 -1 
(es) 
a=O0'207L 


Sagging B.M. at midspan 
=Hogging B.M. over the supports 


eo wa? 


=-F (02)7L)2=0 02 wl? 


2 


= 47 acarly 
S.F Calculations. S.F. at A and B=0 


S F. just on the left side of C- - —wx0'207L: —0207 wl 

S.F, just on the right side of C— —-0 207wL--0' 5wL= +0'°293wL 
SF. at midspan 0 

S.F. just on the left side of D> -—0°293 wl. 
§ F. jusc on the right side of D= +0°207 wl 
Problem 113. Draw the B.M and S.F dia 


; grams for the over 
hanging beam carrying loads as shown in Fig 168. Make the values 0 
the principal ordinates and locate the point of contraflexure, ifavy 
: f 4 ads FY as ; 
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Solution. Let the ‘reactions at 
A and B be Va and Vo respectively. 
Taking moments about, A we 
have, 
30 , 


VoX20=1 x30 > +5 x 30 


Von==30 t 
a=1X30+5—30=5 t 
S F. Calculations 
S.F. just on the right band side 
cof A=-+-5 tons. 
S.F. just on the left hand side of 
== -+ 5—-20=- —15 tons. 
S.F. just on the right hand side 
of B=+5+1 x 10=-+ 15 tons. 
S.F. just on the left hand side of 
C= +5 tons. 
Let the S.F. be zero at x ft. 
from A | 
Equating the S.F. to zero, we get 
5--]1xx=0 
x= 5-ft. 





Fig. 168 
B.M. Calculations B.M. at A=0 


2 
B.M. at B -—5>.10 ae =—100 ton. ft. (max. negative 





2 
b.m.) 
B.M. at C--0 B.M. at x==5 fi. 
a 1x 52 ee 
Ma=5x 5——S--- = +12 50 ton. ft. (max. positive b.m.) 


Point of contraflexure. Let the B.M. at a distance x from A 
eaten A and B) be zero. Equating the bending moment to zero, 
we have 


5x--] ee =(0, 
x2— 10x=0 J. x(x—10)= -0 or x= 10. 


__ Problem 114. 4 beam AB, 20 metres long supported on two 
intermediate props 12 metres apart carries a uniformly distributed load 

6 tonne per metre together with concentrated loads of 3 tonnes at 
the left end A and 5 tonnes at the right end B. The props are so located 
that the reaction is the same at each support Determine the position 
of the props and draw B.M. and S.F. diagrams. Mark the values of the 
maximum B.M. and S.F. cheers sae a wee an 
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Solution. Let the left sup- jp wes Bae 
port be at C and the right sup- = 
port be at D. 0-6 TONNE [metre ; 
Let AC=a metres ca 77 |= Dhe-a 
ts BD=20— 12—a Vj210 TONNES Wzt0 TONNES 


= (8—a) metres 
Let V1 and V2 be the react- 
ions at the left and right supports 
respectively. 
Total load on the beam 
== 3+5+0°6x 20 tonnes 


gy 5¢ 





== 20 tonnes ; 

Since the reactions at the = _ | ey 
supports are given to be equal, , [itm Hp, 
we have (UR Te 7 a 

V1=V2= 10 tonnes. 6t ? 

Taking moments about 4, ! 

By ago 20 X10=10 | 
5x 20+0°6 x 20 x 10= 10a 
7 41002+a) “am Thea 
ats 100+ 120=10a+ 120 9470M. 
+10a 22-5¢m * lees 
: 20a= 100 Fig. 169. 
ee a==5 metres 


_ The left support is at 5 metres from A and the right 
support is at 8—5=3 metres from B. 


Shear force calculations 

S.F. just on the right hand side of A=—3 tonnes 

S.F. just on the left hand side of C=-—3—0°6 x 5= —6 tonnes 
S.F. just on the right hand side of C= —6+10==- 4 tonnes 

S.F. just on the right hand side of D=+5+-0°6x3=+68 tonnes 
S.F. just on the left hand side of D=+68—10°0=—3 2 tonnes. 


Let the S.F. be zero at a distance of x metres from A (between 
the two supports) 


Equating the S.F. to zero, we have, 
10—3--0'6x=0 
0 6x=7 





x metres 


eae 
~ 06 
2 
=]]—~ 
l z metres. 
Bending moment calculations. 
BM. at A=0 
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B.M. at C=M.=—3X5—06X = tonne metres 
== —22°5 tonne metre 


2 
B.M. at D= Ma=:—5xX2—-0°6X - fonne metres 


=—17°7 tonne metres 


B.M. at a distance of Wn metres from A 


2 
9 , 0°6( ll + 
=M.=10X6 3 —3XI11 eas pa anaaT ae tonne metres 


1 
:—9-— tonne metres: 


6 
== — 9°17 tonne metres. 


Problem 115. Draw the shear force and bending moment diagr 
for the beam shown in Fig. 170. Indicate on the dards the vais of 
shear force and bending moment (with proper units) at significant points. 
Also show the location and magnitude of the maximum bending moment. 
(A.M.LE., May 1964) 


Solution. Let the 8 TONNES 
reactions at the left and 2 TONNES| metre { 
right supports be V» and UEUUEUEU EEL | 
Va respectively. HL I i 

Taking moments '! chp i oy 
about the left support, (3% 9M sla 3 
we have, 
Vax 12=2x 12x3+8x9 
’. Va=t1?2 tonnes 

Vo=2 x 124+8—12 

= 20 tonnes. 
Shear force calculations 


Shear force at A =0 
S.F. just on the left 
hand side of B ‘ 











E 
=~—2X3=— 6 tonnes 
S.F. just on the ! | 
right hand side of B ie 1 baat 
=—6+270=+14 AOE. stm 
tonnes 


_. S.F. just on the 
nght hand side of C 


=~—-12 tonnes. Fig. 170 
S.F. just on the left hand side of C 
2 —12-+8=—4 sonnes. 
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Let the SF. be zero at x metres form A (between B and C) 
Equating the S.F. to zero, we have 
20—-2x =0 
x=10 metres. 
Bending moment calculations. 
B.M. at A-= Ma=0 
32 
BM.at i M.s=-2™ 5 =-—-9 tonnes metres 
BM.at C. M.- -+12*3-+36 tonnes metres 
B.M.at D: Af: 0 


BM. at 10 metcrs from A 


2 
= M.=20X7-—2x — = -+40 tonnes metres 


Poini of contraflexure. 


, Let the B.M. be zero at x metres from A (between the two 
supports). 


Equating the bending moment to zero, we get, 
2 
20(x- 2)-2 2 =0 
x*- 20x-+ 60-0 
The practical) value of x should be between 3 and 12. 
Solving the equation we get x=3°67 metres. 


Problem 116. Determine the support reactions for the beam shown 

in Fig. 177 and construct the bending moment diagram and shear force 

diagram marking the values of the various ordinates. (Bombay, 1966) 
Solution. Let Va and V» be the vertical reactions A and B. 
Taking moments about the end A, we have 


3 LW 3L 
Vil AW COW a a 
Gee Ae, ta 
Yona 
3 W 
Ve> a 


S.F. computations 
S.F. between A and B=+W 
S.F. between C and D=+W-—-2W=—W 
S.F. between D and B=+ W-—-2W+W=0 


S.F. between B and Eat 
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B Uv. Computations. B.M. at A4=0 


B.M. at C:-Wx F =f 4a (sagging) 





8M. DIAGRAM 


Fig. 171 


B.M. at De Wx sf aw ; -- (hogging) 


WL 


BoM. at B= — 4 x 2 =— a (hogging) 


B.M. at E=0. 


Problem 117. Calculate the reactions for the beam shown in Fig. 
'72. Construct the bending moment and shear force diagrams. Deter- 
mine the location of the maximum bending moment and mark it clearly 
on each of the diagrams. | Fe ga 
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Solution Let V. and V- be the 


"5% 

reactions at the supports A and C 

respectively, ace! Bt " ; 
Taking moments about ! a in 

M-—+te 3M. — ~9m.- 
A, we have i me 3 2m. 
Vix6=8x S+1°5%8 15) 
& 


from 


2. Vr=4 tonnes 
Va--8+15—4=5'5 1 


S.F. Calculations 

S.F. at 4 -=+595 2 

SF. at B=5'5—8 t-=—2°5 7 

S.F. between B and C 
=—-25r 

S-F. between Cand D 
Sal 


Let the S.F. be zero at x metres 
A, 





Fig 172 
Equating the S.F. to zero we have 
8 
5° _— eee x= 
5 3% 0 


=2'0625 m from A 
BM Calculations 


B.M. at A =M,= 

B.M. at B=Ms=55X3—-8x + tonne meters 
=-+4'5 tonne metre 

B.M. at E i.e., 2°0625 metres from A 

; ; 2 

=5°5 * 2°0625— 3 x ( re) tonne meter 
= -+-5°662 tonne metre 

B.M. at C= M-=—15x2=—3°00 tonnes metre 


BM. at D=Ma=0 

Point of contraflexure 

There will be a point of contraflexture between Band C. 
Let this point of contraflexure be at x metres from C. 
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Equating the B.M. to zero, we get, 
4x—1°5 (2+x)=0 
x=12m 
§36. B.M. at a section due to a couple 


Fig. 173 shows a cantilever AB 
of length /. Let an anti-clockwise 
couple M=Pp be applied at a section 
C. distant a from A. The couple here 
consists of the equal and_ parallel 
forces P with a lever arm p between 
them. 


It is obvious that the moment of 


ee ee the individual forces constituting the 
~»————- @ couple about any point in the plane 


| of the couple is Fp. 


Pp 


-—-1q 


poe canoe as 


iq 


Peo —_ 
con) 


| Hence at any section X, in AC 
CT) B.M.= Moment of the individual 
. forces P of the couple. 
B.M. Diagram = anticlockwise moment Pp 
Fig. 173 = Sagging moment Pp=M 


Hence at every section between 4 and C there will be a sagging 
moment M 


Due to the couple alone atm. 1ot m, 
there will be no shear force. 
Fig. 173 shows the B.M. dia- fp} —()—) —» 
gram for the cantilever. 9 m——+.-_—-2m1—~>1 -n— 
, fe ‘ 
Problem. 118. Draw the B.M. eo eae 


diagram for the cantilever shown 
in Fig. 374. 


Solution. 


B.M. between D and &=0. 
B.M. between C and D 


=—10 tm (hogging) 
B.M_ between A and C 


=—10+8 - —2itm 
(hogging) Fig. 174 
Problem 118. Find the reaction at the fixed end of the cantilever 


loaded as shown in Fig. 175. Draw also the shear force and the bending 
moment diagrams 


Solution. Total vertical load on the cantilever =3-+-2 =5 tonnes 
Vertical reaction at 4 ==5 tonnes (upwards) 
Taking moments about A 
We have the following moments : 
(i) Coup'e at B=2:) tm. (anticlockwise) 
(ii) Moment due to 3t=3 X4= 12 tm (clockwise) 
(iti) Couple at D=3°00 tm (clockwise) 
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(iv) Moment due to 2t 3? 
=%xX8=16 «tm (clockwise) 2tm. | atm. 
‘. Net moment=29 tm CB) CLEA aes Say 
(clockwise) #—2m-  -—2m-  -—2m- ~ £0, 
Hence at A the fixed sup- a a 
port will provide a balancing or 2 tm 2tm. ot, 
reacting moment of 29 tm. A 3 > als 
(anticlockwise) | ( D ! 


Hence the reaction at A {sé 
will consist of an upward re- r 
acting force ofs5 tonnes and an aa, 
anticlockwise reacting moment Uf. ae 
of 2° tonne metres. ; 
S.F. between 
A and C~ +5 tonaes. 
S.C. between 
Cand E=+ . tonnes. 
B.M. Calculations 
B.M. at E=0 
B.M. just on the right hand 
side of D= —2x2=--4 tm. 296 m. 
B.M. just on the left hand Fig. 175 
side of N= --4—3-=—7 im. 
B.M. at C=--2X4—3 -=--J1 tm. 
B.M. just on the right it 
hand side of B ar 
——*K@ 3-3«2 
s2—2] tnt. 
B.M. just on the left 
hand side of B 
se 2] $+-2=-—19 tm 
BM at 
A=>-~2X8—-3 -3x4+42 
-=— 29 tm. Y2lt 
“=reacting moment at A. 


2% i 
Problem 120. Find the it it i 
reaction at the fixed end and HTT E Mer T HTH A ti | 
draw the shear force and : 


bending moment diagrams for 
the cantilever shown in Fig. 176. 
Solution. Total verti- 
cal load on the cantilever 
== 1+2—2=1 tonne. 
(downwards) 


-. Vertical reaction at A 
== Val tonne (upwards) Fig. 176 


_ 
— 
ee ee one sb me 





oo 
41a. 








ae me a ee a oe 
- 


Sno a = 
Re 
# 
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Taking moments about 4, we have the following moments : 


(i) 2X8=16 tm. (clockwise; 
(ii) 12 1m. (anticlockwise) 
(iii) 2X4=8 tin. (anticlockwise) 
(iv) 1x 2=2 tm. (clockwise) 


“. Net moment=2 tm. (anticlockwise) 


Hence the fixed support at A will provide the necessary 
reacting moment of 2 tm (clockwise) 


S.F. between E and C=+2 tonnes 
S.F. between C and B=0 
S.F. between Band A~-+ 1 tonne. 


B.M. at E=0 

B.M. just on the right hand side of D=—2x2=—4 tm. 
B.M. just on the left hand side of D= —4+ 12=+8 tm. 
B.M. at C=—2X4+12=-+4 tm. 

B.M. at B=—-2 X64+-124+2 x 2=+4 tm. 

B.M. at A=—2X8+12+2 x4—1X2=4+2 tm. 


Problem 121. Calculate the reactions at A and B for the heap: 
shown in Fig. 177 and draw the bending moment and shear force itu: 
grams. (A.M.1LE., November 1967 


Solution. Let the reactions at 4 and Bbe Vs and V. respec- 
tively. Taking moments about 4 


we have, 
ViL+WL= Me a W S 
2 
Vo= ¥ Wt 
yp 2 
+ a=2W 3 i 
4 


S.F. Calculations 
S.F. between 4 and C 


4 v 
=o 
S F. between C and B 
=+ — Ww W’= -+- 
S.F. between B and FE -=+ v 


B.M. Calculations 
B.M. at A=Ma=0 


wit 
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8.M. DIAGRAM 


Fig, 177 
4 


L 4 
B.M. at C=M-=+ 3 W. 3 at gy WL 


B.M. just on the left side of D 


= Mac= + 3 w( 3 )- 3 ae gE 


B.M. just on the right side of D 
=Ma=+2 WL WL=— = WL 


B.M. at B=— ae 


Beam with a couple at an intermediate point 
Fig. 178 shows a beam AB of span / hinged at the ends 4 


and Band subjected to a clockwise couple M fonne melres at C 
distant a and b from A and B respectively. 


Taking moments oes A, we have 
{== 


Vos At tonnes (upwards) 
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Since there is no external vertical load, 


Vua= a tonne (downwards) 


i 
., S.F. between A and c=" 
S F. between Cand B=— “ 
B.M. at A=0 
B.M. just on the left hand side of C 
M 
SS aye a a 
B.M. just on the right hand side of C 
aay 
l 
B.M. at B=-0 


Fig. 178 shows the S.F. and BM. 
diagrams for the beam. 

Problem 22. Draw shear force and 
bending moment diagrams for the beam &. DIAGRAM 
shown in Fig. 179. Fig. 178 


Solution. Let the vertical reactions at A and B be V. and VM. 





Taking moments about A we have the following moments. 


5 1 TONME}@. 5km. 
2 Aa CalpLeTs tole ye’ ole eayevetetorato® 





(i) 1x5~x 


~~12°5 tm. (clockwise) f £5 M—e) 
(ti) couple - 15°00 tm. 
a ee j 
(anticlockwise) ; t TONNE m: (D\ B 
net moment=2'5 um. 
(anticlockwise) 5-25 TONNES 
Hence Vox 10--25 tm. s25t 0-25 TONNE 
(clockwise) 
Vo=0'25 tonnes 
(downwards) 0-25t 
Vea=1x*5+0'75 
= 5°25 tonne 
(upwards) 
S.F. between C and B 
== -+0°25 ft. 


_ From 4 to C, the S.F. 
promaes from +5°25 to 
t. 





Fig. 179 
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B.M. at A=0 
2 

B.M. at C=5'25X5--LX 5 tm. 
-= 13°75 wm. 

B.M. at B -0 

B.M. just on the right hand side of D 
= ~—-('25X2°5 im 
-=—0°625 tm, 


B.M. just on the left hand side of D 
= —(0°625-+-15 tm. 
= +-14°375 tm. 


Problem 123. Construct the bending moment diagram and shear 
force diagram for the beam shown in Fig. 180 and mark the values of 
the important ordinates. (A.M.1 E., November 1966) 


Solution. Taking moments about the end A, we have 
Vo X6+-12=6X44+6x7 
6 Vo= 54 

Vo=9 tonnes 

ae Va—12—9 -- 3 tonnes 

Shear force calculations. 
Shear force just on the right hand side of A= +3 tonnes. 
Shear force just on the left hand side of D==-+3 tonnes. 






oa 6T 
A , D B R 
OMe 2M —ae— 2M - 
¥5« 3 TONNES = 9 TONNES 
6 TONNES 
A. Dives 6 TONKES 3 TONNES 
meg } fr ia ee hg 
A 4b E as | 
ae 3 TONNES 
10 em hod 


60m 





St m. otm 
Fig. 180 Fig, 181 
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Shear force just on the right hand side of D=+3—6 
==—3 tonnes. 


Shear force just on the left hand side of B=—3 tonnes. 
Shear force just on the right hand side of B=-+6 tonnes. 


Fig. 181 shows the S.F. diagram 
Bending Moment Calculations : 


Bending moment at A=0 

Bending moment just on the left hand side of C 
=-+3x2=-+6 tonne metres 

Bending moment just on the right hand side of C 
=-+3x2— 12==—6 tonne metres 


B.M. at D=+-3x 4—12=0 

or alternatively, 

B.M. at D=+9x2—-6x3=0 

B.M at B-—6x l=—6 fonne metres 
B.M. at E=0. j 


Fig. 181 shows vhe B.M. diagram. 


Problem 124. Explain the inter-relation between ‘bending mo- 
ment’ and ‘shear force’ in a beam. (A.M.IE., Nov 1966) 


Solution. Fig. 182 shows a 1 2 w PeRUMT OD 


beam subjected to an external loading. 
Consider the equilibrium of the 
portion of the beam between sections 
I—1 and 2-2, «fv apart, at a distance 
x from the left support. 

Let the shear force at the 
sections {—{! and 2—2 be S and 
S | 3S respectively. 


Ler the bending moments at 
the sections I1—! and 2—2 be M and 
M-+-8M respectively. 

. The forces and moments keep- 
ing the portion of the beam between 
the sections 1--1 and 2—2 in equili- 
brium consist of the following : 

(i) upward force S at section 1—1 

(ii) downward force S+-8S at section 2—2 

(iii) downward load wdx 

(iv)) moments M and (M+5M). 

Resolving the forces on this part vertically, we have, 

S+8S+wix=S 
5S-+wéx=0 





Fig. 182 
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Taking moments of the forces and couples about the section 
2 —2, we have, 


2 
M+3M=M+S . 8x—2CX 


(If instead of a uniformly distributed load of w per unit run 
there had been a load varying according to some law the last 


ex 


expression in the above relation would be of the form-w4x . = 


where the quantity n depends on the Jaw of variation of the load). 
Ignoring higher powers of small quantities, and simplifying the 


above relation, we get, 
SM=S.. dx 


ie., the rate of change of bending moment is equal to the 


shear force. 
Similarly, from equation (i) 


88+ wex== 
5S 
aw 
. ox 
ie., the rate of change of shear force equals the rate of loading. 
For iastance for the beam W W; 
shown in Fig. 183. ar /UNIT RUN | 
Shear force at the section X 2 X 
distant x from the left support is 
given by 
S == Vi- Wwx— Wi V, 
B.M. at the section X is given 
by Fig. 183 
2 
M=Vix- > W (x—a) 
we have 
dM 2x 
Ao Vi-w. > —Wy=Vy—wx— Wi=S 
d ; 
and (> = —w=rate of loading at the section X. 


§38. Members with Oblique Loading 


___ Fig. 184 (a) shows a beam AB of span 8 metres carrying three 
point loads applied in an oblique manner. Let the end A be hinged 
while the end B is placed on rollers. 

The various forces can be resolved into their vertical and hori- 
zontal components [Fig. 184 (b)]. 


Total external horizontal load on the beam 
== (4-+5°2— 1°73) tonnes 
=747 t< 
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The roller support at B cannot provide any horizontal reaction. 
Hence the hinged suppo:t will provide a horizontal reaction of 
Ha 747 t>. 
Let Va and V. be the vertical reactions at A and B. 
Taking moments about A, we get. 
VoX8=:3* [4+3« 44+4x6 


Vo= 2 =5'251 
V..=Total vertical Joad— Vi= 10—5'°25=4'75 # 
2vst 





B. 
tl 
5-25t 5-258 
‘138M. 
oat 10-5tm. 
(d) 
A Cc D E B 
8.M OIAGRAM 





Fig. 184 


212 S)RENC TH OF MATERIALS 
The beam being horizontai the shear forces and beading 
moments are only due to the vertical ccmponents of the externa! 


loading. 
, S.F. between 4 and C=--+1 72 1. 
S.F. between Cand D +475—-3--+1°78 1. 
SF. between Dund £E —52544 —J32542. 
S.k between Eana B- -525t. 
.atA Q 
at CC AG +475XK2= +4 9 50 tm. 
at D= Ma -+475x4—3x2--+13 1m. 
at E=M-~ +5°25x2= +10°50 tm. 
B. M. at B- Q. 


The Thrust Diagram 
The horizontal components of the loads on the beam will intro- 


duce axial loads or thrust in the member. 

Axial load or thrust between A and C= 7 47 t (compressive) 

Thrust between C and D 747+ 1 73- 9 20 t. (compressive) 

Thrust between D and FE -4 4. (compressive) 

Thrust between E and B- -0, 

A diagram which shows the variation of the axial load for all 
sections of the span is called the thrust diagram. The thrust diagram 
for the ahove beam is shown in Fig 144 (e). 

Problem 125. A simpty supperted beam carries mclined loads 
100 kg, 200 kg. and 300 Ag inclined at 30°, 45°, and 60° to the vertical 
as shown in Fig, 185. These loads act | metre, 2 metres and 3 metres 
from the left support respectively. If the span is 4 metres, draw shear 
force, Bending Moment and Thrust diagrams. (A M1 E. Summer 1979) 

Solution. The inclined forces are replaced by their vertical 
and horizonial con. ponents 

Now taking moments about the hinged end 4, 

bux - (866% 1) § (141 4x 2)4+(1 50 x 3) 
Vu (866+ 14" 4 $150)-—(.04°85) 
=173 1S kg t 

Resolving horizor tally, 

= Fla-=5\4+ 141°44-259 8 
Ha=45l 20 kg =e 


oo bo be bot 
ase 


SF. Calculations 
SF at ary section in AC 
= +173 15 ke. 
S.F. at any section in CD 
=+ 17315 -86°60 — +86 55 kg. 


S.F. at any section in DE 
= + 150--204°85 = — 54°85 kg. 
S.F at any section in EB 
= —204°85 ke 
B.M. Calculations 
B.M. at A=0 
B.M. at C= +173°15 x 1=+173°'15 kg. m. 
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‘ 
al 100kg 1... 200k, 300 kg 
E 


60” 
Oe 
mi; im \ tm \ im gs 


i 1 
86-6kg  14t-Akg = «150kg l 
50kg hal-4kg 259-Bhg | u 









B= 45¢-8 D E 
MG i , 
aa kg \ V4,2204-65 kg 

t t 

173-15 kG [73-15 

: f 

| 

' 





| BM. DIAGRAM 
454-2 






Hl 


THRUST DIAGRAM 
tig. 185 


B.M. at D=+(173 15 X2)—(86°6 x I) = 4-259°7 kg.-m. 
BM.atE +204851 ---+29485 kg-m. 
Thrust Calculations 

Thrust atany s2c.ionin 4C = 7 $5 2) X¢. 

Thrust at any section in CD = + 451 20-S9= +4012 kg. 

Thrust at anv section in DE = +2598 kg. 

Problem 126 The beam ABC shown in Fiz. 186 is hinged to the 
wall at A. A vertical bracket BD is firmly fixed to the beam at B 
a tie DE is hinged to the bracket at D and to the wall at E. Draw S.F. 
and BM diagrams for the bean ABC when it curries @ uniformly 
distributed load of 4 tunnes per metre run over the whole length and a 
point load of 2 tonnes at C. 

Solation. Let V- and H. be the vertical and horizoatal reac- 
tions at E. Let Vu and Hu be the vertical and horizontal reactions 
at A. 

For the equilibrium of the whol: structure, taking moments 
about £, we get 

4x 3? 


HaX2= 5 +2x3 
ins Hea=12 tonnes. 





214 





STRENGTH OF MATERIALS 
Resolving the forces on the structure horizontally, we get, 
Ho = Ha= 12 tonnes. 
Let the tension in the tie ED be T 
Resolving the forces at E horizontally and vertically, we get, 


T cos'--He 
T sin 6= V. 
| a gaaa else 
es a H. 2 4 
: Ve= 2 n= > xK12=91 nn 
ee e 4 e= 4 onnes. 


Resolving the forces on the whole structure vertically, we get, 
Vor=4x 34+2—9=St 
Now consider the equilibrium 
ofthe beam ABC. This part is 


in equilibrium under the action 
of the following forces : 


(i) External loading on the 
beam. 


= 2m et ed, (ii) Vertical reaction at 


(iii) Horizontal reaction at 
Az=Hau=lzt 

(iv) Vertical component of 
the tension 7 at D= Va 

=T sin 0=-9 ¢ 


(v) Horizontal component 
of the tension 7 at D=Ha 


=Tcos 0==12 ft 






ee ee ee ee 


3 Towne /meire \O sm 





The effect, of the forces 
Ha=i2tand Va=9t, is the same 
as that of an upward ferce of 9% 
at B and an anticlockwise couple 
of }2X0°5=6 tm at B. 


S.F. Calculations 
At aay section in AB distant 
x from A the S.F. is given by, 
S==5—4x 
At x=-+Q, 
S=-+5 tonnes. 


At x=2m, i.e.. just on the 
left side of B 


gto S=5—4x 2=-—3 tonnes. 
S.F. is zero at a distance 
from A piven by the condition 


+ 4— ~x=0 


Fig. 9136. 


SHEAR FORCES AND BENDING MOMENTS 215 


i.e, at x= x m 
S.F. just on the right side of B-+ —3--9= +6 tonnes. 
From B to C the S.F. will change uniformly from +6 tonnes to 
+2 tonnes. 
B.M. calculations 
At any section in AB distant x from A the B.M. is given by, 
M=5x— ir = §x—2x? 
AtA i.e., at x=0 M=0 
at x=2m i.e., just on the left side of B. 
M=5X2-—-2x 227=+ 10—8=42 mm. 


B.M. at x= m where the S.F. is zero 


5x5 7 ss ee 
age ae ep eR 
B.M. just on the right side of B=+2-6=—41m or alterna: 


2 
tively=2+1x4x-7-=4 tm. 


fm. 


B.M. at c=0. 

Problem 127. The structure shown in Fig. 187 is supported on 
horizontal rollers at D and F anda vertical roller at E. Four loads 
ure applied as shown. 





rig. 187. 
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Calculate— 
(i) the reactions at D, E and F. 
(ii) the bending moments at A, Cand J 
(iit) the direct force in portions CD, BI and IC 
(iv) the shear force in portion AH. (Bombay) 





Wy. 
R,«4 (3-v2) 


Ry=Z (1+ 5v2) 
Fig. 188. 


Solution. (i) Reactions. The inclined force 2W at J may be 
split into a vertically downward force W./2 and a horizontal 
force Wy2. Let the reactions at D, E and F be Re. Re and Ry. 


Resolving the forces on the structure horizontally, we get 
Re-WV/2 


Taking moments of the forces on the structure about F, we 
have, 


W x 2. 4 W 2x ot WV2X2IS+WS 


-Wx St+Wy2xS4 Rax 28 
Ram (152) 


Ri=W+Wy 2 (1452) 
e R= 7-3—v2) 


(ti) Bending moments at A, Cand J 


B.M at A= Ma=+Wx S=+ WS (producing concavity on 
the outside) 
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B.M. at C= Mce=i+-Wx S=+ WS (producing concavity on 
the outside) 


B.M. at J=0 
(iti) Direct force in portions CD, Bl and IC 


(14-52) (compressive) 


r 





Direct force in CD= - 


Direct force in BJ=--W" | WY 2=W (1+ v2) 
Direct force in JC= IV’ (tensile) 
(iv) Shear force in portion AR 
ee) 
= 4 V2 
Problem 128. A vertical pile AB is hinged at the base B and 
subjected to the variable load (due to earth pressure) as shown. The pile 
iy anchored by a tie pin connected at C Draw the 
shear force and bending moment diagrams for 
the pile AB. 
Solution. Taking moments of the force: 
on AB about B, we have, 
0 6XI's | 6 
P cos 30° x4= = 
[> prs 


(tensile) 


Ps: =. 





— 2V3 Fig, 189. 
Resolving the forces on the member horizontally we get, 


horizontal reaction at B 


ss ot, 





“ 
(| 
| 


9 
4m. 





Le 


225 BO 2 


Mo 
we 
wl 

&, 
J 
BAT 

{ 

a) 

AD 

Wh 

yh 

t 2 


658M. 2:25 tho 
9 S.F, DIAGRAM 8.4, DIAGRAM 
avg? 
fig. 190. 
6x1°$ , 
5 273 cos 30 
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: , y : - 
Vertical reaction at C= aV3 . sin 30% 


Aa 
Now consider the horizontal forces on the member. The B.M. 


or S.F. at any section of the member is only due to the horizontal 
forces. These forces are shown in Fig. 190. 


S.F. Calculations. 
At ary section ip AC distant x from A, the S.F. is given by 


sa ee ae 
Bat ear ar 
At A, 1.¢., at x=0, S==0 
2 
S.F. just above C=— - =—()'5 t- 
At any section in CB distaat x from A, the S.F. is given by 
x? ; 
S= “<7 4-2°25 
S.F. just below C 
72 
= e774 2 25=4+1°75 t. 
S.F. at B, Le., 6 m from A 
67 
= igs -+2'25 
=—2'25 t 


Point of zero shear 


Equating the S.F. to zero, 


= +2'25=0 
Kigh x2 = 18 
ase x=4°243 metres from A. 


B.M. Calculations 
At agy section in AC distant x from A the B.M. is given by 


itp ky Se 
M 8 3 
~ 24 
At x=0, M=0, 
and at x=2 m 


M=—+$ tm. 
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At any section i1 CB oa x from A the B.M. is given by 
M=— sq 12 25 (x—2) 
At x=2 m. 
M=—i tm. 
At x ==6 m. 
M=— 6° +2°25 (6--2)==0 
24 Fa 
At x=4 243 a 
=o Tae +2°25 x 2°243 tm. 
=-+ 1°863 tm. 


$39. To obtain the B.Vi. diagram given the S.F. diagram 
S 


Fig 191 shows the §.F. diagram 
for a beam AB. 





Let at a section distant xfrom A 4 
the B.M and S.F. be M and S respec 


Lx 





tively. $.F DIAGRAM 
we have Fig. 191. 
Sea 
oe dM =S. dx 
Integrating between A and X 
we have X=x x 
[ ane = | Sdx 
x=0 0 
x 
But | Sax is the area of the shear force diagram 
0 between A and X 


Completing the integration, we get 
(M—M,)=area of the S.F. diagram between A ani X. Ifae 
A the B.M. is zero, we have 
M,=0 
M.z=area of the S.F. diagram between A and X 
Hence the B.M. at any section is numerically equal to the area 
of the S.F. diagram between A and X. 


Probiem 129. The diagram shown is the shear force diagram for 
abeam which rests un two supports one being at the left hand end. 
Deduce airectly from the S.F. diagram 


(a) B.M. at 2 m intervals along the beam 


(b) Loading on the beam : 
(c) Position of the second support. . 
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Solution. 
(a) B.M. at 2 m intervals 
Since there is a support at the Jeft end A the B.M. at d=0 
At any section X in AB distant X from A the ordinate of the 
S.F. diagram 
XE- 10- ee 
= (10--0°75 x) 
Area of the S.F. diagram between A and X¥ 
(10-1 10- 075 x) x 
2 
10 x-- 0375 x? 

But the area of the S.} diagram between A and Y 


Mi Mau 

Since M: O, we have 

Mr 1Ox- 0375 x2 
At x--2 m, 

My 10X2- 0375*%4=18 5S tm. 

At x 4m, 

Ma~ 10x 4—0 375 xX 16=34'0 tm. 
At X=6 1, 


Mg= 10 x 6-- 0°375 x 62==46°5 tm. 


Now consider a section \ in BC distant x’ from B 
The ordinate of the S.i-. diagram at X'= 


tot 





Fig 192 
tga! ; ee e 
X FE =1°5+ 10 * 
XE’ =1°5-+0°75 x’ 
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Area of the S.F. diagram between B and X’ 
15+.°5+0°75 x’ \_, 
a ( ep 
== —(1°5x'+0°375x') 
But the area of the S.F. diagram between B and YX’ 
=the difference between B.M. at X’ 
and B.M. at B= M':— Mb 
oe M'2— Mo =—(t'5x +0°375x'2) 
= M'e=—(V5x'+0 375x"2)-]- Mo 
But Mv=46 5 tm. 
a M'x=46'5--1°5x'—0°375x2 
At 2 metres from B, putting x =2m, 
M'2=46°5—1°5 x 2—0°375 +22 = 42 tni. 
At 4 metres from B, puting x = 4 m 
M'x=:46'5—1°5 xX 4—0°375 * 4° =34'5 tin: 
At 6 metres from B, putting x ==6 m, 
M's=46°5—1°5 x 6—-0°375 x 6°: =24 mm. 
At 8 metres from B, putting x’ =8 m, 
M'c=46'°5--1°S x 8—0°375 x 8% =:10°5 tm. 
At 10 metres from B, putting . -10 m, 
M'r=46° 5-15 10 ~-0°375 X 102— —6 f71, 
Now consider the general expression for the B.M. 
M'e=46°5--1'5x' -0°375x2 
For M’. to be zero 
46'°5--1°5.x'--0°375\'7=0 
Solving we get x =9°3) mn. 
(b) Loading on the beam. 


(i) Since the shear force uniformly changes from 4 to B there 
should be a uniformly distributed load in this range. 


The intensity of the load=Slope cf the shear force diagram 
between A and B 


—55 
a = =(°75 tlm 


(ii) At B there is an abrunt change in S.F. Hence at B there 
must be a concentrated load. 


Magnitude of the concentrated load 
= Abrupt change in S F. 


-( 5 stl $)=7 tonnes. 
(iii) Since the S.F. uniformly changes from B to C, 
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there must be a uniformly distributed load between B and C. 


Intensity of the distributed load 
=Slope of the S.F. diagram between 


Band C 





8.M. DIAGRAM 


Fig. 193 
OS LAs 
10 0°75 t/m. 

(iv) Since the S.F. is constant between C and D at 3 tonnes, 
there must be a point load of 3¢ at D. 

(c) Position of second support 

Since the S.F. abruptly changes at C the second support is af 
C. Reaction at C=abrupt change in S.F. at C=9+3= 12 tonnes. 

~ Problem 130. Draw S.F. and B.M. diagrams for the members 
ABC and DEF shown in Fig. 194. 

Solution Consider the equilibrium of the member DEF. This 
member is supported at F as a support and at D cn the vertical 
member DC. 

Let Vu be the vertical reaction exerted by the member DC at 
D. Now DF can be considered as a simply supported beam. 

Taking moments about F, we get, 

Va x 4 = g x 1 
es Va=2 tonnes. 
S.F. between D and E=2r1 
S.F. between E and F= —6t 
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S1250.1. 


A + 
i 238i | gtm 
Fig. 194 
B.M. at D=0 
B.M. at F=0 
B.M. at E=2X3=+6 tm. (sagging) 


_ Now consider the member ABC. The loading on the member 
‘onsists of a uniformly distributed load of 47 per metre over the whole 
&th together with a downward point load V-=2t at C exerted by 
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the member, CD. Considering the equilibrium of this member, 
taking moments about A, we get 
VoX4ea4x5x34+2X5 


Vo==15 tonnes 
a=4X5+2—-—15=7 tonnes. 


S.F. at A=+7 t 
S.F. just on the left side of B 
=7—-4x4=—9f 
S.F. just on the right side of 8 
=—~9+15=:+6f 
S.F. at C=1 


Let the S.F. be zero at a section in AB distant x from A. 
Equating the S.F. to zero, we get 


71—4x =0 
oe x=1T75 metres 
B.M. at A=-0 
4x 1° 
B.M. at Ba 9 —2x l=—4 tm, (hogging) 
B.M. at 1°75 m. from A 


= MrT XV7S—4x 17S x EB 
=12°25 -6125==6°125 tm. 
Point of contraflexure. Let~ a section in AB distant x from 


A the B.M. be zcro. 


A act 
7d ee 0 


xT —-2nx)=0 
e- Ae 35 Phehy ry, 
Examples in Chapter 4 
1. A beam 6 metres long is simply supported at the ends and 
caries a uniformly distributed load of 3 tonnes per mictre run for 2 
distance of 4 metres from the left end. Find the maximum shear 
force and bending moment and draw the S F. and B.M. diagrams. 
[Max.+ve S.F.~.8y, 
Max —ve 8.F.=24 
Max. sagging B.M.—10°667 tonne metres at 2; metres from 
left end] 
2. A beam 5 metres long. supported at the ends carries post 
loads of 14 tonnes, 6 tonnes and 8 tunnes at distances 0°5 metre, 2°. 
metres and 3°5 metres respectively from the left end. Find the, 
maximum S.F. and B M. Draw the 8.F. and B.M. diagrams. 


(Max.-+ve S.F.=8 tonnes, 
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Max.—ve S.F.=4 tonnes 
Max. Sagging B.M.=17 fonne metres.) 


3. A beam ABC 5 metres long has one support at the end A 
and the other support at B 3 metres from A. {t carries a point load 
of 4t at the middle point of AB and a point Joad of 3tat C. Draw 
S.F. and B.M. diagrams. 

(Max.+-ve S.F.=3t, 
Max. —ve S.F.=4t 
Max. hogging B.M.=6 tm. at 3m from A.) 

4. Draw S.F. and B.M. diagrams for the beam shown in 

Fig. 195. 


at tot 4t 
}-——-2 @ —2mM. 1M. {Me J.-A 0-5 I 
a 7M. B f). 
Cc D E F OG 
pps a 6c 
Fig. 195 


S.F. between A and C=-+-6t 


S.F. between C and D=—2t M.a=0 B.M. at E abruptly changes 
S.F. between D and B=—-12t M-=+121tm from+8 tmto —4 im 
S.F. between B and E=+4f Ma=+8 tm Mo=—4 tm 

Mr=0 


5. Draw S.F. and B.M. diagrams for the beam shown in Fig. 196 
te——f aca m—+4——t m~—rke—1 m— tm.—>| 


5t.m. 10t.m. 4tm. 2t.m. 
(a + ho 2 E Cr 
i\ 
Fig. 196 


S.F. between A and B=0 
S.F. between B and E=-+It 
S.F. between E and F=0 
[Ma=5 tm, Mo=+S5 itm, Mo==+6 tm, 
Mea=—4 tm, Mac=—3 tm, Mac=-+1 tm, Me=-+2 fm, 
Mre=+2 tm.] 
6. Draw S.F. and B.M. diagrams for the beam shown in Fig. 197 


S.F. at 4=0 S.F. between C and E=—6t 
Sba= —2t S.F. between E and F=+3t 
Soc= +8 Ma=0, Mo=—1 tm, Mo=+11 tm, 
Mac=+5 tm. 
Seo=+4t Mae==-+12 tm, Me=—6 tm, Mr=0 
Scea==—61 
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Fig. i97 
Point of contraflexure at 1°127 m from A and 3 m from F. 


7. Draw S.F. and B.M. diagrams for the members ABCD and 
EFGH shown in Fig. 198. 


at. at ot 


Fe fe | 
nit rm. ny 1m. 
E H 





Fig. 198 


(Member ABCD : S.F. between A and B=0 M.a=0 
S.F. between Band C=—3t M>=0 
S.F. between Cand D=+4t M-=—6 tm. 
‘Ma=0 
Member EFGH : S.F. between E and F=4t M.=0 
S.F. between Fand J=0 M1=—2 tm. 
S.F, between JandG=—81 Mi=—2 Im. 
S.F. between Gand H=+6t M,s=—6 tm. 





Mn=0) 
8. A beam simply supported and with equal overhangs, carries 
W Ww 
a {UNIT RUN 
Fig. 199 
loads as shown in Fig. 199. If Wewi find the ratio + for which 


the bending moment at mid span will be zero. (0°125) 
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9. Find the normal force, shear force and bending moment 
at the section D of the beam shown in Fig. 200. 


Er 
(2-7-7) 


Se 





Fig. 200 
10. A beam of length / has one support at one end and the 
other support at a distance a from the other end. The beam carries 
a uniformaly distributed load of w per unit run over the whole lengeh. 
Find the value of a, (i) if the maximum sagging bending moment 
equals the maximum hogging bending moment, (ii) if the middle 


point of the beam is a point of inflexion- | (i) 0°2934, (ii) * 


11. The beam ABCD shown in Fig. 201 is 3 metres long and is 
hinged to a wall at A and supported horizontally by the strut EF 
hinged to the wall at F and at E to the part CE which is rigidly 
attached to the beam at C. For the loading shown find the reactions 
at the hinges A and F and the thrust in EF and draw S.F. and B.M. 
diagram for the beam ABCD. 


(Va=St upwards 
Ho=8t 

Vr=91 

H;=8t 
thrust in EF=12'04¢ 
Ma=0 

Mov =-+5 tm. 
Mo=+] tm. 
Mea==—6 tm. 
Me=0) 





Fig. 201 
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Stresses in Beams 


dae oe aarp em sseyrenae Capea naamem am, —etreeNirrs cartes rial 


A member subjected to bending moment and shear force 
undergoes certain deformations. The material of the member will 
offer resistance or stresses against these deformations. It is possible 
to estimate these stresses with certain assumptions. In this chapter 
we will discuss about these stresses. A tending moment bends a 
member. Stresses introduced by bending moment are called Bending 
Stresses. Similarly a shear force will introduce stresses called 


Shear stresses. 


$40. Pure Bending 

Fig. 202 shows a beam 
EABF with supports at A and 
B, lunits apart. Let the over- 
hangs EA~BF=a. Let a 
point load W be applied at 
each endof the beam. It is 
easily seen that between A and 
B the B.M. is constant and 
there is no shear force at all 
between A and B i.e., between 
A and B the beam is absolutely 
free from shear but 1s subjected 
to a bending moment Wa. 
This condition of the beam 
between A and B is called 
pure bending or simple bending. 





&41. Theory of simple bending 


Fig. 203 (a) shows a part 
of a beam subjected {o pure 
bending. The part of length dx 
being subjected to pure bending 
has deformed to the shape a astra 
shown in Fig. 203 (c). Fig. 202 





A fibre such as AC has defo 
fibre has been shortened in its ieuath: eee nbe BD ee Aa 
has been elongated and has taken the shape B,D: Similar} ihe 
fibre GH has been elongated and bas taken the shape (1H Hence 
if the beam for the length 5x be taken to consist of a bsige number 


228 





(G) 


Fig. 203 


of fibres, we find that ali of them have changed their shape ; some of 
them have been shortened while some of them are elongated. Ata 
level between the top and dottom of the beam there will be a layer 
of fibres which are neither shortened nor extended. Fibres in this 
‘ayer are not stressed at all. This layer is called the meutra/ layer or 
the neutral surface. The line of intersection of the neutral surface 
on a cross-section is called the neutral axis. 


If now all the fibres between the two transverse sections AB and 
CD be considered, the extremities of these fibres will remain on the 
planes 4,8, and C,D, after the deformation. Let A,B, and CiD, 
meetat O. Letthe angle between the planes A,B, and Ci Dy, be 9. 
Let the radius of the neutral surface be R. Consider the fibre GH 
distant y from the neutral layer. 


Original length of this fibre GH= 5x 


After deformation this fibre will deform and take the position 
G,H,, the new length of the fibre being (R-|-») 9. 


The fibre EF in the neutral layer takes the position Ei F; with- 
out undergoing any change in Jength 


EF= Ey, Fi= 8x 
dx= Rd 


.. Change in length of the fibre GH 
=G,H1—GH 
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=(R+y) §—S8x 
=(R-+y) 6@—R6 


wae 
.. Strain of the fibre GH 
_ change in length yl 


hee de cares ererereherrecemnoent 


ew “originalglength ~ RO 


? 


o eae 


*e R 
Suppose the stress intensity in the fibre be /, we have strain o. 
the fibre = £ 

where E is the Young’s Modulus. - 
Sia ae 
as E R 
o ae 

E 

ia ae? 


Hence the stress intensity in any fibre is proportional te the dis- 
tance of the fibre from the neutral axis. 


For the case explained above all fibres below the neutral layer 
arejsubjected to tensile stresses while those above the neutral layer 
are subjected to compressive stresses. The stress distribution diagram 
is shown in Fig. 203 (d). 


§42. Neutral axis 
A8 mentioned earlier, the neutral axis of any transverse section 
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; ; : Fig. 
of a beam is the line of intersection of the neutral layer with the 
transverse section. 


_ Fig. 204 shows the cross-section of a beam. Let R be the 
radius of curvature of the neutral layer at this section. Hence the 
stress at any point distant » from the neutral axis is given bv 


E ' 
Re 
where fois the Young's Modulus Ifthe «ection he subiecte 


f= 
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to pure sagging moment, this stress will be compressive at any 


noint above the neutral axis and tensile below the neutral axis. 
Now consider an elemental area 5a distant y from the neutral 
axis. 
Stress on the elemental area 
E 
=f is R y 
.. Thrust on the elemental area 
=fSa= = -y $a 
.. Total thrust on the beam section 


E e 
--> vaca 


yt 
Since no axial load has been applied, the total thrust on the 
beam section equals zero. 


Ye 
ss #5 y 8a=0 
ye 


ye 


yi 


This is possible only when the neutral axis is a centroidal axis. 
$43. Moment of resistance 


Fig. 205 shows a beam subjected to an external loading. Le 
Vaand Ve be the end reactions. 


WOM, mW 
rant ~$ 








Fig. 205 
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Consider any section X distant x from the support A. 


Fig. 205 shows the forces keeping the part AX in equilibrium. 
This part is in equilibrium under the action of the following forces : 
(i) Vertical reaction Ve 
(ji) Downward loads W1, We 
(iii) Shear resistance S offered by the section X 
(iv) Compressive resistance C offered by the section Y 
(v) Tensile resistance T offered by the section X 


Since C and 7 are the only longitudinal forces on the beam we 
have C=T 

Let the distance between the lines of action of C and T be a, 

The two equal and opposite resistances C and JT will forma 
couple 7 a: or Ca:. This couple is called the moment of resistance. 

For the equilibrium of the part 4X, 

taking moments of the forces on this part about the N.A. of the 
section Y, we have 

C. ar=Vax— Wi(x—a)— We(x—a—b) 
But the expression on the 


right hand side of the above rela- 
tion ts the bending moment at Y. 


Hence the moment of resis- 
tance offered by the section is equal 
to the bending moment. 


Now consider an elemental 
area oa at a distance y from the 





neutral axis. 
The stress intensity on the 
elemental area= f= - y. Fig. 206 


Thrust on the elemental area =f 8a 


cE 
Sees gs 
R?° 
Moment of resistance offered by the elernental area 
=mement of the thrust about the N.A. 
Es 
sR 
.. Total moment of resistance offered by the beam section 


Ve 

eas ie 2 

= M= R >» 8a 
yt 


ye 
But 2 y? 3a is the moment of inertia of the beam section about 
yi 
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the neutral axis. Let this moment of inertia be / , 


E 
6 M= R! 
M_E 
me Pia 
But we know aks 
y R 
M ff £ 
Hence Poe R 


Ascumptionc in the theary of nnre hending 


The following assumptions have been made in the theory of 

pure bending : 
(i) The value of the Young’s Modulus is the same for the beam 

material in tension as well as compression. 

(ii) A transverse section of the beam, which is a plane before 
bending will remain a plane after bending. : 

(iii) The material of the beam is homogeneous and isotropic 
(Isotropic means having the same elastic properties in all the 
directions). 

(iv) The Elastic limit is not exceeded. 

(v) The resultant pull or thrust on a transverse section of the 
beam is zero. 

(vi) The transverse section of the beam is symmetrical about 
an axis passing through the centroid of the section and parallel to the 
plane of bending. 


$44. Practical application of bending equation 


The bending equation ae to 5 is based on the theory of 
pure bending. In practice, in a beam subjected to a loading the 
bending moment varies from section to section. Further the bending 
moment at a section is accompanied by a shearing force. But 'n 
pure bending a member is absolutely free from she:r force and is 
subjected to constant bending moment Hence it may appear that 
the bending equation which was obtained for the case of a member 
Subjected to constant bending moment not accompanied by shear 
force is not applicable to the practical member which is subjected 
to different bending moments at different sections and accompanied 

y shear forces. But it is generally observed that the shear force is 
zero where the bending moment is maximum and hence the condi- 
ons of pure or simple bending may be taken to be satisfied at such 
a secticn. 


The stresses produced due to the maximum bending moment 
are the most important stresses in a beam and hence if the stresses 
be determined by pure bending equation the results are fairly correct 
Since at these sections the shear ‘ .rces are generally zero. 
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Problem 131. A steel plate is bent into a circular arc of radius 

10 metres. If the plate section be 12 cms wide and 2 cms. thick 

find the maximum stress induced and the bending moment which can 
produce the stress. Take E=2x 10° kg {em? 

Solution. Moment of inertia of the 


12cm ! 

wf ——— : — 4 tem section about the neutral axis 
Loe a a3 
12x2 


=: [= em.4=8 cm.4 
07 10 


Mf 
iy 








Fig. 


a | bey 


sd Gee 


a 
—_— 


wa AE 
{= R 
E 
fuar= R yYrmaz 
6 
ze x (+ } kg./om.* 


<= 


“10 x 100 2 
=. 2000 kg.Jom* 
E 
M= ae 
2x10 op 
FiOxiG0 oe 


=: 16000 kg. cm. 


§45. Section Modulus 

Let M be the moment of resistance of a section of the beam, 
and / the moment of inertia of the section about the neutral axis. 

The stress at any point on the section distant y from the neutral 
axis is given by 

M 
f= 1 i y 

The maximum stress occurs at the greatest distance from the 
neutral axis. 

Let ymax be the distance of the most distant point of the 


section from the neutral axis. Let fiu«- be this stress at this distance, 
we have 





nag enone Vnar 
f yoo 
or M= mar. s 
Vmas 
=> thar - Z 
where 7 x es 
Yenas 


Mcment of inertia about the neutral axis 


ed ee ee 





ed 


‘Distance of the most distant point from the neutral ais 
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This ratio is called the section modulus. 


Hence if the maximum stress offered by a section is known we 
can easily compute the moment of resistance that can be offered 
by the sect‘on. Hence for a beam ofa given material the greatest 
moment of resistance the beam section can offer is given by 

M= frase e he 

where feare==permissible bending stress (which occurs at the 
point most distant from the neutral axis). 

§46. Section modolus for various shapes of beam sections 


(i) Rectangular section. f 


Fig. 208 shows a rectangular = jj¥ 7 ~~ 77 i 
section of width b and depth d, 
d. Let the horizontal! 4 
centroidal axis be the neutral Ae ar 
axis ad 





Section modulus=Z : | nae 


Fig, 208 
Moment of irertia about the neutral axis 


ee Se en we ne, ee ee me . a - oe 


“Distance of the most distant point of the section from the neutral axis” 





ee 
Yas 
ba d 
But [= Ty and DCE 
ee 
“12 d” 6 


Let f be the maximum stress offered by the beam section. 
.. Moment of resistance= M=fZ 


er M=— fod? 


Gi) Hollow rectancular 
section. Fig. 209 shows a 
holiow rectangular section. Let 
the overall width and depth be 
Band D. Let the width and 
depth of the centrally situated 
rectangular hole be } and ¢/. 





Moment of inertia abvut 
the neutral axis 


Fig. 209 


BDS_ bd? 1 
12° 12° 12 


[sone 
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yma => 
peel 2 
‘, Sectional modulus=Z= “al BD3— ba] a 
i, ee ‘bd? 
Be NG D 


If f be the maximum bending stress the moment of resistance 
=MefZ 


1 (275 


a) 
D 
Git) Circuiar — sec- 
tion. Let the diameter 
of the section be d. 
Moment of inertia 
of the section about the 
neutral axis =/ 


ey 
Saree 


64. 





wee d 
mena 
Fig. 210 2 


: I nd 
Section modulus =Z Juan 32 





If f be the maximum stress offered by the section, the moment 
of resistance = M=f Z 


(iv) Hollow cir- 
cular section. Fig. 211 
shows a hollow circular 
section of external 
diameter D and inter- 
nal diameter d. 


Moment of inertia 
about the neutral axis 





yuna = 


I x(D4—d*) 


32D 


If f be the maximum stress offered by the section, the moment 
of resistance =M=-fZ 


*, Section UU a awe 
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m(D*— d4) 
32 D 
Problem 132. A cast iron test beam 2 cm.x2cm. in section 
and I metre long and supported at the ends fails when a central load 
of 64 kg. is applied. What uniformly distributed load will break 


a cantilever of the same material 5 cm. wide 10 cm. deep and 2 metres 
long ? 


Solution. Let us first 


consider the test beam. a _2Cm_ oe 
Maximum bending 2¢m w- 
moment== M:= = ae 


M=f 


Fig, 212 
Ot S00 kecent: 
2 1600/ke-em: 


: \ 
Moment of resistance f bd* 


I 
= 6 [2zx? kg. cm. 
-+ f kg. cm. 
Equatiog the moment of resistance to the max. bending moment 


+ f==1600 kg. cm. 


f= 2 x 1600 kg./cem.? 


== 1200 kg./cm.2% 
Now let us consider the cantilever. 


Let the distributed load on the cantilever be w kg. per metre 
run so as to break it. 


Maximum bending 


5cm. , ay kgl/metre run moment 
- —— _ a, Wl? 
10cm. Zi. eer = 2% 


wx 22 
= X 100 kg. cm. 


=200 w kg. cm. 
Fig. 213 


M.R. of the section= : f bd? 


g- * 1200 x 5x 102 kg.cm, 
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==100,000 kg. cm. 

Equating the maximum bending moment to moment of resis- 
tance we have, 200 w= 100,000 

ne w= 500 kg. per metre run. 

Problem 133. The moment of inertia of a beam section 50 cm. 
deep is 69490 cm.“ Find the longest span over which a beam of this 
section, when simply supported, could carry a uniformly distributed 
load af 5000 kg per metre run. The maximum Jlange stress in the 
material is not to exceed 1100 kg./cem.? 

Solution. Section modulus of section 

I 69490 


= 7= ae eee SG cm.3 
Vmax 25 


Z=2780 cm.§ 


Let the maximum span be / metre 
Max. bending moment 
wl? 
acreage 
2 
s 00) xE x 100 kg. cm. 
Moment of resistance of the section corresponding to the max. 
bending stress of 1100 kg. per cm.? 
-fZ = 1100 *2780 kg. cm. 
Equating the max. bending moment to the moment of resis- 
tance, we get 


2 
5000 ° 100= 1100 x 2780 
1100 x 2780 x8 
Bc. See eS ae SAR: 
ia 5000 x 100 derzze 
=6'99 metres 
say 7 metres 


Problem 134. 4 rolled steel joist of 1 section has the following 
dimensions : 


flange : 250 mm. wide and 24 mm. thick. 

web : 12 mm. thick 

overall depth : 600 mm. 

If this beam carries a uniformly distributed load of 5 tonnes per 
metre run ona span of 8 metres, calculate the maximum stress produc- 
ed due to bending. 

Solation. Moment of inertia about the neutral axis, 
25x60® 23°8x55'28 

ig. 2 
=116410 cm. 


cm.4# 
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Maximum B.M. 25 cin, —- jl 
-yuv? 24M. 
= M= — 

2 

=* x 100 fonne cin. 

= 4000 fonne cni. 
M f a 
J a y- §5-2¢M. 
i ay 

2. 
oe fea" ymax qc 


Fig. 214 


i O00 
~~ 116410 
== 1°03 tonne/em.” 
Problem 135. A timber beam is freely supported on supports 
6 metres apart. It carries a uniformly distributed load of 1200 kg. 
per metre run anda concentrated load of 900 kg. at 25 metres from 
the left support. If the stress in timber is not to exceed 80 kg./cm.” 
design a suitable section making the depth twice the width. 


X30 tonne/cm.* 


Solution. 
900kg. 
1200kg/m. 
DOvDODHANTAN 
2-5. Cc 3-5 MM, 
6m- 
y. 
Fig. 215 


Fig. 215 shows the beam carrying the loading mentioned ip 
the problem. Let Va and V> be the reactions at the left and right 
supports. 

Taking moments about the left support A, we have 

Vo X 6=1200 X6 X3+900 x 2'5 
Vo=3975 keg. 

a Va=1200 X6+900—3975 =4125 kg. 

Let the S.F. be zero at x metres from B. 

Equating the S.F. at this section to zero, we have 

1200 x—3975=0 
ae 3975 
1200 





== 3°3125 metres. 
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. Max. B.M. will occur at 3°3125 metres from B 
° 2 
Max. B.M.=M=3975 x 3°3125— a CL) tem. 


= 6583°6 kgm. 

= 658360 kg.cm. 
But the M.R. of the section 

I 

Sree fbd? 

Since =80 kg./cem.* and 
b= a? we have, 
aM x 80 x 4 g2= 658360 
6 2 
_ 658360 x 12 
80 

d= 46'2 cm. say 46 cm. 


a 


d 
b= ass =23 cm. 


.. The beam section is 23 cm x 46 cm. 


Problem 136. A timber beam is 16 cm. wide and 30 cmr deep 
and is simply supported on a span of 5 metres. It carries a uniformly 
distributed load of 300 kg. per metre run over the whole span and 
three equal concentrated loads W kg. each placed at mid span and 


quarter span points. If the stress in timber is not to exceed 80 kg. 
per cm. find maximum value of W. 


Ww Ww Ww Solution. Fig. 216 shows 
sookglim the beam carrying the loading 
ae mentioned in the problem. 













HOORAY TOO Oo OmOnOOL Oso 
126M, 25M 25M. 


ne eee ane 


Pad ty Os See rs 
125M 


5/7 eM att ei levels meets mat 





Each vertical reaction 
== $ total load on the span 


V=(750+15W) ye 300 x 5+3W 
Soe (ie aces fe ae ee Le f 
Fie. 216 > (750-4-1'SW) 
kg. 
Max. B.M. will occur at mid span. 
Max. B.M. = M=(750+-15 W)x 3-—300x 2” 
~~ Wx 1°25 


-218754+3°75 W~9375—1'25W 
=(937 S+2°SW) kgm. ° 
==(937'5+-2°5W)100 kg.cm. 


M.R. of the section = c fbd 
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= % x 80X16% 308 kg.cm. 


Equating the maximum B.M. to the moment of resistance 
we have, 


(937-5-+2'5 W)100 = = x 80 x 16302 


937°5+2 5W=1920 

; W=393 kg. 

Problem 137. <A water main of 120 cms. internal diameter and 
12 mm. thick is running full. If the bending stress is not to exceed 
560 kg. per cm.2, find the greatest span on which the pipe may be 
frvly supported. Steel and water weigh 7680 kg./m. and 1000 
Ag./m® respectively. 

Solution. Consider 1 metre run 
of the main. 

Area of the pipe section 


An: (Dd) 


D =1'224 m. 
d -1°200 m. 
Ay = [12242 1°27} 


metre® 
== ()'0456 metre” 
Area of the water section 





a Fig. 217 
=Aw= | @? 8 
= - x 1°22 metre* 
= 1°131 metre® 
Weight of the pipe for one metre run 
—0'0456 x 1 x 7680 kg. 
=350'2 kg. 
Weight of water for one metre run of the pipe 
=1°1311X1000 kg. 
<= 1131 kg. 

Total load on the pipe for one metre run 
=350°2+-1131 kg. 
=1481'2 kg. per metre. 

Let the maximum span be / metres. 

Maximum bending moment 

_1481-2xP 
Sorta kgm 


= M 3 
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_ 1481 2x SEE: oe 


18515 [7 kg.cm. 
Moment of inertia of the pipe section about the neutral axis 





=I1=—_7[D*— a4} 
a as 44— 1204] cm‘4. 
canis cm?4, 
But — -£ 
? (18515 /F {= *560 
a "836600 — ~ 612 
ta 560 x 836600 
= 61°2 x 18515 
: l= 20°33 metres 


Problem 138. Compare the section moduli of two beams of the 
same weight if the first beam is a solid circular beam of diameter d and 
the second is a circular tube of outer diameter D, and inner diameter 


Solution. Cross-sectional area of each beam 


nd? 
= A=" =F (D2 - DP) ..eali) 
Section modulus of the solid section 
AT ts nd? see ie a 
32. a. OS 
_ 44 a 
Zs =A 8 ea Te ee ee (ii) 


Section modulus of the tubular section 
Po 
64 (D14— De4) 





ao Di 
2 
_ % D\4— Det 
320°C OD 


= (pe — D4 Pr. ee 
A { Di*+D2* 
g ( Ds 
o Zz. | i+ 


But from equation (1) De?=.D)?— 





Br) 
44 
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pe—-—4 
a - 7 | 
Zi AD yy 
t Dit 


APY 2~- "4... ‘Be, ee 26a 


Ratio of the section om of the two beam sections 


gee 8 D4? Ad 


Zi _ Dy. > 4A 
Zs a D1" 


\: important observation : 

When the tube is very thick, D1 approaches dso that Zs will 
proach Zs. When the tube is very thin, Dy is very large compared 
| 
vith d and hence the ratio 3 will approach the value 2 . 

Problem. 139. Find the width x of the flange of a cast iron‘beam 
wing the section shown in Fig. 218 so that the maximum compressive 
wis is three times the maximum tensile stress the member being in 

bending subjected to sagging moment. The depthh of the ae, 
lo cm., the thickness t of the web and flange is 2°5 cm. 


t 





Fig. 218 
Let the distance of the centroidal neutral axis from 
bottom edge be ¥. Let fc and fi: be the maximum compressive 
nd maximum tensile stress 


fe me 
Jon = h—-3 = 
P= — 


Solution. 


Rut from the geometry of the section, 
i Gap 
a eee 
th-+-(x—1)t 4 
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h2 
ee x=(t+ h—2t 
For the numerical, t==2'5 cen, and == 10 cm. 
10° 
ae x =2'5+ 10—2x25 cm, 
: x==22°5 cm. 


Problem 140. A cast iron bracket subject to bending has a cross. 
section of I-form with unequal flanges. The total depth of the section j 
28 em. and the metal is 4 cm. thick throughout. The top flange is 20 cm, 
wide and the bottom flange 1s 12 cm. wide. Find the position of th 
neutral axis and the moment of inertia of the section about the neutra 
axis and derermine the maximum bending moment that should be im. 
posed on this section if the tensile stress in the top flange is not t 
exceed 200 kg./cm.*, What is then the value of the compressive stress 
in the bottom flange ? 


20 Ww 

: cm | 
= 
4cm 

20cm 
4am | 
122m 
Fig. 219 


Solution. Fig. 219 shows the section of the bracket. Th 
section mav be conveniently split into three rectangular components. 











3 . =| 
~Centroidal | 
Areaa} distance ay ‘+ — ay* Leews 
Component | (cm) frum (cm) ' (em) (cm') 
top edge : 
y (cm) 
Top flame | 80 2 | 360 320 a 
i 
Web 80 14 1120 15680 4x 207 _ 2000 
12 3 
Bottom fanse 48 26 1248 32448 2x4) gg 
le 
ene : Ae 








| 
Total 208 | | 2°28 4844s 2837°33 


on 
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ne areas Of the individual components, their centroidal distances 
gm the top edge and their moments about the top edge and their 
yments of inertia about their centroidal axes are tabulated above. 


Dist: nce of the neutral axis from the upper edge 
w= PAY. 2528 12-15 em. 


Moment of inertia about the upper edge 
= Juu = Direry-+ Lay” 
= 2837°33-+ 48448 = 51285°33 cm.* 
But luv Iex-+-(Za)p? 
51285°33 = Iez+208 x 12°15? 
Tez = §1285°33 ~—30715°20 = 20570°13 cm.* 


4-200 Pas/em 





fe 
Fig. 220 
Let the maximum bending moment be M kg. cm. 
EME de 
f y 
mae x1 

yt 

200 on 

= 47015 x 20570°13 kg. cm. 


= 338600 kg. cm. 
Let the max. compressive stress be fe kg./em.” 
Soa N 
NOS 
= fe=260°9 kg.fom.2 
Problem 141. A cast iron beam section is of I section with a 
? flange 8 cms. X 2 cms. thick, bottom flange 16 cms.x4 cms. thick 
nd the web 20 cms. deep and 2 cms. thick. The beam is freely 
petted on a span of 5 metres. If the tensile stress is not to exceed 
a kg. Jem?., find the safe uniformly distributed load which the beam 
‘carry. Find also the maximum compressive Stress. 


x 200 kg. fem. 
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Selation. Fig. 221 shows 
the cross-section of the beam. Let 
us first determine the neutral axis 
and the moment of inertia about 
the neutral axis. 






The section may be split up 
into three components—top #?ecm 
flange : 8 cm. X2 cm. web: 2 cm. om 
x 20 cm., bottom flange: 16 cm. x 
4cm. The areas of the individual 
components, their centroidal dis- 
tances from the top edge, and 
their moments of inertia about | 
their own centroidal axes parallel g¢@, 
to the neutral axis are shown in 


the following table 
| |} —16em—— 


Fig. 221 
Area _—_ Centroidal 
Component a distance y ay | ay< fleets 
(em?) from top edge | (cm*) | (emt) (cm*) 
(cm) 
pei a I 
| : 
Top flange 16 1 16 16 cae 25°33 
2 x 208 = ‘ 
I 
| 16x48 Cys. 
Bottom flange 64 24 1536 | 36864 | a 85°33 





Total 120 ' 2032 | 42640 423°99 
say 1424 


-; Distance of the neutral axis XX from the top edge 


Moment of inertia about the upper edge of the section 


= Tuwer L],e17-+ Lay” 
= 1424+ 42640 
= 44064 cm.4 

But Tuu=Iez+ (2a)y? 
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44064 = Ise+-120(16'93)* 
lux =9669 cm?, 
treo — ¢ 
2cM mee 
| $6-99CML 
9-07CM, 
4cm, 
+-—_—14m——+| zookgkcut: 
Fig. 222 


Fig. 222 shows the stress diagram for the beam section. The 


maximum tensile stress = 200 kg./cm.2 Let the maximum compressive 
stress be fc kg./cmm?. 


frm a 200 kg.Jom.? 
a fe=373'4 kg.{om.4 
Let the uniformly distributed load on the beam be w kg./metre. 
Max. bending moment 
wi? 
= 8 


2 
=" x 100 kg. cm. 


me 





2500 
eee w kg. cm. 
M _f 


“Ty 
2500 w _ 200 
8x 9669 9°07 
200 x 8 x 9659 kg | 
w=—g07x 2500 “8 1 
se =682°3 kg./m. 
Problem 142. Find the width and depth of the strongest beam 
that can be cut out of a cylindrical log of wood whose diameter is 50 
ems. 
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Solation. Let ABCD be the rectangular 
section cut out of the cylindrical log of 
wood. Let OB be at § with the horizontal 
diameter 

.. BC=d=2X25 sin 0=50 sin 9 and 
AB=b=2.x 25 cos 8=50 cos 9 


Section modulus of the rectangular 
section 


|) Ta 7a 50 cos 8 . (50 sin 8)? 
. tg eo eee oT en 
Fig. 223 





3 
z= . sin? 8 cos 8 


For the beam to be strongest the section modulus must bea 
maximum. 
Hence for Z to be a maximum 


ao 
me a =P —sin® 0-+-cos 8X2 sin 8 cos a)=0 


. Sin 6(2 cos? 6—sin? 9)=0 
Fas 2 cos? 6=sin? 0 


tan? 6=2 
tan 6= 2 
; /? I 
sin V3 and cos V3 


Width of the beam =8= 50 cos 8 
= §0 X el = 28°87 cms 
v3 


~*~ 


and deoth of the beam =d=540 sin 8 


== H() x Me = 40°83 cms. 
V3 

Problem 143.0 Three beams have the same length, same allow- 
able bending stress and are subjected to the same maximum bending 
moment, The cross-sections of the beams are a circle, a square and 
@ rectangle with dopth twice the width Find the ratio of the weights 
of the circular anid rectangular beams with respect to the square beam. 
(A.M.LE., November 1963) 


Solation. Fig. 224 shows the three sections. 


Let the circular section be of diameter d 

Let the square section be of side x 

Let the rectangular section be of width b and depth 25. 

For the conditions mentioned in the problem the three sections 
must have the same section modulus. 
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Section modulus of the circular section 





nd} 
94 xd 
a 3 
2 
—b ——+ 
a, naa 
| in 
z é 
Fig. 224 
Section modulus of the square section 
x3 


awe See 
— 


Section modulus of the rectangular section 


_b (2byF | eas = b3 


ue 


~ 6 


d= 1°193 x and b==0°6299 x 
. wt. of circular beam area of circular section nd? 
' wi. of square beam 


—— 


area of square section 4x2 
= 5 (11932-1118 


wt. of rectangular beam 26° 2 
Te ent ee ene een gee ae == 7x a= 79 6 
wi. of square beam x* Bru SP arses ae 


_ _ Problem 144. A horizontal beam of the section shown in Fig. 225 
is 3 metres long and is simply supported at the ends. Find the maxi- 
mum unifornily distributed load it can carry if the compressive and 
tensile stresses must not excved 560 kg./om.2 and 300 kg./cm.? respecti- 
rely. Draw a diagram showing the variation of stress over the mid span 
section of the beam. 


Solation. Depth of neutral axis from the top edge 
_ 15X12 x 6-10 x95 xX 475 


= ee 


15x 12—JU0x9'5 
=T7397 cm. 
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2.4 .. Moment of inertia of the 
Fem" | section about the axis through the 
top edge parallel to the neutra} 


axis 
1ISx123 10x95? 
tee age ——-— em. 
izcm 3 


= 5782'08 cm. 


Let the moment of inertia 
about the neutral axis be J 


eee nem some ag .. By the parallel axes theo- 


Fig. 225 rem, we have 


To== I+ Ap? 

1=5782'08— 85 x 73972 cm.4 
1==5782'08 —4650 86 cm4 
T=1131°22 cm.4 


_ 489 kglcm" 


7-397 CM. 
(2m. 
N A ae 
oe cM. 


25 
ram 
J. 5. C.— ———| " 300kgjcm? 


Fig. 226 


Suppose the maximum stress in compression is 560 kg./cm.? 
the corresponding maximum stress in tension. 


4°603 9 
= 9°497 x 560 be. Jem. 
== 348°5 kg./cm.? 


But the permissible tensile stress is only 300 kg./em.2. Hence 
let the maximum stress in tension be allowed to reach 300 kg./cm.? 
Corresponding maximum compressive stress 


_ yi st 
4603 ~ 300 kg./em. 
= 481°9 kg./cm.” 
Fig. 226 shows the variation of the stress on the beam section. 


Let the uniformly distributed load on the span be w kg. per 
metre run. 


2 
Max. B.M.=M -" 
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=—~S xX 100 kg. cm 
00 
= w keg. cm 
M_f 
py 
f 
M=—.1 
y 
900 300 F 
8 Wag X13] 22 


— 8 — 300 113122 
900% —«4°603 
=655°2 kg./metre 
Problem 145. A cast iron beam has a section as shown in Fig. 
227. Find the position of the neutral axis XX and the moment of 
inertia about the neutral axis. 
When subjected to a bending moment the tensile stress at the 
bottom edge is 250 kg./cm.*, find 
(a) the value of the bending moment 
(b) the stress at the top edge. 


Solution The given section pa e 
may be split up into 
(i) a rectangular part 16 cm. { Si ee 
x2 cm. 20h 
(ii) Two rectangular parts 
each 2 cm. X15 cm. 
(iii) Two rectangular parts /5C#. | 
each 9 cm. x 4 cm. Naam 
The areas of the various 
Peo therr centroidal ace ach. 
rom the upper edge U-U and the 
moments of inertia of the indivi- |. —_—s0¢m-_—+| 
dual parts about their centroidal 
axes parallel to the top edge U-U Fig. 227 
are shown in the table on page 252. 


Centroidal distance from the top edge=) 
_Zay_1970_,,. 
yt 1647 1201 cm. 

Moment of inertia of the section about the upper edge 


Tuu==% Jeers-+ aay* 
b= 1231°67-+ 31429=32670°67 cm.4 





kg./metre 


But Tuu=Iez+(Za)9* 
: 32670 °67 =J,2+164 x (12°01)? 
Tez = 90] 5°29 cm.4 


say 9015 em.4 
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Centroidal 
Areaa | distance ay ay? Lsets 
Component (cm*) from (cn) cm‘ cm*' 
top edge ' 
y(cm ) 





32 16x 28 


({) 16x2 


bee 
he 
ass 
.o 
Nw 














{ 
| 127 = 10°67 
(ii) 2x (15x 2) 60 9°: 570 3415 2x oS 125 
(iit) 2x9x4 712 19 1368 | 25992 xox 
i 
Total 164 1970 | 3143s $231 °67 
2 Ct. 2CM. 
(rete lt a  aiee 
$01 CM 
x — — 
8-99¢CM, 
|} 230 cm __——-+ 
Fig 228 
Let the bending moment at the section be M kg. cm. 
M_f 
Iesy 
M:= f ay 
y 
250 


"8:99 
== 250600 ke em. 
Let the stress at the top edge be f. kg /cm.” 
12°01 
2 ricem 2 
3-99 * 250 Aglom 
a fi 3339 kelem= 
Problem 146. Fig. 229 shows the section of an inverted steel 
channel used as a beam. The beam is simply supported over a span 


of 3 metres and carries two cqual concentrated loads at points distant 
30 ems from each support. 


Find the value of cach of these Toads if the maximum tensile 


x 9015 ke. cm. 
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stress isnot’ to exceed 940 kg. per cm.* Find also the corresponding 
maximum compressive stress. 


Solution. Let each point 
load be W keg Reese ee ere 


Each vertical reaction -25CM, 
re W kg 10cm, 
Max. BM. 
= A{= W x 20 kg. cm. 
Distance of the neutral axis —| 
ore the top edge. iach 








28 x 10x S--25 x 8°75 x 5625 | 
28 x 10—25X 8°75 


Fig, 229 


.. Distance of the 
neutral axis from the 


bottom edge. 
= 10—2°767 cm. 
=7°233 cm. 
oe When the maxi- 
i |, 94okgicm? ~=mum tensile stress is: 
$SCm 1-5 Che, 940 kg./cm.2_ cortes- 
ponding maximum 
Fig. 230 compressive stress 
2°767 
x-fi. 4733 x 940 kg.J/om.* 
f. ==359°6 kg./cm? 
Moment of inertia about the neutral axis 
3 C= 3 e ‘ 3 
== 78X27 187 —25 x FSI t er 2x1 ox 233 ere 
== 197°70—29°09+ 378°4 cm.4 
= 547°01 cm.4 
Mees 
I -. et 
WX30 940 
$4701 7°233 
940 « 54701 
W 7233x30 
W +2370 kg. 


Problem 167. A simply supported beam 3 metres long has a 
section symmetrical ubout the y-y axis as shown in Fig. 231. The 
beam carries two loads of equal magnitude as shown in Fig. 232. If 
the maximum, compressive and tensile stresses are not to exceed 
1000 kg /cm.2 and 1200 kg.{cm.2, determine the maximum value of 
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W. Also state clearly the values of the maximum compressive and 
tensile stresses and where they occur. 


volution. 











oem 
Fig. 231 Fig. 232 
Area of section = A == 16 X 12% 3. =28 cm.” 
Height of neutral axis above the base 
8 6 
_ one 336 X 2 
y= 28 cm. 
= 3°52 cm. 
Moment of inertia about the base 
_, , BH _ bie 
a oe 1D 
=- | 16x85 12x68 Jem. 
==466°67 cm.4 
toookg{cm? 





785-6 kg|cr* 


Fig. 233 
But In=Texr + AD" 
Ae 466°67 = Ice-+ 28 X 3°52? 
Ier=119°75 cm. 4 
Suppos the maximum tensile stress is allowed to reach 1200 
kg./cm.4 the corresponding maximum stress in compression 


_ 448 


a 2 
= F255 X 1200 = 1528 kg.fem. 
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But the permissible compressive stress is only 1000 kg./cm.” 
Hence the maximum teasile stress should not be allowed to reach 
1200 kg./cm.” 

Let the maximum compressive stress be allowed to reach 1000 
kg./em.* 

Corresponding maximum tensile stress 
sel — xX 1000 badges 
=785°6 kg./cm.? 
Now consider the beam carrying the two point loads, 
Maximum B.M.=M=Wx | kg. m. 
=Wx 100 kg. cm. 


M 
But TT = y 
100W __ 10000 
119°75 4°48 


Problem 148 A cast iron beam has a section shown in Fig. 234. 
The beam is simply supported on a span of 1°25 metres and is used to 
carry a downward point load at midspan. Find the magnitude of the 
load if the maximum tensile stress on the beam section is 300 kg./cm?. 
Determine also the maximum compressive stress. 


; ae Distance of the centroidal axis XY from the bottom 
edge | —1 


y 
oe) __ ben 








27cm. 


ae 


oe co 


Fig. 234 
ate OT 2X3 
I= 943 
= 5°09 cm. 


M.I. about the bottom edge 1—1 


= fy) 1=M.]. of the two triangles-+M.I. of 
the central rectangle 
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2°5 x 128 ie 3x 123 


es - ent 
2x 2 3 om 
- JAGR cms. 
But fy =I. 4- AD” 
2448 = Feet ( 5 x12 ) x s-0s2 


[ee =738' 1 cm, 
Let the central point load on the span be W ke. 





Max. BM.= Mee 
IEXIOD = 25 W kg. om. 
When the maximum stress in tension 1s 300 kg./em.* 
gM ds 
foo 
25 W __ _300 
738°} 5°09 
y - 300 x 738°) 
25x5'°09 
W= 1741 kg. 


When the maximum stress in tension is 300 kg. jem. 
the corresponding maximum compressive stress is given by 
O91 
x 2 
t= S09 300 Ag./com*. 
fe - 407° 2 kg fem?. 

Problem 149. The cross-section of a cast iron machine-elemen( 
used as a beam is shown in Fig. 236. The beam resists bending moments 
about the horizontal neutral axis The permissible stresses in tension 
and compression are 220 hg./com.* and 880 kg.fem.” respectively. 


Calculate the moment of resistance 
of the section about the horizontal neutral 
axis for both positive and negative bending 
monients. (A.M.LE., Noy., 1966) 


epsom St FE 


é Solution. The computation of the 
sem YY a position of the horizontal neutral axis 

4 and the moment of inertia about the 
ae Be horizontal neutral axis may be made as 


shown in the following table. 
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OL a TC EC TT OT TT LTE TTL ECE TE La TE, 











Arena ' Cerxtroidal Ieety 
Component « | distarce ay ' ay® | MI about 
ee trom the (cm®) | (cm') | respective 
bottom edge | centrvidal 
| y¥ (cm, | axis cm' 
Rectargle ! | | 
; x 8 
lOcmxtSom | 159 | 75 1125 | .437°50 rae -=2812'50 
Deduct for | | 
yectangular: | 
hole | 
5x 7'5* 
Semx/5em | 375 | 875 328°125 | °871 094 oT 175°781 
Net values | 1125 | 795°875|586 106 2636°719 





Distance of the centroid of 
the net section from the bottom edge — 
see 


Lay 
== he 25cm / 
_ 196875 _ 
= "1195 =7 082 cm. 
M.I. about the botton yx-- 
edge 
== Jy = 2Ineer-+ Lay 
== 2636°719 + 5566 406 cm.4 | 
= 8203125 em 4 O— ~L—{] 
Fig, 237 


But {4 =Irr-}+-(Xa)p? 

re 8203 12.5 =-Ire-+1125(7'082)2 

Re Ter -2563°95 emf, 

Analysis for positive and negative bending moments. 

Moment of resistance for maximum positive (sagging) hending 
moment. 

Let the maximum tensile stress be permitted to reach 220 
ke.lem?, 

The corresponding maximum compressive stress 

_ 7948 | : 
2.89 x 220 kg /cm. 
=.246 kg. /em*. 

Obviously the compressive stress should not be permitted to 
exceed 246 Ag./cim.” since for greater compressive stress the corres- 
ponding tensile stress will exceed the safe stress of 220 kg /cm?. 
Hence corresponding to the safe critical conditisn the extreme s tress 
in tension and compression will be 220 kg./cm*. and 246 kge/cm?, 
respectively. 








| 
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, Coes 
ee 
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Pag] ~ 


i/ 
v1, 
7 082CM. Y 


PS 
\ 


§,- 2208g]cm’ 
Fig. 238 
Let M be the max..B.M. (sagging moment) 
MoS. 
I y 
a M:- I oh 
y 
220 
oe 256395 ke. 
5-082 X 25h3°94 ke. em, 


=79660 ke. cm. (sagging moment) 
Moment of resistance for maximum negative (hogging) bending moment 


Let the maximum tensile stress be 220 kg. /cm’. 
Corresponding maximum compressive stress 







7°082 9 
geeue 1) | 2 
7918 X 220 kg./em. 
= 196°: kg jem? 
§ s220hg|cm? 
*91BCM. pry 
x X 


VOB ee, eT Am COMPRESSION 
# 7 iG é : ZONE 


£ =196-7kg[cm* 


Fig. 239 
Let M be the maximum negative beading moment (hogging 


moment). 
MoS 
i sey 
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m=. 
y 


_ 220 
= 7-9 1g % 2563 95 kg. cm 
= 71240 kg. cm. (hogging moment) 


Problem 150. Two wooden planks 5 cm.* 15 cm. each are 
mected together to form a cross-section of a beam as shown in 
Fic. 240. Ifa bending moment of 340 kgm. is applied about the 
jorizontal neutral axis jind the stresses at the extreme fibres of the 
ross-section. Also calculate the total tensile force on the cross-Seciion. 

(A.AL.L.E., May 1967) Pb 1scm———+| 


ae = 














“A 
5 CAN. 
Solution Let us first locate the | 
norizontal neutral axis and the moment of 726” 
wertia about the neutral axis. The 
relevant calculations are showin below : cea 
scm 
Fig. 240, 
| Centroidal | 
Area ee ay ay® Teett 
Component a rom top (cm) (cm)* 4 
(cm)* edge (em) 
_hemy | 
Top flange | 75 2°50 187°50 | 468°75 Bm 156 25 
| 
5x15? .. . 
Web | 75 25 | 9375 | 1170875 | se ad 
Total | 150 | | 1125°00 | 12187°50 1562°50 
{ 
Distance of the centroidal axis XX from the top edge 
_ pay 1125 _». 
> Sa = 150 73 cm. 


Moment of inertia about the top edge 
== [p= EIseip-+ Lay" 
= 1562°50+ 12187°50 cm.4 
= 13750 cm 4 
But I, Iea-t-(Za)9? 
13750 = Inez +150 xX 7°5? 
Tea = 5312°5 crn4. 
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es 45 ad - f= 4akgjcm" 





Fig, 241 


Let the maximum teasile and compressive stresses at the 
extreme fibres be f¢ and fc respectively. 


We have 
M of 


rr toe 


/ sy 
340x100 fe ft 
$3512°5 7S. 42°5 
fe==48 kg.fom. 
fi==80 kg./om*. 
Total tensile force “average tensile stress x area of the ten- 
sion zone 


a oe K12°3x 5 kg. 


= 2500 kg. 


Problem 154. Tne cross-section of a conveyor beam is as shown 
in Fig. 242. The beamis subjected to a bending moment in the plane 
YY. Determine t's maximum permissible bending moment (a) for 
bottom flange in tens‘on (6) for bottom flange in compression. Safe 
bending stress in tension and compression are 300 kg. per cm.? ond 
1500 kg./om.2 respectively 

Solution. Let us first determine the neutral axis and the 
moment of inertia of the section about the neutral axis 


The given section-may be split up into three rectangular com- 
ponents as shown in Fig. 242. The areas of the individual compo 
nents, their centroidal distances from the bottom edge, and their 
moments of inertia about their centroidal axes parallel to the 
bottom edge are tabulated below : 


Distance of the neutral axis from the bottom edge 


< _ ay 2968°75 f 
I= Sa O8TS~ == 10°33 cm. 
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¥ 
25 TR. 
1 


{5CR 















5 CM. 
tom open . a 
penis aie 
Y 
Fig. 242 
ap ame Tan 6 i fl 
| Centroid.l | | : 
i Area : distance ay |} ay sels 
ees Ban | a | frum the | cmc end | cms 
| ent + bottom edge | : i 
| | vem | ie vere. M 
| ! | ! : i: 
! ! | 1OxS? F750 
ABCD ; 50} 25° | 125 | 312°56 | a Sea 
| 
L IOxK ES $000 
trGH 200 | 16! 2000 | 20,000 | ASE» SP 666°67 
i i ' ( 
' i *@ 7 3 
IKLM 375 | 22°5843°75 18984 37 si 19" __703 32 
| | 7 
ees cette one Dee ace i es 
{ { ' 
Futal ; 287.5 | [2968°78 39290 7) 2473°96 





Moment of 
mera of the section 
about the hottom edge 
ace haa: + ud gett -t Lay2 
° 2473°96+- 39296 37 
= 4177083 cm, 

Let the moment of F 
inertia ubout the ceutral 
AXIS be fee 

ee faa = Tex +(2a)p? 

“. 4177083 -= fer + ‘ ~ 300kg|cm? 

2875 x 10°33 BOTTOM FLANGE IN TEN 
©. ter=11092'07 cm.4 speed 


Say 11092 cm, Fig. 244 


~~ me 
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(a) Wnen the bottom flange is in tension 
Let the max. stress in tension be 300 kg./cm.” 
Corresponding maximum compressive stress 


19°67 : 
~ 19 33 %300 kg-/em. 


= 571 kg./cm?. 


Let M be the max. bending moment corresponding to this 
condition 


Mo oft 

l jy: 

M- rs 
ean 


-~- kg. cm. 


10°33 
322100 kg. cm. 


; 
4 


{b) When the bottom 
flange is in compression. 
* The max  compres- 
Sive stress should not 
be allowed to reach 
1300 kg jem ?. Because 
corresponding to this 
condition the maximum 
tensile stress will exceed 
the sate tensile stress. 
Hence let the maxi- 
mum tensile stress be 
allowed to reach 3°09 





2 BOTTOM FLANGE IN COMPRESSION 
kg.jem 
Corresponding maxi- Fig, 245 

Mum compress!ve stress : 

_ 10° 33 

x 300 ke./em.?2 
1967 300 KR-/ 
1575 kg./em4 


Let M be the maximum bending moment corresponding to this 
condition. 


M_ if 
yt 
m=) 2 
yt 
11092 x 300 
19°67 
= 169100 kg. cm. 


kg. cm. 
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Problem 152. Two planks of thickness t, and tg rest just one 
on another forming a beam as shown in Fig. 246 and support a uniform- 
lv distributed load cf w kg. per metre run. Find the ratio of the 
maximum stress in the two beams. 


ay kg/m. 


‘(OO 00 GOO 00 GAaO605 6 OOF GOOTo E655 ADO Ao ohm 


& 
WH + 
SS 2 





Fig. 246 


Solution. Since one plank just rests on another, each plank 
vill behave as a separate beam section, having its own neutral axis. 
Since the thicknesses of the planks are small we may further assume 
that vhe radii of curvature of the neutral layer is the same for each 
plank at any section. 


Let maximum bending moment for the first plank = M1 
Maximum bending moment for the second plank = Me 
Radius of curvature of each plank at centre==R 

Moment of inertia of the section for the first plank=); 
Moment of inertia of the section for the second plank=/2 


1 Mi Me 
R FR Eh 


Mz Ig bte/12~ 23 


Let fi and fo be the maximun ;'ress in the two planks at the 
midspan section. : 


l 
ee M .-=-— fi bt," 
6 
and Mz—- fe bio” 
M, ii th" oe 
Me — fo ‘s te? ... (ii) 


From equations (i) and (ii), we have, 
ne of te 
123 fo * te? 


fit, 


fg te 
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Hence the ratio of the maximum stresses in the two planks 
equals the ratio of the thicknesses of the two planks. | 
Problem 153. An I-section beam, shown in Fig. 247, is simply 
supported over a span of 10 metris. If the maximum permissible 
bending stress is 800 kg./cm.*, what concentrated load can be carried 
at a distance of 3°50 metres from one support ? 
Solution Moment of inertia of the section about the neutral 


ae 10 x (22°5)8 9 25 x (20°2)8 
x ; x : 
spe ghee SES NG a epee 
: 12 12 an 
=-3138°66 cm 4 
ae 3 
Section modulus == Z— - ee =278°99 cm? 


Let the maximum concentrated load that can be placed on the 
beam at a distance of 3°50 metres from one support be W kg. 
Maximum bending moment 


Wab 
=M=—)— 
34 vs “SO 
= PAI “100 Kg.jcm. 
=: 2275 W kg. em. 
lOcm 
t)5em ae 
7 57 | 
°O-T7T5¢m 
22-5¢m 
l 
a 
] 
4 i 
idem 
“F et 
Fig. 247 
But, M=fZ 
227°5 W-- 800 x 278 99 


W =981 06 kg. 

Problem 154. A rolled steel joist of 45 metres span is freely 
supported at both ends. The flanges of the joist are 20 cms. X 1'54 cms. 
and the distance between the outside faces is 45 cms. The flanges are 
strengthened by two 30 cms. X I'S cm. plates, one riveted to each flange. 
} The moment of inertia of the Joist alone is 35060 cm.4 Finuw (i) the 
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moment of inertia of the enlarged section (ii) the greatest central point 
load the beam will carry if the bending stress is not to exceed 1260 
hg fom.” (iii) the minimum length of ithe 30 «m.X1°5 cm. plates. 


Solution. (i) Fig. 248 shows 
the section with the plates conncc- 
1ed to the flanges. 

Moment of inertia of the 
secnhion 

-=[=Mcment of inertia of 
the 7 section 

--Moment of inertia of the 
plates 

= 35060 -1- 

x 1°58 
fr, O30 < 15% 23°25" 
= 35060-! 48687 cn7.4 
== §37]7 em.4 
Section modulus of the 
secon 


fm 4 





- 30¢M.- 
r t 


# Cc azihh5cm. 
Mm 


| 
24 ¢ 
| 


I 


N-----—--- 


ete 


244M 


| 1 SCAT 
a i 


tig. 248 


m.? 


= 3488 cm. 


(ii) Let 
point load at 
WU’ ke. 

Max. B.M. - a = 


WxX45x 109 , 
- Ag.ecm 


ee a Seater reer ett ae 


Q 


maximum 
span be 


the 
mid 


But M.R. of the section 
- {74 =1260% 3488 Ag en 
.. Equating the max B.M. 
to the moment of resistance, 
we have, 
WX45*100 


we 


oa 


ty 


ue 
en + 
! 
! 
t ~e 
| 


~ 


ines came a 


ee Pee ee 
Fig 249 





= 1260 x 3488 


kg. 


4 
ae W = 39066 
(iii) Moment of resistance of the I section alone 
=fZ 
=: 1260 x 


3860 


92°5 kg. Cri, 


= 1963000 kg. cm. 
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Suppose the cover plates are absent for a distance of x metres 
from each support. Then at these points the bending moment must 


not exceed 1963000 kg. cm. 
B.M. at x metres from each support 


W 
aie x 


=> xX 100= 1963000 


_,1963000X2 
*= 36006 x 100 erres 


x=1°005 metres 
say | metre. 


Hence leaving 1 metre from each support, for the middle 
4°5—2=.'5 metres the cover plates should be provided. 


Problem 155. A beam is of square section of side b. If the 
permissible bending stress is f. find the moment of resistance when 
the beam vection 15 placed such that (i) Two sides are horizontal, (ii) 
one diagonal is vertical. 

Find also the ratio of the flexural strengths of the two positions. 

Solution (7) Fig 250 b 3 
shows the beam section when t “Peery eens |e eee 
two sides are horizontal. 

Moment cf inertia of 
the section about the neutral 
axis 








pO 
ae 
Section modulus~ 77, 
bt 
eae: 
~~  b 6 
2 
Corresponding to the maximum flexural stress f, the 
ey: f moment « f resistance 5 
eee if ext ee b 
- oN oS ars M 1 =fZy = x rs 
v2 (ii) Fig. 251 shows the 
4 N > beam__ section when one 


diagonal is vertical. 

_.. Moment of inertia 
of the section about the neut- 
ral axis 


[t= r6- 


ma inte ee ae aia aie eat 


Fig. 251 
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h4 
mera De 


.. Section modulus=22=- 


Vmax 


b4 
( iz) _ v2 b8 


ee 


4 #8 12 
(Fr) 
Corresponding to the maximum flexural stress f, the 
moment of the resistance =Me= fax="5 fb 
(iii) Ratio of the flexural strengths in the two positions 


3 
M faa 21 yy 12 Lge ata. 
Mz fZeg Ze 6 V 2b 

§ 47. Vurious shapes of beam scctions 

We know that at any beam section the bending stress at any 
point is proportional to its distance from the neutral axis. Hence 
the maximum tensile and compressive stresses in a beam section: 
are proportional to the distances of the most distant tensile and 
compressive fibres from the neutral axis. Suppose the tensile and 
compressive strength of the material are the same, it is .justified to 
provide such a shape for the cross-section so that the centroidal 
axis isat the middie of the depth of the beam For this case the 
factors of safety for fibres subjected to maximum tensile and 
compressive stresses will be equal. This is the basis in the selection 
of sections which are symmetrical about the neutral axis, for 
materials like structural steel having the same yield stress in tension 
as well as compression. In case the section has to be unsymmetrical 
with respect to the neutral axis (for instance a rail section) the 
distribution of material should be such that the centroid lies at the 
middle of the height. 


Some materials have a small tensile strength but a relatively 
high compressive strength. Cast iron and coacrete efc., are such 
materials In a case like this. the cross-section must be so chosen 
that it will not be symmetrical with respect to the neutral axis and 
also that the distances y and y- of the most remote tension and 
compression fibres, from the neutral axis are in the same ratio 
of the tensile and compressive srengths of the material. For 
instance if f: and f- are the permissible stresses in tension and 
compression respectively then the section must be shaped to satisfy 
the condition, 


phe Ee 
fr ye 
A very interesting case 
For a given cross-section the maximum stress to which the 
section is subjected due to a given bending moment depends upop 
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the section modulus of the section. There are some cases where 
an increase in the sectional area does noi resuitin a decrease in 
stress. It may so happen that in some cases a slight increase in 
the area may result in a decrease in section modulus which results in 
an increase of stress to resist the same bending moment. 


The following examples illustrate this case 

Problem 156 A horizontal beam subjected to pure bending is of 
square section with a diagonal vertical The beam carries 
bending moment in the vertical 
plane through the vertical diagonal. 
Show that by cutting off the top and 
hottom corners shown shaded in 
Fig, 252 the section modulus can be 
increased. 

Solution For the square sec- 
tion, mome.t of inertia about the 


. ) 
meutral axis-* [> --- 


i 
Section modulus --Z 
oa b4 BVA ps 
}2 Vow be 





Let the portions BEF and DGH be cut off. 
Let BE= ab where « is a fraction. 
Now the resulting cross-section consists of 
(i) a square AERG of side b (1 --«) 
(ii) two parallelograms EFCR and GHCR. 


Moment of inertia of the new section 
_ AX —)4 tb V2 b(1—a) 1 





pest l' si a 
i>. Veo ae. 4 

eatls e 

AW 2 


Section modulus of the pew section 


= F's etal 


ve) 


7 -V2 (14-32)(1--0)263 
12 
= i. elt —~x— 5a2+ 2a3| 
For Z’ to be a maximum, 


dZ- 
ae -=() 
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az aV2 55 | --1—]0a+92? /=0 
da 12 
9a2— 10x—] =O 
(92—1)(a—1)=0 
l 


Q== - 


Hence the maximum value of the section modulus is obtained 





| 
when « = “9: 
_Vv2( 4 +}( aa ) 3 
Znas= 12 ( 1+ 9 1] 9 b 
V2 y, 256,, 
=a x 7 43°° 
But the section modulus of the square section is equal to 
g=V2_ 5: 
12 

Increase in section modulus 

=Z max — Z 

Me ng ie ee 

has — ) 
=V2x 3 is 
12 243 
Percentage increase in Section modulus 
ZLmar— 0 
erage x 100% 
13 ‘ 
bp —pa+l-be 243 * 100% 
9253575 


Hence if the new section is 
adopted in place of the square 
section the maximum bending stress 
would be reduced by 5°35°%. 


Problem 157. Find the condi- 
tion at which any further decrease 
of the depth H of the beam section 
Shown in Fig. 253 will result in an 
increase in section modulus. 


Solution. Moment of inertia 
of the section about in neutral axis 
_bd3 aH? 


= J = 5 


“12 
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Section modulus of the section 


I 
= Ze y 
2 


be .aH* 

OH 6 

Rate of change of 7 with respect to H is given by 
dZ bd® |, all 


di 6H? 3 
The condition for Z to increase when H decreases is given by 
bd? _ aH 
6H" 3 
b _ H3 
oe ee 
2a’ 8 

The above examples show § 
how in some cases the section 
modulus increases with decrease in 
depth. 

Similarly it can be shown, for 
the circular section (Fig. 254) it is 
possible to increase the section 
modulus by 07°, by cutting off 
the segmental portions shaded. 
The depth of segment § should be 
O'Ol! times the diameter of the 
section. 


Z 





DIAMETER=a 


Fig. 254 

Similarly the section modulus of 
the triangular section can be increased 
by cutting off the corner shaded. 

Problem 158. An over-hung steel 
crank pin journal is so designed that 
the pressure on the journal is limited to 
40 kg. per cm.* of projected area. The 
total load on the journal is 27220 kg. 
and the maximum bending stress is 
limited to 700 kg. per cm2_ Find the 

Fig, 255 diameter and the length of the journal 

Solution. Let the diameter and length of the journal be dcm. 
and I cm. respectively. 

Projected area of the journal resisting the load =dl cm.2 


Since the stress on the projected area is 40 kg./cm.? we have 
? 
27220 40 
d 
Ne dl=680°5 .-(i) 
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27220 kg 


= an 
> = 





_ 


Fig. 256 
Maximum bending moment for the journal 


== M = 27220 x 5 


=13610 lkg. cm. 
Section modulus of the journal section 
= =~ cm. 


32 
Since the bending stress is to be limited to 700 kg./cm.?, 


we have, M=fZ 
nd? 


13610 /=700 x 39 1~ 0°005052 d ... (ii) 


Substituting in eq. (i), we get 
0°005052 d4==680°5 


—_— 





Ag. crt. 


dix eee d=19'15 om. 
_ 680°5_ og. | 
l= T5757 35 54 cms. 


say the pin may be 19 cm. diameter and 36 cm. long. 


Problem 159. A simple bridge is formed of telegraph poles laid 
side by side with all the butt ends on the one abutment. If Z is the 
modulus of the section at the butt end, and Z- is the modulus of the 
section x inches from the butt end. Zz=Z—O3 x. Span=30 ft. 
Diameter of poles at butt ends is 12 in. Find the position of the most 
highly stressed section when the bridge is uniformly loaded throughout 
its length. (London University) 

Solution. Fig. 257 shows one of the poles. 

Let the load on the pole be w /bs. per foot run. 

Each vertical reaction 


=" X30 15 w ibs. 
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B M. at a section distant x feet from the butt end 


2 : 
= Man 15 wx ~" w tos/ft, 


= A (30r—28 Ib. ft. 


=" (30x x )x 12 tb. an. 
=6w (30x —x") Ib. in. 





Fig. 257 
Section modulus of the butt end 
eo tx 123 -. 3 
ake 7 Soe wt 1. 
Z 39 54x ir 


Section modulus at section Y distant x feet from the butt 
end 
=: ZLe=Z - 03 (xX 12) in? 
Zzx= 54n— 36x in? 
= 3°6 (15x—x) in8 
Extreme siress at the section XY 
af —-M . 6w B0x xx?) 
ee “Ler 3°6(15—x) 
.. for / to be a maximum 
df 
dx 
(15n—~ x)(30 --2x)—(30.x-- x°\(-- 1) =0 
45Un- 30nvx+ x20 
x*--94°25x 1-1411°72=0 
Solving this quadratic, we get 
x- 18°69 ft. 
Problem 160. A = wuniformly 
Pp tapering vertical post of height H 
id ; having a diameter D at the base and 
. de. «a diameter d at the top is fixed at 
its base. A_ horizontal force P is 
| applied at the top of the post. 
Determine the maximum bending 


stress for the post and state where 
if occurs. 


Solution. Consider a section 
XX distant x below the top of the 
post. Let the diameter at the sec- 
tion XY be de. 


Section modulus of the 
Fig. 258 section. 
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nda? 
oe 32 


B.M. at the section = M=Px 
Let the extreme stress at the section XX be | 
But M=f{Z 
nd 
Px=$35 
_ 32P x 
~ des 
But demd+ PES xmdt Kx where x=2-4 
Oy) 
hiss n (d+ Kx) 
For f to be a maximum 
af _ 
he =0 
of _32P (d+ Kx—x(3) (d+ KxPX 
(d+- Kx)® 





dx 
(d+ Kx)? (d+ Kx—3 Kx)=0 
d—2 Kx=0 


But ay 
d 

x5 Me d) ad 

Putting =f in the expression for f, we get 





— 32x8 , _PdH_ 
mxX27X2 (D—d)d 
fax 128 PH 
ue mas’ 27x (D—d)d* 
Problem 161. A vertical flag staff standing 10 metres above the 
ground is of square section throughout, the dimensions being 8 cm.x8 
cm. at the top tapering uniformly to 16 cm.X 16 cm. at the ground. <A 
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Z i of 30 kg. is applied at the top, the direction of the 
acs ae a diagonal of the section. Find the maximum Stress 
due to bending. 

Solution. Consider a 
horizontal section XX at a 
depth of x metres from the top. 
Let the sectional dimension at 
this level be d cm. x d cm. 


< 
x é 
d=8+ 76 (16—8) cm. 
=8$+ 08 x cm. 
=-Q°8 (x +10) cm. z 


Moment of inertia of the 
section about the neutral axis 


dA 
12 


Maximum distance from 
the neutral axis 


= f= om.4 


ai? cm. 


.. Section modulus of the section 





ep oe Ee 
Zz " ad 6y/" cm 
7... 10°8(x +10)}9 
3 6v2 
__0'542 


B.M. at the section=M=-30X.x kg. m. 
=30 xxx 100 kg. cm. 
= 3000 x kg. cm. 

Extreme fibre stress at the section 


pM 
3000 x62 : 
=0°512%x-+10)8 *&/e™- 


1800072 x a 9 
For f to be a maximum, 


Ff 
“fc 70 
df, _ 1800072 (x-+10)8—x3 (x-+10)? _ 


dx ~ “0512 Gigs — 7° 
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OD ee —3x)=0 
10—2x=0 


x=S5 metres. 


Substituting x=5 metres in the general expression for the 
extreme stress, we have, 


18000/%2 5 __ 
fnoz="Qg19 °° [58 kg.[om.* 


=73°6S kg./em.? 
648. Force on a partial area of a beam section 


Fig. 260 shows a beam Amen 
section. Let due to the bend- ] 
ing moment at the section the 
maximum bending stress be 
finaz. Let ymas be the distance 
‘of the most distant fibre from 
the neutral axis.. 

Let it be required to 
find the normal force on a 
partial area A (shown shaded). Fig. 260 
Consider an elemental area da of the shaded area at a distance y 
from the neutral axis. Let the stress on the elemental area be f 


ae. 


Force on elemental area 








XS mn az 


Vmax 


=f da= Jee 5 + yda 


Total force on the ey area 


= P=xs ~ ea 


ie ca Imes 4 y 


a maz 
where 9 is the distance of the centroid of the shaded area from the 
neutral axis. 
849. Moment of the force on a partial area of a beam section about 


the neutral axis. 

Consider again the beam section shown in Fig. 260. 

The stress on the elemental area da at a distance y from the 
neutral axis 





Force on the elemental area 


on faa= > 





. day 
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Moment of this torce about the neutral axis 
Smee da. y* 


Pmaz 
Moment of the force on the shaded area about the 





neutral axis 
f maa 


mag 
Jo=moment of inertia of the shaded area about 


where , 
the neutral] axis. 


Problem 162. Fig. 26] shows a rectangu 
wide and 20 cm. deep. If the maximum flexural’ stress is 80 kg [em2 
find (i) the total force on the ‘area shaded, (ii) and the moment of this 


force about the neutral axis. 
Solution. (i) Force on the 7 
shaded area : yf ty 
5¢m. Yy 
Se 


lar beam section 10 cm. 





‘ 
ives 
eS AD Apt 

. Ymaz Vlg Yi 


acm. 
‘jm, — 


= 4h, (5x5) (S+2'5) ke. 


= 1500 kg. (compressive) 
20C€ 


Moment of this force about 
the neutral axis 





Sag 
=M= Veg Io 10cm 
53 17500 
me? Risaane cag FEN 
I,=5*x 12 +25%7°5 zs 19 
: 80 17500 
“0 May 
10cm 


w= 11667 kg. cm. Fig. 261 

Problem 163. The beam section shown in Fig. 262 is subjected to 
@ maximum bending stress of 20 kg.jcem.2. Find (i) the force on the 
area shaded and (ii) the moment of this force about the neutral axis. 


Solution. 
(i) Force on the shaded area 
Sane 


Yemen 


Ay 
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B(fa\ 39 
-3( 3 x12) 3 x12] kg. 
= 5400 kg. oe 
(ii) Moment of the force on 
the shaded area about the neutral 











axis 3 
mar 24EM. 
Se eet x o 
Ymaa 7 
90 15% 123 
Bees ke. ’ 1ZCM. 


= 48600 kg. em. 


Fig. 262 


Problem 164. A beam section 10 cm. X 20 cm. (Fig. 263) is sub- 
jected to a sagging moment producing a maximum bending stress of 
80 kg./em.2. Find (i) the total force on the area shaded and (ii) the 


moment of this force about the neutral axis. 


Solution. (i) Force on the 
shaded area 
| ee 
_ Verge “ 


-+ x (15* 5)X2°5 kg. 

-= 1500 kg. (compressive) 

This force is compressive since 
the centroid of the shaded area is 
in the compressive zone on the 
section. 


(ii) Moment of the force on 
the shaded area about the neutral 


axis 
di, ax 
en <i; 


Y mor 


_ 80 (5x18? | 25... | 
= 1 L 75% 2°52 





kg. cm 





= 15000 kg. er. 
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Problem 165. A box beam is made from 5 mm. x 15 mm. pieces 
screwed together os shown in Fig. 264. if the maximum flexural stress 
is 85 kg./cm.2 compute (i) the force acting on the shaded portion and 
(ii) the moment of this force about the neutral axis. 

(A.M.LE., May 1966) 

Solution. Area shaded 





Fig. 264 
(i) Force on the shaded area, 
oat Sues 
~~ Ymaz 3 
83 2'5 
7x O'S X To keg. 


= 15°94 kg. (tensile) 


The force on the shaded area is tensile since the centroid of the 
shaded area is in the tension zone. 


a (ii) Moment of the force on the shaded area about the neutral 


um. & «xy, 
¥maz 

I 0°5x 1°58 

= —_—_—, 


Fy +0°S K 1°5 x (0°25) cm.8 
= 76 om.4 


85 3 
M=~- x 6 Re em. 


M=15°94 kg. cm. 
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§ 49. Flitched Beams 
A flitched beam means a 


beam of composite section consist- t t 
ing of a wooden beam strengthened sath Oa el 
by mild steel plates Fig. 265 shows oF 

one possible arrangement for a , 
flitched beam. The stecl and the E % a 


wooden components are so con- d 
nected that there will not be any 
slipping between them i.e., the 






és El - ! STEEL 
omponents act together behaving S7EFL Pt ATE 
as one beam. 
Let ata distance y from the | X AK 
neutral axis the stresses in wood 
WOOD 1 
and steel be Pw and Ps. id ue 
Fig. 265 


In order a slip may not occur between the steel and wood at 
this level the strains in steel and wood at this level must be equal. 


ee Pw _?P, 
train=e= 7 a 
where Ew and E; are the Modulus of Elasticity for wood and 
steel 
Pea Po 
P.=m Pw 
where mae 
Ew 


The ratio m is called the modular ratio between steel and 
wood. 
Moment of resistance of the section 

Let Mr be the moment of resistance of the section. Let Mv 
and Ms be the moments of resistance of wood and steel. Let the 
wooden joist be & units wide and d units deep. Let each steel 
plate be ¢ units thick and d units deep. Let fw and f. be the extreme 
stresses in wood and steel. 


M=MetM: 
Mr= iS obdP-+2X% fitd® 
But fi=m fo 
o4 Mr=— Ve bd?+2 x - mf wtd? 


=+ fo (b-+-m 2t) d? 


H.nce the moment of resistance of the section is the same as 
that of e wooden member of breadth 6-+7n(22) and depth d. This 
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rectangular section 6-+-m (2t) units wide and d units deep 1s called 
the equivalent wooden section. 





ELITCHED BEAM SECTION EQUIVALENT WOODEN SECTION 
Fig. 266 


The moment of resistance of the flitched beam section may 
therefore be determined by considering the equivalent wooden section. 
In some cases however the moments of resistances of the individual 
components may also be computed and the total moment of resis- 
tance may be determined. The following examples show how the 
moment of resistance of a flitched beam cat be determined. 


Y Problem 166. A flitched beam consists of a wooden joist 15 cm. 
wide and 30 cm deep strengthened by a steel plate 12 mm. thick and 
30 cm. deep one on either side of the joist. If the maximum stress in 
the wooden joist is 70 kg. per cm.* find the corresponding maximum 


stress attained in steel Find also the moment of resistance of the 
section. Take Es= 20 Ev. 


12cm tem 
fi tS CAT ~~ 70 kgjcm* taookgicm? 


a 
— = 80 — 
y 
A o---- wees eR ee 
te es ee —_ 


Fokgiam? = saookgicm 


STRESS STRESS 
DIAGRAM OLAGRAM 
FOR WO0D FOR STEEL 





Fig. 267 


Solution. Maximum stress in wood = 70 kg./em.” 
Corresponding maximum stress in steel 

= 70 x 20= 1400 kg./cm.? 
Moment of resistance of wooden joist 


; OTE RN 
<r the NL ED I 8 Se o> 
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1 
== Se bd? 


af i x 70x 15% 302 kg. cm. 


= 157500 kg. cm. 
Moment of resistane of steel plates 


oy + 2 
==2 X gis. td 


=:2X x 1400 x 1°2 x 307 kg. cm. 


= 504000 kg. cm. 


.. Total moment of resistance 
= 157500-+ 504000 kg. cm. 
=661500 kg. cm. 


Alternatively the moment of resistance of the beam can also be 
determined by considering the equivalent wooden section. 
Width of the equivalent wooden section 
=b+m (2t) 
=15 +20 (2x 1°2) cm. 
= 15-+48 cm.--63 cm. 


24 CM -———wla-~ = 15 Nae 240m - = 


_ { 


| 
{ 
f 
| 
3ocm . 
| 
' 
| 





bh ———---—- 629¢m—  -~- --———+ 


EQUIVALENT WOODEN SECTION 


Fig. 268 


M.R. of the section 
-:M.R. of the equivalent wooden section 


] 
<4 fo BE 


=4 x70 x 63 x 302 kg. cm. 
= 661500 kg. cm. 


Problem 167. A flitched beam consists of two wooden joists 
10 cms.:°. »d 20 cms. deep witha steel plate 14cm. deep and 


282 STRENGTH OF MATERIALS 


10 mm. thick placed symmetrically between them. If the maximum 
stress in the wooden joist be 70 kg./cm.*, find the corresponding maxi- 
mum stress reached in steel. Find also the moment of resistance of 
the section. Take E.=20 Ew. 


cin 
fe 10cm rte 10cm —+ 70 kg |cm? 
i oe pap ee hamaees 






2  980kg{cm* 






STRESS DIAGRAM 
FOR STEEL 


STRESS 
DIAGRAM 
FOR wWN0D 


fig, 269, 
Solution. Maximum stress in wood occurs at 10cm. trom the 


N.A 

Stress in wood at 10 cm. from the N.A. 
= 70 kg.fem.? 

Stress in wood at 7 cm. from the N.A. 
s fe X10=49 kg./em2 

Maximum stress in steel 
= 49 » 20= 980 kg./cm.? 

Moment of resistance of the wooden joists 


=x 2X Zhe BD* 
=2x-5 x 70 X 10 x 202 Kg. cm. 


280000 
Tar kg. cm. 


Moment of resistance of the steel plate 


ee 
= ghd 


= x 980 x 1x 142 kg. cm. 
96040 
as kg. om. 


.. Total moment of resistance 


280000 "$6040, oy 


= 125346°7 kg. cm. 
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fy’ 

Vv" Problem 168. A composite beam consists of two timber beams 
of rectangular section each having a breadth B and a depth D together 
with a steel plate having a breadih (i.e., thickness) 6 and depth d. The 
plate is placed between the timber beams and all the three are joined 
together so that the whole section is symmetrical about the horizontal 
axis. If the maximum allowable stress in the steel and timber are 
£260 kg.Jem.” and 70 kg.jem.* respectively and these are reached 
simultaneously. find (a) the ratio of D and d and (b) the ratio of B and 
b in order that the moment of resistance of timber aione shall be equal 
to that of the steel alone, E for steel=2 [0X 10° kg.fem2 and E for 
timber =0° 105 x 108 kg./em2 


If the timber beams are 25 cm. deep and 7°5 em. wide find the 
size of the steel plate. (London University) 


f= t260kg/cmr? 





= Miancviinnanenen 
SNe eg STRESS 
STRESS DIAGRAM 


lee B--+{b}—B ae fig = Tokgfcm? 
DIAGRAM —- FOR STEEt 
FOR TIMBER 


¥ 
i 
| a 

Fig. 270 


Solution. Fig. 270 shows the composite beam. 
Let the maximum stresses in timber and steel be /y and Js 
réspectively. 


ech fo=70 kg.fom.” 
and f,—= 5260 kg./cm2 
E. d 
But frat he 
21d 
1260= 395 D x 70 
= 20 x 70 x a 
D 
d_ 1260 9 
D~ 1400° 10 
_D_10 
d' 9 


Moment of resistance ef wood 
= Mo=2X + SeBD? 


= 2X x70 BD? 
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2 2 
=3 BD 
Moment of resistance of steel 
=Mi= - Ss bd? 


=e * 1260 bd?=210 bq? 


If the moments of resistance of the timber a i 
ne nd steei are equal, 


70 
zy BD®=210 ba? 
B 210x3 


b 70 ~~ s=pe 





210x3 92 
~ 70° * 102 
= 7°29 
if D=25 cm, 
and B=T7'5 em. 


9 
d= KX 25=22'5 cm. 


TD eee 
. and b= soe! 03 cm. 
wide pane 169. 4 flitched beam consists of a wooden joist 15 em. 
poe n cm deep strengthend by steel plate 1} cm, thick and 20 
MS’ deep one on either side of the ioist.” If the stresses in wood and 
Steel are not to exceed 70 kg. per cm? and | 200 kg. per cm2, find the 
moment of resistance of the section of the beam. Take E,=20 Lw. 


Bar cm 
a =I ft 150M alii 


‘ 4 t. 


7okg|cm? 
eae — .... _Meokglcme 








. ” STRESS DIAGRAM 
STRESS FOR STEEL 


Fie, 27; 


SRA ent eeeer deere seer writs 
AMT Dem EBERT OR Ee A nT Nea mae lke Cat to OSI SISOS 
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Solution. Let the maximum stress in timber be 70 kg./cm.? 
Stress in timber at 12°5 cms. from the N A. 
=70 kg /cm.? 
Stress in timber at 10 cms. from the N.A. 

10 
™ 12°5 
= 56 kg./cm. 

Stress in steel at 10 cms. from the N.A. 
=20 x 56 kg./cm.? 
=1120 kg./cm.* 


This is less than the permissible stress of 1200 kg./cm.* for 
steel. 


x70 kg./com.? 


Moment of resistance of wooden: joist 


él 2 
=— Ju BD 


=~ x 70 * 15 x 252 kg. cm. 


= 109375 kg. cm. 
Moment of resistance of steel plate 


1 
=2x -— fi 1d? 


=2x 1120 x1 20? kg. cm. 


= 149333'3 kg. cm. 
Total moment of resistance 
== 2587083 kg. cm. 


Problem 170 A flitched beam consists of a wooden joist 12. cm. 
wide and 20 cm. deep strengthened bya steel plate 1 cm thick and 
18 cm. deep, one on either side of the joist. If the stresses in wood and 


(cm. 1cM 
26° kg[cm* 
ool 


1200 kg/cm? 





~~ “STRESS DIAGRAM 
STRESS FOR STEEL 
DIAGRAVA 

FOR wooD 


Fig. 272 
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steel are not to exceed 70 kg./cm.* and 1200 kg./cm.2 find the moment 
of resistance of the section af the beam. Take Es 20 Ex. 
Solution. Let the maximum stress in wood be allowed to reach 
70 kg. per cm? 
Stress in wood at 10 cm. from the N.A. 
=10 kg.fem.* 
Stress in wood at 9 cm. from the N.A. 


to % 70 kg.Jom4 
=63 kg fom." 
Stress in steel at 9 cm from the N.A. 
== 20 x 63 ke./em.? 
= 1260 kg.Jom2 
But the permissible stress in steel is only {200 kg./cm.? 
Hence the maximum stress in wood should not be allowed to 
reach 70 Ag./cm.~ 


Let the maximum stress In steel be allowed to reach 1200 kg. 
per cm.” 

Stress in steel at 9 cm. for the N.A. 

== 1200 kg./om.* 
Stress in wood at 9 cm. from the N.A. 
4 20) 

2 =60 ke.fom.* 
Stress in wood at 10 cm. from the N.A. 


10 6 200 2 
=5 x 60= 3 kg./om. 


~~ 


This stress is less than the safe stress of 70 kg./cm.? 
Moment of resistance of the wooden Joist 


. ’ 
=% Ju BD 


as z xe X 12 x 202 kg. cm. 
== 5S 3333°3 ke. cm. 


Moment of resistance of the steel plate 


slag eh os 
== x afi td 


=2x x 1200 X 1 x 182 kg. cm. 


= 129600 kg. em. 
Total moment of resistance 


= 53333°3-++129600 kg. cm. 
= 182933°3 kg. cm. 
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Alternative solution 





Sete Ey CM ee se ees BP kgicm? 
ae ans 
= - ee & glcm* 


EQUIVALENT WOODEN SECTION 


Fig. 273 

Fig. 273 shows the equivalent wooden section. Each steel plaie 
is replaced by a wooden joist having the same depth as that of the 
steel plate but having a width equal to the modular ratio times the 
thickness of the plate. 

Moment of inertia of the equivalent section about the N.A. 
20 188 | 12x28 . 

12 12 

= 27440 cm.4 


g 


== —- xX 27440 kg. cm. 


200 
~ 3x 10 
= 182933°3 kg. cm. 


“Problem 171. A flitched beam is made up of two timber joists 
10 cm. wide and 22 cms. deep with a 2 cm. thick steel plate 16 cm. 
deep placed symmetrically between them and firmly attached to both. 
The plate is recessed into grooves cut in the inner faces of the joists so 
that the overall dimensions of the built-up section may be taken as 
20 cms. by 22 ems. 


Calculate the moment of resistance of the combined section when 
the maximum bending stress in timber is 80 kg./cm.* What is then the 
maximum stress in steel? Take Es=20 Ew where E. and Ew are the 
Young’s Modulus for steel and timber. 

Solution. Let the maximum stress in timber be 80 kg./cm.? 

Hence stress in timber at 11 cm. from the neutral axis 

=80 kg./cm * 
.. Stress in timber at 8 cm. from the neutral axis 


x 27440 kg. cm. 
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STRESS DIAGRAM 


2c. sreess oiacram OR STEEL 
FOR TIMBER 


Fig. 274 


eo __ 640 
Fie ee ay 
Maximum stress in steel 


640 12800 
SAU = a 


kg./em.* 


kg./cem.® 


Moment of resistance of timber 


=MR. of 20 cm. by 22 cm. rectangular 
timber section. 


—M.R. of 2 cm. by 16 cm. rectangular 
timber section. 


] ] 
Bae id 


] 
Page X80 x 20 x 222 


1 ., 640 
eee x foe 2 3 A 
Bat x2 xX 164 kg. cm 
== 124102 kg. cm. 
Moment of resistance of stee! 


aml 
= 6 f, td* 


1 _ 12800 
= o =e x2 16? 
= 99297 kg. cm. 
.. Total moment of resistance 
= 124102499297 ke. cm. 


== 223399 ke. om. 
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Problem 172. A rimber beam 15 cm. wide and 20 cm. deep is to 
he reinforced by bolting on two Steel flitches each 15 cm. by 1°25 cm. 
in section. Find the moment of resistance when (a) the flitches are 
attached symmetrically at top and bottom: and (b)the flitches are 
attached symmetrically at the sides. Allowable stress in timber is 60 
kg.jcm.2_ What is the maximum stress in steel in each case? Take 
E /= 20 Eu. 

Solution. 

Case (a). When the fi:tches are attached symmetrically at top and 
bottom. 
Fig. 275 shows the stress diagram for wood and steel for this 


case. 
Modular ratio wo m= e200 
Ew 





ae POM an fe es oe f5=1350 kg/cm? 
25cm =. ee aa - Ju260 t—/ 20 fu 1200 kg /c 8 
| kgfem™ 95!” 
F ee 
ar a ele ste a 
| as 
rf 





125em-= Opie eee pt aes 
w00D STEEL 


Fig. 275 
Let fv be the extreme fibre stress for wood 
f, be the extreme fibre stress for steel 
f= * (20 fo)=22'S Lo 
When fu=60 kg./cm.?, fr=22'5 x 60= 1350 kg.fem.? 
M.R. of the section=M.R. of the wooden component 
+M.R. of the steel component] 


=4 x 60x 15x 2024+ x 1350 x 15 x 22°58 


—Z x 1200 x 15x20? 


= 60,000 + 1708593°60 — 1200000 
= 56859360 kg. cm. 
Case (b). When the flitches are attached symmetrically at the sides» 
For this case when the maximum stress in wood i 
fo=60 kg./em.2 
The maximum stress in steel 


zz fm[ x60 po=4s X20 = 900 kg./em.3 
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\ { 
calle tsem ie fy 60kg lem? fennel 


45 kg em? - - va 


rae 
ta 
ft 





Za 

we | 

WOOD  ~—STELL 
Fig. 276 


MR. of the section=M.R. of the wooden component 
-+M.R. of the steel component 


= Z ¥60*15X 20%4[ x 900 x 1°25 « 152 ] Ag. cn 


= 60,000+ 84375 kg. ci. 
w= 144375 he. cm. 


Problem 173. Ywo rectangular plates, one of stecl and th 
other of brass each 3°75 cm. by 1 em. are placed together to form 
beam 3575 em. wide by 2 cm. deep, on two supports 75 em. apart. th 
brass component being on top of the steel component. Determine Ur 
maximum central load if the plates are (i) separate and can ben. 
independently (ii) firmly secured throughout their length. Permissibl 
stresses for brass and steel are 700 kg.fem." and ICQG Age fon Take 
En=0°875X 108 kg.fem.* and Ese 2°10 X 108 kgjen.. 

Solution. 

Case (i). When the two plates are separate and can beni 
inde pendently. 

For this case it may be realized that each plate will have its 
own neutral axis. 


41S EP Ka/'¢ m? 


[went ate ee aan 








t SRASS 
ee cA 

3 25cm oie pee ta N 
eee lee Se ES 41S 6° 

BRASS hg iy nm? “ 
ns ee ier : eee 
| 3 } STF E L 
Parnomenan eter 8 eaten te ett en ea er ree | ~}- oh 

GPpeL : 
7 tom viens eae eee a eee ae 
i ops t Ong lew * 

big 277 


jt will be assumed that the radius of curvature Ris the same 
for boil, the components 
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vy OR ane eR 


Since Ye=Vo 
fe =e 210 x 108 ah 
fi 0°875 x 108 
Allowable stresses in brass and steel are given to be 700 kg. jcom.* 
and 1000 ke./cm*" 
Ohviously in this case we will allow f- = 1000 Ax. /cem.* 
1900 
ae aie , fr 2 
fr 24 416°67 ke./com 
Fig. 277 shows the stress distribution. 
\toment of resistance of brass component 


2°4 





i 
m2 fen hd 
ts : x AICETX ETE 12 240 42 ke. com. 
3 
wioment cof teststance of steel component 
1 
2h sbds* 


, eee 
“Gg ¥ 1000 3°75 12 625 ig. orn 


Tout moment of resistance 
260°42-+ 625 -885°42 ke.cm. 
a Let the maximum concentrated load applied at the centre be 
he 
_ FEquating the maximum bending moment to the moment of 
resistance 


= 88542 kg. cm. 
HED =885°42 
W=47-22 ke. 


Case (ii). When the two plates are firmly secured throughout. 

In this case the two components act asa single unit and will 
have a single neutral axis. Fig. 278 shows the equivalent brass 
Section corresponding to the given composite section. 

The width of the steel component is magnified by the modular 
ratio 2 4, 
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3-75X2-4 -9em a Is 
Fig. 278 
Distance of the centroidal axis from the bottom edge 
_, (9X 1 X0°5)+(3'7S X 1 x 15) (0°79 
cm. 


ee (9x 1)4-(3°75 x 1) 
Moment of inertia of the equivalent brass section about the 
neutral axis 


“9793 3 
_9x0°79 cee eee Ae OTs 


ar 3 
=a 1°479 +0°028 -+-0°313-+-1°890 
= 3°71 cm. 
Fig 278 shows the stress diagram. 
fo O79 
fo V2 
te i a 
But fo’ = me: +4 
fe _079 
24f. 120 
: i om 1°56: 


Taking fr=1000 kz. /com.” 

Sue aie 
OT ee 38°16 kg./com?. 
Let M=M.R. of the section 


M_f 
I y 
f ,63816 
Ma ds Pap 37! = 1956°67 kg. cm. 


If W kg. be the central point load, 
Wi _WX15 _rocg: 
fo a 7195667 
of W= 104°35 kg. 
Problem 174. A composite beam is made by bolting an ISIC 
150 steel channel to a 15 cm.x7°5 cm. wooden beam as shown m 
Fig. 280. The composite beam is freely supported over a span of 4 


| 
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| metres. Find (a) the neutral axis of the composite section ;(b) the 
maximum uniformly distributed load that the beam may safely carry. 
Assume allowable stress in timber and steel as 70 kg./cm. and 1500 
g.icm.2. Also assume E for steel= 2X 108 kg./em® and E for timber 
-0 1X 108 kg./cm.2, and for the steel channel Iz2=471'1 cm* and ly 
=37°9 cm’ area= 12°65 cm2. Distance of the centroid from the back 
of channel= 1°66 cm. (A.M.1 E.) 


Solution. It is convenient to 
convert the given composite section /S5uC 150 
into the egnivalent stecl section. C4ANNEL 
This ts done by replacing the tim- 
ber section by steel section having 
adepth equal to 75 c.m. but hav- 
‘ng a width equal to 


width of timber component 














- if eS. ‘cepa }: Ee pags a cck a oe 
modular ratio rf eon 7 
In our case modular ratio Fig. 279 
eee Oe a. 29 
O1> 108 
Width of steel component equivalent to the timber section 
15 
“a = OTS om. 
20 : 
re ee IGM mm ot bet —— 5 C1) ———- - - 
a ES a a: 
! | | 
scm { } 
’ i t ' i ’ 
ye eed See anh est ey Ue Aes ed Rt ne nrg ce ea 
| ee SS Mae ae ees 
! a ., . le : j 
t C ' o ” x ee : ay ; / 
ee - : ee al -P5CM) / 
ene earn a / 
wat eines pie eee eee TT  VALENT | «SSIREES DIAGRAM 
BEE a ete epee EQUIVALENT : : ‘ 
a ne ia STEEL SECTION FOR STEEL 


tig. 280. 
Now consider the equivalent steel section. 
Distance of the centroidal axis from the bottom edge 
—7-e2 
0°75» 2 + 1265(75+1 66) 
~ O75x75+12 65 
Moment of inertia of the equivalent stcel section about the 
neutral axis 


7°50 em. 


a ja PRT 4.379 4 12°65(1'66)2 cnt 
== {78°24 cm.4 


Suppose the stress in steel be allowed to reach 1500 k2./em.? 
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- Stress in steel at 5°5 cm, from the neutral axis 
- 1500 kg./em ? 
Stress ia timber at 775 cm from the neutral axis 


- * 


_ 75 _ 1800 2.1995 samy 2 
a 70 kg.fem.*--102 2 kg.jcm. 


This is ereater than the permissible stress of 70 ke./em2 for 
timber 
Hence Jet us alow timber to reach a stress of 70 kg fom? 
~. Manximun, stress in steel 
rao a) 
as 10} & 20 kg. fem + 
7 
- 4027 ke fom. 
Let the safe distributed load on the beam be w kg. per mesre 
run. 


Se NGR RINT ete 


ae Me p Q c 100 Ky. Cm, 


900 
“= w kp, cm. 
8 
af 
But ba ue 
f 5 
: rey 4 1027 
eee. SNe lees 55 


w <9 Ag. fm, 


351. Bears of uniform strength 

Rea: 5 we came across are usually of ine same secuional area 
throughou the span But the bending meinent for the beam due 
to tne Ioac Sastets On itty not the same at all the sections. If the 
beam serge .esened so that at the sectton where the vreatest 
bending snoment v.curs the maximum fibre stress reaches the pei 
missthie ste t. obviously other sectinas the eatreme fibre stress: 
(Sarees. ainithe evmestble stress breme ctod. cneconorrceal 10 
provide a oceant oc aiferm setien. As fhe bending moment 
decreate. to wards tt + support, the section ef the bean: miay also be 
rejuced s that a’oesery section the extreme fibre strays reaches 
the permis ble sir ss A beam so designed wociMed a beam 7 
uniform stungth. the section of the beam may he varied (:} by 
maintaining constant depth and varying the width ; Giz) by maintain- 
Ing constant width and varying the depth © (ii\ hy varying the 
width and depth. 

Problem 175. 4 heam of spen I carries a point Ioad W at nid 
span. Find the shayx of the beam of uniform sirengit: (a) if the depth 
be maintained constian:t, (0) if the breadth be mamtained constant. 
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Solution. (a) Beam of uniform strength—constant depth. 
Let the permissible stress be f- 


The B.M. at any section Y distant x from the support (x<//2) 
given by 


. W 
M= -- x 





L—>| FLE VATION 
1 


ba rs 
PLAN 
Fig. 281 Fig. 282 
Let the depts and breadth at the mid-span section be d and b 
respectively. 
Let the breadth of the beam at Y be bx while the depth is 
constant at 


Equating the moment of resistance to the bending moment at 
X, we have 





Dee ge 
= a 


3H 
Hence the width should proportionately change with v. 


Atmid-span Le., at x= 5» the width of the beam 


ase ELEVATION 
OD ee eee 
PION sor 


Fie, 283 Fig. 284 
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3W 3WI 
fa? fd? 

(b) Beam of uniform strength—constant width. 

Let the depth and width at the midspan section be d and b 


tively. 
Cees tte depth of the beam at any section X distant x from the 


support be dz. 
oe Bauaning the moment of resistance to the bending moment at 


X we have, : 


mune Peon 


= 
2 





é fodb=-) x 
3 W 
2 me 
ds* = fo” 
3W 
dz= — ee 
ae 
; 3w es] 
At midspan, depth=d= Tie 
=.) 3WL 
2fb 


Problem 176. A beam of rectangular section carries a point load 
W which can be placed anywhere on the span of length 1. How should 
the depth of the beam vary in order to have a form of equal strength 
if the width be of the section remains constant along the beam Ignore 
the self weight of the beam. 


W 
A x b-X B 
xX h 


rig. 285 
Solution. The greatest bending moment occurs for the beam 
at mid-span when the load is at mid-span. 
Let the depth of the beam at mid-section be dm. 
Let the maximum stress at this section be f. 


Maximum bending moment = M = = 
Moment of resistance = 2 fb dm 
| o Wi 
6 fb dn? = 4 
3 WI 
f= 2 Odm= 


_Now consider any section X distant x from the end A. 
Maximum bending moment at this section will occur when the Iead 
1s at the section itself. 
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For this condition, 
Wi -x) 
i 
Let the depth of the beam at ila. section be d. 


Max. B.M. at X== 


The extreme stress at this ectsen should also be the same as at 
the mid-span section. 
oe M _ Wxtl-w) . b> 3 WI 
oe ae pies “<. = 


—— ae 


Z I © 2 hdn 
p Wel x) 6 3 WE 
Po pbd®@ 2 AD 
W 4d*x(1— x) 
e Pa ms 
or d= “ a/ x(/—x) 





This is the law for the varia- 


Fir 280 "won of the depth of the beam 
y awn the length of the beam. 
g 52” Shear stress distribution ox « beam section 
A, if 


aed TIRE, eaoe TREC EOY 









tas 
2 du, 
todo 
ra 
ease a at. ~ ee ie et nen papi raet cs | 
jj { 
: t 
; a WE. 1 AL EATER 
eae e saree rire 
wetness) fecih nape! Sacun’~ coteag ums beso ey eee a wd 
if a 





Any transverse section ct a beam is subjected to a bending 
moment and shes: force We have eather studied how the bending 
moment is resisicd by the section We will now discuss the shear 
resistance. 

Let atany scction AB the bending moment and shear force 
be Mand S iespectie'y. Let at another sectioa CD distant dx 
from the section 4B the B.M aad S.F. be (444+ dM) and (S-4-dS) 
respectively. 

Let it be required to find the hear stress intensity on the 
section AB ata distance yy from the neutral axis. On the cross- 
section of the beam, let EF bea ‘ine distant yi from the neutral 
axis. Now cw siver the part. tne eam above the level EF and 
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between the sections 4B and CD. This part of the beam may be 
taken to consist of an infinits number of elemental cylinders 


each of area da and length dx. Consider one such elemcatal cylinder 
at a distance y from the neutral layer. The intensity cf stress on the 


. 4 4 
end of the elemental cylinder cn the section 4B=f= fe where / 


=Moment of inertia of the beam section about the neutral axis. 
Similarly, the intensity of stress on the end of the elemental cylinder 
on the section CD 


Hence the forces on the Ree Seas (M+OM) | 45 
ends of the elementa! cylin- A yda-—e{ eee ies ep ee 
der are respectively (££ da i.e., 


ot y da and (ft df) da ie. 


ocemermn GE an 


Pe — — ape 
fe! } 
Hence unbalanced force 
on the elemental cylinder Eig. 288 
dM 2 ; ‘ . 
pope da. Considering all the elemental evlindess between the 


d 
oe, 





B D 
Fig, 2*9 
sections 4B and CD and above the level EF 
Total unbalanced force above the level EF and between the two 


sections AB and CD 
aM 


I 


per. } 
= fst 





. pda 
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where a=area of the section above the level EF and })=Distance of 
the centroid of the area above the level © ° about the neutral axis. 


Hence in order the part of the beam above the leve! EF and 
beeveen the sections AB and CD may ms! fal by shear due to the 


dk 
undalanced force of “ 


at ‘svel KF must offer a shear resistance. :° the width of the 
herwat the level EF is b, the mtensty of | oiizontal shear at the 
lev 2) FF 


aj} the hovssvental section of the beam 


_ Unbalanced fore 


~ 


Sear ured 
dM abe 


Ee ORR” oe 
dM ou 
dx dt 
wut aM eat } 
dx 
_ Sap 
[h 


This shear stress is the homvon al stear s'ress at the distance 
3, om the neutrabaxvis. By the pomeple a complementary shear. 
thos horizontal shear stress iS accorsoonmed be a vertical sear sie > 
y of the same intensity. 


§ 52 Shear sireSs distribution fur bean. «tions of various shapes 


A j B ta Rectangihiar section, 
OI SUA ORS Pio Jed snows a rechunular 
section of width & and depth 
2 fer the section be sub- 
rected 10 a shear force 4. 


Cousider a level FF at 


a distance y from the neutral 
SENT 





The imtensity of shear 

stress af this level is given by 
Sul XS 

[bh 


where ad isthe moment of the area ahove EF shown shaded about 
the noutral axts. 
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300 
f lyd 
Ate Seep aeeatale 
ay=b{-9 y). sale ty 
aa d* 2 
2\ 4 
A 3( ee 2) 
DS ibs NA 
bd? 
But 1) 
2 S o0 ( es 
fd b 2 4 a 
4S, d* 
Sh (els emes 
4 pg\ 4% 
d 
At the top edger, ats  , .49=0 
At the neutral axis, 7e , at p-=0, 
Ue Yea 
Y id? 4 ? bd 
‘ 
Average shear stress q.:.. 
bd 
Qu ae 4 Guy. 


Hence the mature of 
dion is 15 times the avcrag: 


a 


we stress intensity for a rectangular sec- 
hed? SETOSS 


Problem 177 


A rectousutar beam 10 com. wide is swijected to a 


maximum Shear force oF 000: 9 the corresponding maximum shearing 
stress being 30 kgoccm? Find ie depth of the beam. 


Solution Let the depth of the beam be cd cm. 


Maximum shear stress x average shear stress 


’ 
. 5000 

10xd 
_ 9000 
10 « 39 


hg /om-* 


* - Cm, 


3 
2 
z 
se 
Som, 
. ‘sant ty simply supported at the ends and 
carries a concentrated load at nud span. The maximwn longitudinal 
Stress is f and the maximum sivaring stress isg. Find the ratio of 
the span to the depth of the tocar: ignoring the self-weight of the beam. 

If f=120 kg.iom? anda 10 kg jem, find the ratio of the span 
to the depth. 

Solution. Let the width and depth of the section be 6 and d. 


Let / be the span. 


1X a apn Rs shh NAM 


-~. 


Problem 178. 4 fimin: 
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2 rm the concentrated load placed on the beam at the mid span 


W 


Maximum shear force= S= - 7 


: 3 
Maximu™ shear stress =q = a x Average shear stress 


ese. iss. 
2 2bd 
2W 
1 aha (i) 
: Wl 
Maximum bending moment= M= ae 
2 
Section modulus = Z= oe 
: , _M_ WI 6 
Maximum bending stress = f= 7 4 BE 
3Wl 
f= 5p 7 (ii) 


Dividing eq (i) by eq. (ii), we have 
g _3W 2bd’_ ad 


f 4bd  3WI ou 


BUI les ie 
d 2q 
When f=120 kg./cm.? and q=10 kg./cm.” 
d 2x10 


Problem 179. A timber beam 10 cm. wide and 15 cm. deep 
supports a uniformly distributed load over a span of 2 metres. If the 
safe stresses are 280 kg./cm.2 longitudinally and 20 kg./cm.? in trans- 
verse shear, calculate the maximum load which can be supported by 
the beam. 


Solution. Let the maximum total uniformly distribuited load 
on the beam be W kg. 
(i) Bending stress consideration 


Maximum bending moment = M= ue 


=Wx te kg. cm. 


=25 W kg. cm. 
But, M.R.=B.M. 
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1 fod? = xX 280x 10x 15225 A 


“DRO x 10x 1*%* 
6x25 


Gi) Shear stresy consideration 


W- = 4200 kg. 


Maximum shear force S~- —,- keg. 


ad 


Maximum shear stress x Average shear stress 


th 


W 
‘4 ? 


2 
> iors Elem 


* aay Ag.jcm. 


Limiting the shear stress to 20 kg.jem.? 
et et 
oe 
200 
Mo -300 Ag. 
Safe total load oa 1 be ant =4000 hg 


Safe umtensity of ine load= = = 1000 4 g.im. 


Problem 480. 4 sinipts supported a heamis 10 em. wide 


and 20 cot deep carries a jut load W at the middle point of the span. 
The permissible vircsy in itesure and shear are 100 kg.jom? Sad 
I ky fem= respectively fgionne the setf-weight of the beam, Calli Ue 
late the span feagth below aiuch the shear stress will govern the safe 
load and above which the hc adine stress will govern the safe load. 


Solution Ler WA be the safe point load at inid span. 
Let the span be fateties 


; 2 bi” 
Maximum shear furce S “3 kg. 
3 Ne 
Maximum shear siress ~ average shear stress = 15 Ag./em ~ 
3 S 
—— = 5 
Z 10x 20 


S-- 2000 kg. 
a Ho 628) 2x2000=4000 ke. 
Maximum bending moment 
4000 x / 


2. 4f -- ————— & 100 Ag. cm 
\f 4 £ 


=100,000 IT Kg. cm. 
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Equating .he maximum bending moment to the moment of 


resistance of © f bd?, we have, 
100,000 7-= ~ x 100 x 10 x 20° 


}== 


metre 


If the span exceeds +. -meire the bending stress wil! govern 


the safe load. 
z 


If the span is less than -> merre the shearing stress will 


govern the safe load. 


Problem 182. 4 semply supported wooden beam of span 130 
om, having a crass weetivn bS om. wide by 25 cm. deep carries a cen- 
eentrated load UP at (ie centr:. Allaweble worl ing stresses are 

cue Fhe Jom” (bending) 
yg lithy fem (shear) 

What istic sete load W” (4.M.1 E. November, 197. 

Solution 
Lif Hx 130 
Maximum B.M, AM Seer re 
4 4 
i? 
2 


Ay. cPrt. 


re 


Maximum S.F. S ke. 


Bending stress consideration 
Equating the max. B M_ to the moment of resistance 


4 {30 } 2 
. -m~— xX F« 15 «%25* 
M4 4 6 j 
=: 3765 ky. 


Shear stress consideration 


: 3 
Max. Shearing stress=- ~7- < uverage shear stress 


2 

3 WwW’ 
102 ee 
2 225 

W =5000 kg. 

“. Safe load W=3365 hg. 

Problem 182. Determine the concentrated load which when 
Placed at the frve end of a cantilever of length 1 m= would produce a 
shear stress of 15 kg {emt2 at the level of the neutral axis of the section 
carrying the maximum shear Assume that the beam has uniform 
rectangular crass-section 20 cmt. X 40 cm. 
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Hence compute the maximum compressive and tensile stresses 
due to bending over the cross-section at the fixed end of the cantilever. 


Solution. Let W be the concentrated load applied at the free 
end of the cantilever. 


Max. S.F. =S. W 
3 
Max. shear stress =-—- x average shear stress 
3 WwW 
so is 2 


W=8000 ky 
Max. B M.= Af—-8000.< 1 x 100 kg. em. 
~ 800009 kg cm. 


Equating «he moment of resistance to the maximum bending 
moment 


: fbd*? M 


“go XX 10 x 402. 800000 


SH kefcm* 
(») Solid circular section 
_ Fig. 291 shows a solid 
circular section of radius r. 


Consider any level EF 
at a distance y from the 
neutral axis. 


Width of the section at 
the level EF 





iD Vr —y? 
Moment of the area above EF about the neutral axis. 
r 


ay -| ~yrv' y ~ dy 


Pee NY, 
Let 2 V r2— = y 
—8y dy --2u du 
I 
y dy=-- a ¥ du 
0 
ay =| — + u? du 
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Shear stress at the level EF 


qe DY. 
Ip 


where b=width of the section at the level EF 
= EF=2\V/r2—yraoy 


S 28 
a= T° 12u 


_S 2 
07° 


S 
eign eae 


S 
= 2 — 12 
ap Yd 


Bu [= i es 


Sx4 
I= 3x4 (ry?) 





4 Ss 
ae ee ( 2... 2 
q 3° nr’ VP y ) 


Hence the shear stress distribution is according to a parabolic 
aw. 


At y=r, i.e., at the extreme distance from the neutral axis, 


q=0 
At y=0, i.e., at the neutral] axis, the shear stress 
S 
=qnar= ys . a 
But the average shear stress 
S 
ee a0g pe 


Qmax => q avg 


(c) Shear stress distribution in an I section. 
Fig. 292 shows an J section. Let Band D be the width of the 
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flange and overall depth. Let 5 
and d be the thickness of the web 
and its depth. 
Shear stress distribution in the 
flange 

Width of the section at a 
distance y from the neutral axis 

= B 


Area shaded 


D 
=B(-3-» } 


Centroidal distance of this 
area from the neutral axis 


(a+) 


® 





Fig. 292 


Shear stress 





At y= zs 
q=0 
At y=, 
~ie-4) 
= =(De—d9 


Shear stress distribution in the web 
Width of the section at a distance y from the neutral axis=b 


ow 
~ 1b 


STRESSES IN BEAMS 


But a¥=moment of the flange 
area about the neutral s————— 
axes 


-+-moment of the shaded 
area of the web about 
the neutral axis 


ae (4 ¥)x (449) 
(Dd) +5{ +») 


Shear stress 





Fig. 293 


ae tate 


_B Sones s(a } 
I=. g(a) + FFG 


Hence in the web also the shear stress follows a parabolic law. 





Fig. 294 
d 
q— 2S (ta) 
At y=0, i.e., at the neutral axis, 


S(ot—a+ SE 


oa 


Gin am ax 
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Fig. 294 shows the shear stress distribution diagram. It may 
be noted that at the junction of the flange and the web the shear 
stress abruptly changes from 


S B S 
aT (D?— d*) to i ley (D? — d?). 
Problem 183. A beam of I section 50 cm. deep and 19 cm. 

wide has flanges 25 cm. thick and web 1°5 cm. thick. It carries 
shearing force of 40 tonnes at a section. Calculate the maximum in- 
tensity of shear stress in the section assuming the moment of inertia to 
be 64500 cm.4. Also calculate the total shear force carried by the web 
and sketch the shear stress distribution across the section. 


(A.M.LE.) 
s9CM. 


Selution. Maximum intensity of shear ie 
stress will occur at the neutral axis. This sca 
shear stress is given by 


27-5 M1. 


where S=maximum S.F. 
a) = moment of the area above the neu- 
tral axis, about the neutra! axis. ae 
Il=moment of inertia of the whole 
section about the neutral axis. 
6-= breadth of the web. 
In our case, 
@ =19X2°5 2375415 x*225x 1125 cm.3 
== 1128°125+379°688 cm 3 
= 1507°813 cm.? Fig. 295 
_ 40 1507313 ; Jem2 
Gmaxr== 64500 X15 onne[eom. 
=:0°6233 tonne|/cm 2 
Shear stress in the flange at a distance y from the neutral axis 
Sa 


= = B=19CM. 

IB 

(25+y) 
2 

=> (625—y?) 


: S B 
Ss q= TR > (625—y*) 
S 











ey = B(25— y) 


qI= FF (625— y?) 


.. Shear resistance offered by an ele- 
mental strip of the flange 19 cm. wide and 


dy cm. deep. Fig. 296 


=q da=qx(19 dy) 
-> (625—y%) 19 dy 


19 S$ 


.. Shear resistance of one flange 


i9S 


22°5 
19S aed 
a 625 (25—22 5-4 29—zrsy} 


19S 


19x 40x 151 ; 
= 2 x 64500 one. 


=(0 89 tonne. 
Total shear resistance of the two flanges 
==0°89 x2=1°78 tonnes. 
Total shear resistance of the web 
== 40— 1°78 tonnes 
== 38°22 tonnes. 
Shear stress distribution across the section 
Shear stress in the flange 22'5 cm. from the N.A. 


s x Moment of the flange area about 
the N.A. 

ete rey 2 

= 55600 x19 x 19 2°5 xX 23°75 tonnefem. 

= 003681 t/cm.? (say 0°037 ¢/cm.*). 
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Shear stress in the web at 22°5 cm. from the N.A. 


=i x 003681 t/em.2 


= 0 4662 t/cm.2. 
say 0°466 t/cm.2. 
Problem 184. A / section has flanges of width b and the overall 
depth is 2b. The flanges and the web are of uniform thickness t. Find 


the ratio of the maximum shear stress intensit 'y to the mean Shear 
stress intensity. 


Solution. Let the S.F. on the section 
be S. Area of the beam section, 


A=2bt+1t (2b—2r) 
A=2bt+ 2bt—2t* 
A=4bt+2t?=4bt 


since 222 is a small quantity. 


Moment of inertia of the. section 
about the neutral axis 


b(2b)3 
12 


(b—t)(2b- -21)° 
12 


== J. 





2 4 2p ys 
ag 5 3 (6 t) 


=4 [ 24-629] 


2 bad ‘ 
=3 |o+—(o 40%) Omitting terms in- 
volving t?, ¢3 and 14 
ac x 4b 1 


8 3 
ay ot 


Shear stress is maximum at the neutral axis. 


ay==moment of the area shaded about the 
neutral axis (Fig. 298) 


S t\, (b—t)*t 

bt t t 
Sg cs A Sey eee ae RO 
= bt a+ bt? +- > 


bt neglecting terms involving f* and #5 


comes 
ere 
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3 49 
SX ~-bit 


oe Re, 


Qmag= 
3 he Xt 


eo Se 
~ 16 bt 
The average shear stress 


== (Jarerage== ae 


Ss 
~ 4bt 
Gmaz 9S Abt 
Javerage 16 ° bt ° S 
9 
=7 == 2°25 
Problem 185. A beam of span L metres simply supported by 
the ends, carries a central load W. The beam section has an overall 
depth of 29 cm., with horizontal flanges each 15 cm.x2 cm. and a 
vertical web 25 cm.X1 cm. If the maximum shear stress is to be 450 
kg.{cm.? when the maximum bending stress is 1500 kg./cm.*, calculate 
the value of the centrally applied point load W and the span L. 


Solution. Fig. 299 shows the - 
section of the beam. pemenm 15 CN) ——>4 


“x. 
’ 2 ; ecm 
Moment of inertia of the section 


about the neutral axis 


15x298 14x 258 


= fener 4 
i 12 ins 2 25cm 
= 12260 cm.4 


Span=L metres 
Point load at mid span=W kg. 


Maximum shear force 





Fig. 299 


W 
=$= “> kg. 
Maximum shear stress occurs at the neutral axis 


_ Say is 2 
Qmaz= 1b 450 kg./com. 


ay=moment of the area above the neutral 
axis about the neutral axis 
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=(15213°5)+(1 X 12'°5 X 6°25) cm.8 
=405-+-78'12= 483'12 cm.3 
Say W 483°12 = 
Te ™ 2 * T2260x1 ~ 4 
450 X2 x 12260 x 1 
W= “48312, «KE 
W= 22840 kg. 
Maximum bending moment 
WL 


= Y4=——— 


4 


a kg. im 


= 571000 L kg. cm. 
*, Maximum bending stress 


= f= y=1500 kg./em2 


571000 L . 29 
as 12560 * 9 = 1500 
1500 x 12260 x 2 
b= 57100029. ™ 
a L=2°221 m. 
Problem 186. The T-shaped cross-section of a beam shown in 
Fig. 300 is subjected to a vertical shear force of 10%. Calculate the 
shear stress at the neutral axis and at the junction of the web and the 
€. Moment of inertia about the horizontal neutral axis is 
11340 cm. (A.M.1.E., May 1967) 


. eee ree Solution. Distance of the neutral 
—— oe ' axis from the top edge 


ecm. 20x 5x 3-+20x 5x15 
ie 20002@€22~C—*~—t*—~—‘ Sere 
= 8°75 cm. 
20cm. Shear stress at the neutral axis 
=o... SY 
Gna" Tb 
: 10x ( 100 x 6:25+3'75 x5x >" 
beh = OK 


Fig. 300 =0°1164 t/cm?. 
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Sa 7 


5m. 


seek 
7a cm. 





Fig. 301 
Shear stress in the web just at the junction of the web and 


flange 
_10x 100x625 
11340 x § 


Shear stress in the flange just at the junction of the flange and 


=(°1103 t/em.® 


web 


ee 
=a x 0°1103 


=(0°0276 tiem.4 


Problem 187. A simply supported beam carries a uniformly 
distributed load of intensity 30 kg./metre over the entire span of I 
metre. The cross-section of the beam is a T-section having the dimen- 
sions as shown in Fig. 302. Calculate the maximum shear stress for 
the section of the beam. (A.M.LE., November 1972) 


RS CM 


E5 [ 
Solution We will first determine - 
the position of the neutral axis and the 
moment of inertia of the section about i 
the neutral axis. The relevant calcula ™5¢M 
tions are shown in the Table below. 


LSM 


Fig. 302 
Distance of centroidal axis form the top edge 
_,. ray  531°25_ 
gt ey eee Ya arene 15 nae 7 08 cm. 
Moment of inertia about the top edge 1 --1 
== Jy_y=Zleery + Zay? 


= 1132'28 + 5585°97=6718°25 cm.4 
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Se eet eee rere Ae SAE, obs -onwete —emina ee ge Ss 


a i 











Area «| centr Centroidal ) : | 
a distance y ay ay | I. 
Component (cm)? | from 1—I | (cm) (cm)* (em) 
—— (cm) | 
| er 
12°5x2°5 
Flange 31°25 39°06 =—s_« 4883 ape 16°28 
12 5x2'5 | 
Web | 4x75. | 2s =} 49219 553714 | 25XITS_ 
175 x2'5 | 2 
Total | 75 ' 531°25 Ee 97 | 1152°28 
See See ek Sees 
But hy = Iez+ Aj” 


Izx=2959 cm.4 


25cm Max. shear stress will 
occur at the neutral axis 


Say 
Ib 


Max S.F.=S 


Qmaz~ * 


_ 30 x 100 
2 





__ 150025 x 12°92x6'46_ 4 an 
Qmac= 9959 x 2°5 g. : 


= 42°32 kg./cm.* 

Problem 188. A beam is triangular in section having a base b 
and an altitude h. It is placed with its base horizontal. If at a cer- 
tain section of the beam the shear force is S, find the maximum shear 
stress and the shear stress at the neutral axis. 








= 1500 kg. 
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Solution. 
Moment of Inertia about the neutral axis 
bh 


36 
Let the shear stress intensity be g at a de 
Width of the beam at a depth y from the top 


pth y from the top. 


’ 
= b meal oe 


é h 
_ say 
TSB. 


For q to be a maximum, 
dG: =i? 3(n-2)=0 


dy bh® 
=—3 
wD Sons phos. 
Qmaz™ 413 ° 2 ° 2 ~~ bh 
To find the shear stress at the neutral axis, put 
2 
yoy h 


8S 


= = } h = 
qra~“pp3 “3° ° 3 3 bh 
Problem 189. A beam of square section is placed horizontally 
with one diagonal placed horizontally. if the shear force at a section 
of the beam is S, draw the shear stress distribution diagram for the 


section. 


A 
Lo 
4 |p Q 
N A 
Ya 
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Solution. Fig. 305 shows the square beam section with one 
diagonal placed horizontally. Let the length of the diagonal be d. 


Moment of inertia of the beam section about the neutral axis 


d\3 
aia (3) a 
12 48 
Consider a point in the section at a depth x from A. Shear 
stress at this point is given by 
_5az 
7 Ib 
where a=area above the level PQ 


}=centroidal distance of the shaded area from the 
neutral axis 


b=width of the beam at a depth x from A 


anit and yn(4—2x )=1( s4ae ) 


RR 
T= 


3 6 
b=2x 
+ 3d —4x } 
= Sx2_-— -—--- --— 
q & ( d4 
=) xX 2x 
Se NMS aes 
I~ 7 ( 3d—4x ) 
At x=0, i.e., at A, g=0 
At Xt a f.e., at the neutral axis, 
4S d 4d\_285 
wh’ Arete) ats 
S 
V —~ Qqv9 = 
Average shear stress-- gavy area of beam section 
(ey 
2 
ore avg = na 


For the shear stress to be a maximum 


dq 48S 
dy 7 dt ( 3d—8x J=0 
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ié, road 


Hence at a distance of ad from A maximum stress occurs. 


Puttingx=-5-d in the general expression for the shear stress. 


the maximum shear stress is given by 


4§ 3 3 
maz =—“q - 34 (31-4x 2d } 


S 
 d 
2S 
(Ce) 


qmae eo Guvg. 


c alo ajo 


Problem 190. A laminated wooden beam 10 cm. wide and 15 cm. 
deep is made of three 10 cms. x5 ems. planks glued together to resist 
longitudinal shear. The beam is simply supported over a span of 2 
metres. If the allowable shearing stress in the glued joints is 4 kg. per 
em.*, find the safe concentrated load that the beam may carry at its 
centre. (A.M.LE.) 

Solution. Let the safe con- 
centrated load at mid span be W 
kg. 

Moment of inertia of the 
section about the neutral axis 

_p= 1X1 se 
c 12 


=2812°5 cm.4 


Maximum S.F=S="5 kg. 


Shear stress at the glued 
joint 


cm.4 











=q=—5 = 4 where aj is Fig, 306 


the moment of the area shaded about the neutral axis. 
Wy 10%5X5_ 





2 “381x510 7 
—4%2x2812'5X10 , 
W=——Toxsxs  *8* ne: 


Problem 191. For the section shown in Fig. 307 determine the 
shearing stresses at A, B, Cand D fora shearing force of 20 tonnes 
and find the ratio of the maximum to mean shear stress. 
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ee cm! 


f9Em, Shear stress at A 
ay=(0) . g=0 
Shear stress at B 
iE a9 =12'5X 25x 625 cm.3 
=195°31 cm.? 


=O - _ 20x 195°31 
~ 3025x125 


=0°1033 ap te 


Solution. Moment of 
~ (866%, ——-] 
—4 inertia about the neutral axis 
256M. xx 
on 2 SxS % X 104 4 
25cm. P = [= eq em. 


Fie. 307 


Shear stress at C 
yas 
ay=(12°5x5)5—[ 2x dy. y 
yer 
5 
=312°5— [ v25—98 2y dy 
2'5 
5 
1 2 2)3 /2 
= 312 Sty (25— y*)3/ 
2°5 
=3125+ “| 0—(18°75)*2 ] 
=312°50—54°12=258°38 cm.? 
Width of the beam at C 
=12°5—2V25—2'5? em. 
= 12°5—8'66 cm =3'84 cm. 
oD 
1” Ib 
20 X 258'38 
3025 x 3°84 
=0°445 tonne/cm.2 


tonne/om.4 


Shear stress at D 
> 


ay =12°5X7'5X3°75— [v 25—y8 2y dy 
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= 351'56—2 (25)8/2 
=351°56—83°33=268'23 cm? 
5a? 
7 Ib 
__20 X 268° 23 
3025 x 2°5 
==0°7092 tonne/cm.? 
Problem 192. A beam section is a regular hexagon of side a and 
is placed so that one diagonal is horizontal as shown in Fig. 308. If the 


beam section be subjected to a shear force S obtain an expression for 
the shearing stress q at any distance x from the diagonal, and hence 


find the ratio of : 
(i) Shearing stress at the neutral axis to the average shearing 
stress, 


tonne/cm.2 


a 
(ii) Shearing stress at a distance -> from the neutral axis to the 


average shearing stress. (London University) 
Solation. Moment of inertia about the neutral axis 


=I=M.I. of the rectangle 
=M.I. of four triangles about apex 





a 
1 ee ohare 

Fig. 308 e 309 el 
— v3 af S30) 3] 


_3v3 a 


At any level EF distant x from the neutral axis width of the 
section | 


2 
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V3 (avV/3—x) 


Shear stress at the level EF 
__,__ SAP 
4d 1b 


A} =moment of the shaded area about N.A. 
Moment of an elemental area about the neutral axis=bx dx 


Zz 4 x(aV3—x) dx 
Moment of the shaded area about N.A. 


V3 


a 


a 
= * | (av 3x—x*) dx 


x 
sev, 2 
-3 4 °° 2 xe 3 


SAD 
a 
s aeV3__ av/3 ce “| 
rk ceo “s 
5v3 at + 
i6 7 (v3 


Se ak we s) 


__ 168 4 
I "5 \/3ai av3—x 
Shear stress at N.A. 
Putting x=0 in the expression for the shear stress we get 


_ _ 16S ¢ cv | 
qna= 57 3q4 [ 4aV3 
4 =S 
53 a- 
04618 > 
an 


a 
Shear stress atx= 7 
a 


Putting x= 7 in the expression for the shear stress 
By 3 3 aV3 @& Galind 1 ee 
: 6S { 4 ~ 2° 4 3° 8 
Ube 74g aa aaa 
5V3a av3—4 
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=0'386 

Jortrore = area 
os OE ae 
~ > 34/3a° 
=0386 
oe 0386 71? 

and ‘oe =p. 


Problem 193. Three planks each 5 cm. x 20 cm. are arranged to 
form an I section as shown in Fig. 310. The 
section is subjected to a shear force of 1400 kg. 
Suggest an alternative rectangular section of the 
same material so that the same maximum 
shearing stress is produced due to the same shear 
force. The width of the rectangular section 
shall be two-thirds the depth. 

Solution. Moment of inertia of the 
/ section 


= 1b [20 x 303—15 x 203] cm.4 
= 35,000 cm.4 


The maximum shear stress will occur at 
the neutral axis. 





Fig. 310 
a} =20 X 5X 12°5+5X10x5 cm.4 
= 1500 cm. 
Maximum shear stress 
Sap 


1400 x 1500 9 
=35000x 5 “8-/em- 
=12 kg./em.® 
For the rectangular section, let the depth be d cm. 
.. breadth =z d cm. 


Sectional area -+ d2 


Maximum shear stress= 5 x average shear stress 


322 
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go a igiom? 
Dare 
Sod 
3 
3 3 1400 
ea tN eee ees 
d"=7 * 3 X49 
d=162 cm. 


b= 2 d= x 16°2=10°8 cm. 


Problem 194. A cantilever 3 metres long is fabricated from five 
wooden planks 5 cm. x 15 cm. fastened together by vertical bolts 19 mm. 
diameter as indicated in Fig. 311 which shows the cross-section of the 
cantilever. The bolts are provided at a spacing of 12-5.cm. The 
cantilever carries a uniformly distributed load of 330 kg. per metre 


including its own weight. 
metres from the support. 
of contact of the'planks. 


$15 Ch mmm 


Wels a 
gs Ta 


ae 


Wr 
— Ss 
3 





Find the shear stresses in a bolt located I'5 
Make the calculations of all the four planes 
(A.M.1.E.) 


Savee. 





Fig. 311 
Solution. Moment of inertia of the section 
15x 253 
= 0 em 330 kg/m. 
‘ ri 7 
= 19531 em4. tS —— = -- -~ }5M.- 
S.F. at 1°5 metres from the } 
support 
= 330 X1°5 kg. =495 kg. Fig. 312 


Shear stresses at the planes of contact are as follows 


qea= Teh = «92521 X15 


Say  495x15x 5x10 





kg./cm.” 
= 1°268 kg./cm.” 
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Say  495x15x10x7°5 


Get==— — = 


Ib 19531 x 15 
= 1°901 kg./em.? 


Shear stress in the bolt at the plane of contact CD 
Horizontal shear per pitch length 
=YoaX px b 

=1°268 X 125 X15 kg. 





kg./cm.4 


Area of bolt =7 x 192 cm? 
==2°835 cm.2 
; oa 1°268 X 12°5 X15 
. Shear stress in the bolt= 335. ~CO 
== 83°87 kg./cm.” 


Shear stress in the bolt at the plane of contact EF 
Horizontal shear per pitch length 
=Ger XpX b=1°901 K 12'S X15 kg. 


; : « 
*. Shear stress in the pot ee kg.jom.2=125°7 kg. em? 


Problem 195. Three planks, each 20 cm.X6 cm. are bolted 
together by 12 mm. diameter bolts to 
form an I section beam as shown in 
Fig. 313. The beam carries a central 
point load of 2500 kg. If the shear 
stress in the bolts is not to exceed 800 
kg./cm.2 find the pitch of the bolts. 


Solution. Moment of inertia of 
the section about the neutral axis 
20 x 323 14x 203 ar 


mene Semanal ee 
I 





12 12 
== 45840 cm.4 
Maximum shear force= oe 
= 1250 kg. 
At the junction of the flange 
and web, the shear stress 
Soy 
Ib Fig. 343 
1250 20 X6 x13, ° 
=~~"45e40x6 — “8-/¢m. 
==7'087 kg./em.* 


Let the pitch of the bolts be p cm. 
Horizontal shear per pitch length 
=abxpxa' 
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=6 X p x 7087 kg. 
=42'522 p kg. 
Safe shear per bolt 
Spe 
4 


=800X — x 1°22 kg. 


4 
42'522 p+800 x ri 1°22 


p= 21°28 cm. 
say 20 cm. 


Problem 196. The box beam shown in Fig. 314 is made up of 
four 15 cm. x 2°5 cm. wooden planks connected by screws. Each, screw 
can safely transmit a shear force of 125 kg. Estimete the minimum 
necessary spacing of screws along the length 35 the beam if the maxi- 
mum shear force transmitted by the cros3-section is 500 kg. Sketch 
the corresponding shear stress distribution across the section 

(A.M.LE.) 


Solution. Moment of inertia of 
the beam section 
7 115x208 10x15 
re Sa ue iD ene 
== 7187°5 cm.4 
Shear stress distribution 
Shear stress at 10 cm. from 
N.A. =0 
Shear Stress in the flange at 
75 cm. from N.A. 





Say 
~ JB 
SMOXI5X2'5xX875 ) 1g 
"7187515. *B-/em- 
Fig. 314 1°52 kg./em 2 
Shear stress in the web at 75 cm from N A. 
= x 1°52 kg./em2 
=4°56 kg./com? 
Shear stress at the neutral] axis 
___ 500015 X2°5 X8°75+2 x 2°5 x 75 x 3°75) k : 
= TIST5 x(2X25) 8./cm. 


== 6°52 kg.jom.? 
Minimum pitch of screws commecting the flange and the web 


Horizontal shear stress in the web at the junction of flange and 


= 4°56 kg./cm.2 


web 
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Let the pitch of screws be p cm. 
Consider one pitch length. 
Horizontal shear force at this level for one pitch length 

= 4°56 x (2x 2'5) p kg. 

=22°80 p kg. 
Equating the horizontal shear per pitch length to the shear 

strength of the two bolts, we have, 
a 15 CM. 


= 
j 


1-52 kgjam? 









Fig. 315. Shear stress distribution across the section, 


22°80 p=2X 125 


2x 125 —1] 
228 cm.==11 cm. centers 


Problem 197. Siow that the difference between the maximum and 


the mean shear stress down the rectangular web of an I-joist is <r 


be B 





SS eo eee 





Fig. 316 
Shear stress distribution 
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where S is the shear force ata section, d the depth of the.web and I, 
the moment of inertia of the section about the neutral axis. | 
(University of Mysore) 


Solution. Let B be the breadth of each flange 
Let D be the overall depth. 


Shear stress jn the web at the junction of the flange and web 
= Kc= > (P92 $)3 
OTe E 2 \ot7)> 
ae SB. 5 
3m D4] 
Maximum shear stress in the web 


=ND= ls (D~d) | (F+ $e 


1b 2 2° 
dd 
+b § Z] 
_ SB enya, Sd? 
gi Pat ey 


Shear stress in the web changes from KC to ND following a 
parabolic law. 


.. Average shear stress in the web 


=Gutan™ KC+4-MD 


But Ni, D=ND— KC 
_ Sd” 
8/ 
_ SB prep, 2 Sd? 
Gmean = 375 (P d“)+ 7° 87 
_ SB iene Sd? 
= spp (D°- 44+ 195 
_ ape ©8) one_ 72. S47 
But Qmaz= ND 815 (D d a 81 
; ee we ode de 
PNR OT 
5a 
24] 


Problem 198. A cantilever of I section 30 cm. 15 cm. with a 
uniform thickness of flange and web equal to 3 cm. carries a uniformly 
distributed load. Find the length of the cantilever if the maximum 
bending stress is four times the maximum shearing stress. 


a 
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Solution. Let the length cf the p15 cm—+} | 


cantilever be / metres. 


Let the loading on the cantilever 
be w kg./metre run. 


Let the moment of inertia of the 
section about the neutral axis be J cm.4 
Maximum shear force 
=S= wl kg. 


Maximum shearing stress 


_ Say 
maz Ib 





= Wr[1Sx3x13S+3X12x6) 
kg.lem? fae 


- ae wl kg./em.« t 


Maximum bending moment= M Fig, 317 


2 
= ” x 100 kg. cm. 


.. Maximum bending stress=fines= .y 


wl? _ 100 
See 2 
3 7 X15 kg./em. 
wl* 
== 750 “7p kglom? 
But fmae==4 Qmaz 
wl? _4xX823°5 
0 = 
50 i ar wl 


l= 1-468 metre 


Problem 199. An I section beam has 20 cm. wide flanges and an 
overall depth of 50 cm. Each flange is 2°5 cm. thick while the web is 
2 cm. thick. Ata certain section the bending moment is M kg. cm. 
and the shear force is Skg. Find what percentage of M and S are 
resisted by the flanges and the web. 


Solution. Moment of inertia of the beam section 
fx? x 503_ 18x 453 : 
12 12 
=71646 cm.4 





m.4& 
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Resistance to bending moment 


, BCR, 
Maximum bending stress in xs, 
the web 
M d 

eee) 

_MXx22'5 2 

~ "11646 kg./eom. 25am 

22:5 CM. 
.. Moment of resistance of the 

web = , Sbd? | 


=H MX22'5_ 2 
6 i646 *2* 45 
kg. cm. 


=0'212 M kg. cm. 


.. Moment of resistance of the 25CMB 
two flanges 


=M-—0'212 M=0'788 M | | 





le. the web will resist only 
212°’ M while the two flanges 
together will resist 78°8°% of M 


25CM. 


Fig. 318 


ay 8220 CM. 









‘90828 S 
4 kg fem? 


Fig. 319 


Resistance to shear force S 


Shear stress in the flange at any distance y from the neutral axis 
Say 


ee 0 = wee 


IB 
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S BQ5— y G5) sty) 


_ Le 
TY; (625—y*) 
Consider an elemental flange area of width B=20 cm. and 
height dy at a distance y from the neutral axis 
Shear resistance of this elemental flange area 


=; (625—y?) 20 dy 


= 05 (625—y2ay 
Shear resistance of one flange 


25 


= “ : | (625—y?) dy 


22°5 
“ST 625 (25—22°5)—} (253—22'53) ] 


a aS. (151°04) kg. 


eS x 151°04 
—H646 SKE: 
=0°021 S kg. 
Since there are two flanges, the total shear resistance of the two 
flanges 
oe =0'021 Sx2 kg. 
=0'042 S kg. 
Shear resistance of the web 
= S§—0°042 S kg. 
=()'958 S kg. 
ie.,the two flanges together wiil only resist 4°2% of S while 
uu. - eb alone will resist 95 8% of S. 


..'ternative method of computing the shear resistances of flange 
and web. 
Shear stress in the web at the junction of flange and web 
ee) 
aap 
"SX 20x25%23°75 , 1s 
Ti646x2 ~«‘*8-/em 
=0°008285 S kg./cm.2 


330 STRENGTH OF MATERIALS 


Maximum shear stress (which occurs at the neutral axis) 


S ea : 
= maz = Aeexa| 202 5X 23 754+2%X 22°75 X 11 25 | 


kg./em.2 
=0°01182 S kg./cm.? 
The shear stress in the web follows a parabolic law varying 


from 0 008285 S kg./cm.2 at the junction of the web and flange to 
0°01182 S kg./cm.* at the neutral axis. 


Average stress in the web 

=0°008285 S+4 [0°01182 S—0°008285 S] kg./cm.” 
=0°01064 S kg. /cr.2 

Shear resistance of the web 

= Area of the web X average shear stress in the web 
=(45 x 2) x0°01064 S kg. 

=0°958 S or 95°8% of S 

Shear resistance of the two flanges together 


=4°2% of S. 
§54. Shearing stresses in a channel section—Shear centre 


Let a channel be used as a cantilever subjected to external 
vertica!] loading. Fig. 320 7) shows a short length dx of the channel. 
Let the bending moment increase from M to M-+-8M over this short 
length. Let us now consider a small rectangular elemental part: 
ABCDEFG from the top flange. Let AB=CD-=z. Let the thickness 
of the flange be t. Let d be the depth of the channel from the centre 
of top fiange to the centre of bottom flange. Let J be the moment of 
inertia of the section about the neutral axis. 


Since the thickness of the flange is small the stress intensity due 
to bending may be taken to be uniform. 


Tensile stress intensity of the face ascp=(™ +65M } d 


I 2 

‘ : : : M\d 

and tensile stress intensity on the opposite face EFG=| 7 \a 
3 

Tensile force on the face ABCD =P1=( ae Me tz 


and Tensile force on the opposite face EFG=P,=( “4 )4 tz 


2 
Net force on the rectangular element due to bending 
8M diz 
$P=P,— P2= 127 


For the condition of equilibrium this force must be balanced 
by an equal and opposite force which is provided as shear resistance 
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along BCGF. Let the intensity of this shear stress be q,. Since the 
thickness of the flange is small, this shear stress intensity g. may be 
assumed to be uniform over the thickness. 


sdb 
21 





Fig. 320 
g, X area BCGF=P— Po=5P 
XM diz 


$x =—— -— 
qi f Ox 7 9 


_9M dz 
1” $x 27 
But in the Jimit as éx tends to zero, 
5M_dM 


-_ == —— = S§=shear for 
age ear force 


_{5d)\. 
n= (557! 
By the principle of complementary shear, the above shear stress 


gi will also be accompanied by an equal complementary shear stress 
q2 acting along the flange 


__{ Sd 
o-(%)* 
q2 varies directly with the distance z 
At z=-0 q2=0 
_Sdb 
At z=b g2 y, 


In an exactly similar manner at any distance z a shear stress of 
the same intensity will also be induced in the bottom flange. But, 
since the bending stress in the bottom flange being compressive, the 
directionof the shear stress will be opposite to that in the top fian ge. 
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Average shear stress in each flange 
=half the maximum shear stress in the 


flange 
__ | Sdb _Sdb 
2 2 4! 


Shear force on the top flange 
= Flange area < average shear stress 


Sdb__ Sdb*1 
= COR ay 
The shear force on the top flange and the shear force on the 
bottom flange will therefore form a twisting couple equal to 


4l 47 
The beam will therefore have a tendency to twist in a clockwise 
direction. 
Now consider the shear resistance offered by the web. This 
shear intensity at any point can be determined from the usual rela- 


Say. 
Ib 

Let S’ be the vertical shear resistance of the web which should 
be equal and opposite to the applied vertical shear force S. These 
two forces will also form a couple equal to Se where e is the hori- 
zontal distance from the centre of the web at which the shear force S$ 
is applied. This couple is easily seen to be anticlockwise. 

If the beam should be free from twisting, the above mentioned 
couples must balance. 


tion g=- 


__Sd2b?1 
ae 
_ d@b?t 
Cay 
For this value of e, the point O [Fig. 320 (iii)] through which 
the shear force S should act in order the member may be free from 
torsion, is called the shear centre. 
Examples is Chapter 5 
1. Asteel plate is bent into a circular arc of radius 12 metres. 
If the plate section be 10 cms. wide and 2 cms. thick find the maxi- 
mum stress induced and the bending moment which can produce this 


stress. 
Take E=2 10° kg./cm.? 
(1666 67 kg./om.2 ; 11, 111 kg cm.) 


2. A timber beam is 12 cm. wide and 20 cm. deep and 1s used 
on a span of 4 metres. If the stress due to bending is not to exceed 
70 kg. per cm.3, find the safe uniformly distributed load on the beam. 

(280 kg./metre run) 
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3. A cast iron beam has a section as 
shown in Fig. 321. The beam 1s simply suppor 
ted on a span of 4 ft. and is used to carry a 
downward point load at mid span. Find the 
magnitude of the load ifthe maximum tensile 
stress on the beam is 2 fons per sg. in. Deter- 
mine also the greatest coniprsssive stress in the 
beam. (0°852 ton ; 2°667 tons/in.*) 


4 A uniformly tapering vertical post of 
height 10 metres has a diameter 30 cms. at the 
base and a diameter of 15 cms. at the top. A 
horizontal pull of 25 kg. is applied at the top 
of the post. Find the maximum bending stress 
for the post and state where it occurs. 


(118 kg |em.2 5 metres from the top) Fiy. 321 


5. A plank of timber 240 cms. long, 5 cms. thick has a width 
varying uniformly from 46 cms. at one end to 25 cms. at the other 
end. It is supported at its ends with its length and width horizontal. 
If the weight of the timber is 880 kg. per cubic metre, find the maxi- 
mum bending moment in the plank due to its own weight and find 
the maximun longitudinal stress produced by this bending moment. 

(1130 kg. cm. at 1/4°I cm. from the bigger end, 7°532 kg./cm.*) 


6. Accantilever specimnen for a fatigue-testing machine, is of 
circular cross-section throughout its length, but in a length of 8 cms. 
the diameter decreases from ' cm. at the fixed end to 05 cm. at the 
free end. Calculate the maximum stress due to bending when a static 
load of 30 kg. wt. is applied at the free end ina direction perpendi- 

e length of the specimen. 

culesteS : (2397 kg./cm.? at 4 cm. from the fixed end) 
7 A cantilever of mild steel 6 cm. wide and 2 cm. deep is 

100 cms. long. If at 

the free end of the 

f2cn-4 reer cantilever there is a 
clockwise couple of 
800 kg. cm., find the 
radius to which the 
cantilever will be bent. 
Find also the vertical 
displacement of the free 
end. Ignore the se'f 
weight of the member. . 
Take E=2 x 10° kg./cm.? 
(700 m., 0'5 cm.) 

8. A horizontal 

beam of the section. 
shown in Fig. 322 is 4 
metres long and is sim- 
ply supported at the 
Fig, 322 ends. Find the maxi- 
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mum uniformly distributed load it can carry it the compressive and 
tensile stresses must not exceed 600 kg. cm? and 300 kg /cm.2 res- 
pectively. Draw a diagram showing variation of stress over the mid 
span section of the beam. 
(203°4 kg.Jm. ; fo=477 2 kg./cm.? and fi: =300 kg./cm.?) 
9. A cast iron beam of J section is simply supported on a 
span Of 6 metres The section consists of a top flange 8 cm.X2 cm. 
thick, web 20 cm. deep and 2 cm. thick and bottom fiange 16 cm. x 4 
cm thick. Find the safe uniformly distributed load on the beam if 
the tensile stress shall not exceed 300 kg./cem*. tind also the corres- 
ponding maximm compressive stress. 
710°8 kg./m. ; ft 300 kg.jcom*f e=560'1 kg./cem.2) 


nt 

L3cm-4 
Fig. 323 Fig. 324 

10. Find the maximum bending moment which the section 

shown in Fig. 323 can resist 

‘ if the bending stress is not to 
c ae | oo | sath exceed 500 kg./cm?. 

(48415 kg. cm.) 

11. A groove 4 cm.x4 

cm. is cut symmetrically at the 

bottom of a rectangular beam 

section as shown in Fig. 324. 

wcm if the tensile stress shall not 

exceed 250 kg/cm.” find the 

tr to [ero + safe uniformly distributed load 

which the beam can carry, on 

a simply supported span of 

4 metres. (515 kg./m.) 

12 Fig. 325 shows the 

section of a beam. If the 

stress due to bending is not to 

exceed 300 kz./em.” find the 

o2CNte -6CM- -2ca maximum bending moment 

Kip. 325 which the section can resist. 
(32178 kg./cm.) 
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13. The cross-section of a cast-iron beam consists of : 


top flange 4 in. x1 in. . 

web 12 in. X1 in. 

bottom flange § in. X3 in. 

The beam is 22 ft. long and simply supported at points 6 ff. 
and 18 ft. from the left hand end. Determime the maximum uni- 
formly distributed load the beam can carry over the whole length if 
the stress due to bending shall not exceed 1 fton/in.2 in tension and 
13 t/in.2 in compression. (0°46 ton per foot) 


14. A composite beam is made by bolting a 15 cm. X55 cm. 
steel channel to a 15 cm.X7 50 cm. 
wooden beam as shown in Fig. 326. 
The composite beam is freely supported 
over a span of 3 metres. Find (a) the 
neutral axis of the composite section (b) 
the maximum uniformly distributed. 
load that the beam may safely carry. 
Assume allowable stress in timber and 
steel as 70 kg./cm.* and 1400 kg./cm*. 
Also assume Fs==2x 10° kg/cm.” and 
Ew=0'1x 108 kg./cm?. For the stecl 
channel Jex=<471'10 cm.4, Ivy==37°90 
cm.4 area=12°65 cm.4 Distance of the centroid from the back of the 
channel =1°66 cm. (7°50 cms. from the bottom edge ; 295°7 kg./m.) 


~ 15. A flitched beam consists of a. wooden joist 20 cm. wide 
and 30 cm. deep strengthened by a steel plate 12 mm. thick and 20 
cm. deep, one on either side of the joist. Ifthe maximum stress in 
the wooden joist is 60 kg./cm.’, find the corresponding maximum 
stress in steel. Find also the moment of resistance of the section. 
Take £:=20 E.. (800 kg./cm.” ; 308,600 kg. cm.) 


“16. A flitched beam consists of a wooden joist 15 cm. wide 
and 30 cm. deep strengthened by a steel plate 2 cm. thick and 20 cm. 
deep one on either side of the joist arranged symmetrically. If the 
maximum stress in timber is 60 kg./em.?, fird the maximum stress in 
steel. Find also the moment of resistance of the section. Take 
E:=20 Ew. (800 kg /om.?, 348, 333 kg. cm.) 


717. A flitched beam consists of a timber joist 15 cm. wide and 
30 cm. deep reinforced by two vertical plates 25 cm. deep and = cm. 
thick one on each side and arranged symmetrically. If the stresses in 
timber and steel are not to exceed 70 kg./cm.* and 1500 kg /cm.? find 
the moment of resistance of the section. Take E:=18 Ew. 

(595,000 kg. cm.} 

"18. A flitched beam consists of two wooden joists 15 cm. 
wide and 30 cm. deep with a steel plate 25 cm. deep and 10 mm. 
thick placed symmetrically between them. If the stresses in steel and 
timber shall not exceed 1400 kg. cm. and 60 kg./cm.? respectively, 
find the moment of resistance of the section. Take the modular 
ratio between steel and timber as 20. (374167 kg. cm.) 
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19. A beam of rectangular section is 10 cm. wide and 20 cm. 
deep. If the section is subjected to a maximum shear force of 
1000 kg., find the maximum shear stress. (7°5 kg./em.?) 


20. A beam of circular section is 15 cm diameter. If the 
beam be subjected to a maximum shear force of 700 kg, find the 
maximum shear stress. (5°28 kg.fcm 2) 


21. A beam of triangular section has a base of width !5 cm. 
and an altitude of 9 cm. If the section is subjected to a shear force 
of 300 kg., find the maximum shear stress. (6°67 kg.]cm.*) 


22. A beam of square section, side 10 cm. is placed with one 
diagonal vartically. Ifthe shear force at a section is 1000 kg, find 
the maximum shear stress. (22°5 kg./cm?.) 


23. For the beam section shown in Fig. 327 find the total 
force on the shaded area and the moment of this force about the 
neutral axis if the extreme fibre stress is 90 kg./cn.? 

(6750 kg., 45000 kg. cm.) 


feo oe cm. Seal 






2) [oe 


Fig. 328 


24. Find the ‘total force on the shaded areaof the beam 
section shown in Fig. 328 if the maximum fibre stress is 80 kg./cm. 
(4500 kg., 35000 kg. cm.) 


25. Deduce an expression for the intensity of shearing stress 
at any point in the cross-section of a loaded beam and criticise the 
assumptions made. 


A beam of symmetrical J section has the following dimensions : 
overall depth D, inside depth measured between the flanges d, 
width of flanges B and thickness of web 5. If the flanges are 
assumed to be rectangular and gq, and gz are the shearing stresses 
at the middle and top of the web respectively, find an expression 
for the ratio See and show that it is equal to 0°34 approximately 


STRESSES IN BEAMS 337 


B ae D — t* 
when Rott and d =I"! ; , 
BS Sd B 
m= 5 oj (PA Lea 7 (D-a)] 

26. Explain why a single channel section with its web vertical 
subjected to vertical loading as a beam, will be in torsion unless the 
load is applied through a point outside the section known as the 
‘shear centre’. Find the approximate position for a channel section 
40 mm. x 40 mm. outside dimensions by 3 mm. thick.  (1°652 em.) 

27. A beam of square section of side a is used with a diagonal 
in the vertical position. If the vertical shearing force at the crosg- 
section is S, show that the shear stress at the neutral axis is equal to 
the mean shear stress. Also fin! where the shear stress is maximum. 
Find also the ratio of the maximum shear stress to the mean shear 
stress. 


[ goe=gere= S — 





Qmaa-= g ae at inf from N.A. 
maz _ > | 
Jory 8 


28. A beam has a symmetrical triangular section of breadth 
Band depth D and is subjected at a certain section to a vertical 
shearing force S acting in the direction of the axis of symmetry. 
Deduce in terms of B, D and S the shearing stress g at any 
depth dfrom the vertex of the triangular section. Plot a graph 
showing how q varies over the depth of the section and find the 
ratio of the average shearing stress over the section to the maximum 
shearing stress. — (London University) 

: 2 
| = Bp d(D—d); Ratio= 2] 

29. Show from first principles that if a beam of rectangular’ 
section is subjected toa transverse shearing force the maximum 
Shear stress at a cross-section is 1°5 times the mean shear stress. 


A timber beam is simply supported at the ends and carries a 
concentrated load at midspan. The maximum Jongitudinal stress 
due to bending is 126 kg./cm.? and the maximum shearing stress 
is 10°5 kg./cm.2 Find the ratio of the spanto the depth of the 


LF] 


30. A beam 7 metres long supported at two points equidistant 
from the ends is loaded with a uniformly distributed load of w kg. 
per metre run. Calculate the length of the overhangs on each side, 
if the maximum bending moment for the beam has the least value 
If the beam is an /-section 10 cm. x25 cm. overall, with 2 cm. thi 
flange and web ani the maximum bending stress is limited to 
1200 kg./om.’ find the value of w. (1°45 m ; w==6°250 kg./m.) 


6 


Direct and Bending Stresses 


Very often we come across members like a column or a tie rod 
mainly subjected to a longitudinal thrust or a pull. Sometimes such 
members are also subjected to bending stresses. In this chapter we 
shal] study some important cases of members subjected to axial and 
bending stresses. 


§55. Rectangular Section 


Fig. 329 shows a short column of rectangular section, of area 
A carrying a vertical point load W axially. Obviously the intensity 
of stress on the section is uniform. 


Ww Ww 
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Uniform stress intensity =p us 


Fig, 330 shows 2 short column of rectangular section, of area 
A carrying a vertical point load W eccentrically. Let the load be 
eccentric with respect to the axis 7X. Let the eccentricity of the 
load be e. The section of the column is subjected to direct and 


bending stresses. 


The load W produces a direct stress pom 


Due to the eccentricity of the load, the section of the member 
is subjected to a moment M= Pe. 
At any point distant y from the neutral axis XX, the stress in- 
tensity due to the moment M is given by 
i 


where 1=Moment of inertia of the section of the 
member about the neutral axis XX. 


This stress due to bending may be compressive or tensile depen- 
ding on the situation of the point with respect to the neutral axis. 


Hence the resultant stress at any point distant y from the 
neutral axis is given by 
(ZT) 
Potp or 4i7 


Ann a) 
Let p» be the maximum stress intensity due to bending. This 
obviously occurs at the extremities of the section. 


* 


Prana ymax 


We 


where = -=section modulus. 


Ymaz 


Hence the resultant stresses at the extremities of the section are 
given by 


W , We 
Pmaz at Zz 


==Pot+Pr 
We 


Pnia= die =~ 


A eA 
wu Do—~P» 
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sé Fig. 331 
If P.>Po, the stresses on the section are wholly compressive 
if Po==Po, we have, 
Dmar==Pot+Pom2Po 
Pnan==Po—Pr=0 


For this case, the stresses on the section are wholly compressive 
and the stress intensity varies uniformiy from zero at onc extremity 
to a maximum value at the other extremity. 


If no<Psr, we have, 
P max==Pot+Po 
Pins Po—Py = —(Pv— Po) 
For this case Prue is compressive and pwn is tensile. 
Condition for the stresses to remain wholly compressive 


If the stresses are to be wholly compressive, i.c., if tensile stress 
should not occur. 
Po&Po 


We ~W 
-— & 
A 


Z 
Zz 
ee 


Consider the rectangular column section in Fig. 332. 
For the section shown 


9 


6 
and A=ab 
Hence, the condition that tensile stress should not occur is 
ab" b 
Gan 
e must be less thau or equal to 2. Hence the greatest 
Co uries _ »b 
eccentricity of the load is 6 from the axis XX. Hence if the load 


s : 4 b ‘ ; 
is applied at any distance less than e from the axis, on any side of 
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the axis XX the stresses are wholly compressive. Hence the range 
within which the load can be applied so as not to produce any tensile 
stress, is within the middle third of the base. 


xX 
te by ois tt 






be 


b= 
x 
COLUMN 
SEC TION 


Fig, 332 


Fig. 334 Fig. 335 


Similarly, if the load had been eccentric with respect to the axis 
YY, the condition that tensile stress will not occur is whea the eccen- 


tricity of the load with respect to the axis YY does not exceed &. 


342 STRENGTH OF MATERIALS 
Hence the range within which the load may be applied is within 
the middle +-- 


If it is possible that the load is likely to be eccentric about both 
the axes XY and YY the condition that tensile stress will not occur 


is when the load is applied anywhere within the rhombus EFGH 


whose diagonals are FH = 5 and EG= 2. This figure EFGH within 


which the load may be placed so as not to produce tensile stress is 
called the core or kernel of the section. 


§56. Solid Circalar Section 
For this case, in order tensile stresses are not developed 


Z 
eS7 





t 

i i 
1 Y { 
fo—— 2. 





Fig. 336 Fig. 337 
Let the diameter of the section be d. 


ion modulus 
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oo|m 


es 
Hence in general, if the load be applied anywhere within a 
concentric circle of diameter 4, the stresses will wholly remain 


compressive. 

Following the same principle for any other shape of the column 
section also, the range within which the load can be applied so as not 
to produce tensile stresses may be determined. 


Problem 200. -A shor! masonry pillar is 60 cm.x60 cm. in 
section. The pillar carries a point load of 1,00,000 kg. acting on the 
centroidal axis of the section shown in Fig. 338 and at an eccentricity 
of 8 cms. from the longitudinal axis. Find the maximum and minimum 
stresses on the section. 

Solution. Load on the section= W 100, 000kg. 

= 100,000 kg. scm—+} 
Sectional area 9 =A=60X60 cm 
Moment due to eccentricity 
= M=100,000 x8 
kg. cm. 





Section modulus =Z=4 bd? 


=< X60 X60? cm.3 


= 36,000 cm.® 
Stress due to direct load 
W ___, 100,000 2 
== + 60 x 60 kg./cm. 
==27'8 kg./cm.3 
Stress due to moment 


=Pp=t ce 
ox: 100,000 x 8 


ee _ 
. - 


0 a 


kg.lem.4 
=+22'2 kg./cm.? Fig. 338 
Maximum stress =27°8-+-22'2= 50 kg./cm.4 (compressive) 
Minimum stress =27°8—222=5'6 kg./cm.® (compressive) . 
Problem 201. The line of thrust in a compression testing specimen 
I°432 cm. diameter is parallel to the axis of the specimen but is 
displaced from it. Calculate the distance of the line of thrust from the 
axis. when the maximum stress is 15%, greater than the mean stress on 
@ normal section. 
ir) 
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Solution. Let the load on the section be W kg. 


Area of the section =f cm.4 


Section modulus aes = cm.® 


Moment =M= We keg. cm. 
Stress due to direct load 


Lp AM 2 
=Po= A = nd kg./em. 


Stress due to moment 


M 32 We 
= Pp= 2 ean 
-Maximum stress = Pmaz== PotPp 
_4W , 32We 
~ wd? " x8 
4W 
Mean stress =Do= nd? 


Since the maximum stress is 15/4 greater than mean stress, we 
have, ; 
4W 32We_\154W 
nd?* nd® 100 nd? 


Se : 
1+ q 1°15 
Se . 
779 15 
em O15 x4 015 0°432 a 
8 8 
= 0°02685 cm. 


Problem 202. A short column of I section 25 cm.X20 em. has 
a cross-sectional area 52°05 cm.? and maximum radius of gyration of 
10°69 cm. A vertical load W kg. acts through the centroid of the 


section together with a parallel load of = kg. acting through a point 


on the centre line of the web distant 8 cms. from the centroid  Cal- 
culate the greatest allowable value of W if the maximu.. stress is not 
to exceed 800 kg./cm.2 What is then the minimum stress ? 
Aréa of the section A= 52°05 cm.? 
Total load on the section 


- 7+ L125 wig. 
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Moment on the section 
= M: a X8=2W kg. cm. 
Moment of inertia about the neutral 


=[= A K2 
== §2'05(10°69)? cm.4 
Stress due to direct load 


_ 1:25W : 
=Pom+—Sos ; kg./em. 


Stress due to moment 
Pyp=t 7 y 


_ ,. 2WXxX 12'S 9 
=-sr-o5(io-69y2 *B-/om. sm 
Equating the maximum _ stress to 
800 kg./cm.2 we have ; 
V'25W . _2WX125__ _ an | 
52°05 ~ 52'05x 10°692 — j——- 25m, —o] | 
2A, i A ge Fig. 339 
= 41°64 T 93g” 800 
- 238x41'64 
W=800 x (338 41°64) 
=28360 kg. 
Minimum stress =Po— po 
__W__wWw 
~ 4164 238 
_ (238—41'64) 
~ 2238x4164 


aXi& 





kg. 


ke./em* 


W ke-/em.2 


_196'36%28360 |g 
=" "258 x41'64 .g./omi. 
= 562 kg./cm.* (compressive) 

Problem 203. A tie rod of constant circular cross-section is 
required to withstand a maximum tension of 50 tonnes, but the end 
fixing is such that the line of action is off the axis of the member by 
0°75 cm. Find the minimum diameter of the tie rod if the maximum 
allowable stress is 1°25 t/em.” 

Solation. Let the diameter of the rod be dcm. Stress due to 
direct load 


ERENT 


Po= ( =f) tonnes/cm.? 


Pad 


4 
an tonnes/cm.? 
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Moment due to eccentricity of the load 
= M = 50x 0°75 tonne cm. 
Stress due to moment 


pt 


Z 
50 X 0.75 
i=) them.” 
32 
£0 x32X0°75 : 
= tem, 


I 


Maximum stress =Po+Po=1'25 t/cem.2 


200 | 50X32x075 __,. 
eget gt 12 


1 
a [200d-+1200)= 1°25 
200d-+1200=1°25 x nd? 


i.e., d= 50°93d-+305'6 
Solving by trial and error 
d=9' 18 cm. 


Problem 204. A short column of external diameter D and 
internal diameter d carries an eccentric load W. Find the greatest 
eccentricity which the load can have without producing tension on the 
cross-section of the column. 

Solation. Stress due to direct load 

WwW 


=P y= Sees eet 
7 (2-2) 
po tv 
~ w(D#— d2) 
Section modulus 
7 n(D4— dé ) 
32D 
Moment= M= We 
Stress due i moment 


uz Py Zz 


__32WeD 
~~ Di — ds) 
{f tension is to be just avoided 
Po= Po 
_ _4W __ _32WeD 
"{. w(D?=d3) = RDI dé) 
_ D+. 
“~~ 8D 
%, 


é 
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Problem 205. A short hollow pier 1°25 metre square outside and 
0°70 metre square inside, supports a vertical point load uf 12 tonnes 
located on a diagonal and 0°7 metre from the vertical axis of the pier. 
Neglecting the self weight of the pier, calculate the normal sircsscs at 
the four outside corners on a horizontal section of the pier. 


Solution. Stress due to MI 
direct load 

== Py = — 

elk eee 

~ (1°252--0°75") tim 

== 12 t/m?*. 

Moment due to eccentri- 
city= M = We =:12 x0°7=8°4 im. 

Moment of inertia about 
the diagonal 


I= a 1°254—0'754 |] metres 
_ 2125 
{2 





metre! 





.. Section modulus =Z-=-- = : 


ae metre? 
12 x( } 
V2 
_ 212572 
45 





metre® 
Stress due to moment at the corners | or 3 


M 

ae Py = mm 
_ , 84x15, 
~ 21lV2 

=+41°94 t/m? 

At the corners 2 or 4 there will be no bending stress. 


Hence the stresses at the various corners are as follows. 

Stress at corner 1 = + 12-+41°94==+ 53°°4 t/m® (compressive). 

Stress at corner 2 or 4=+-J2 t/m? (compressive) 

Stress at corner 3 =-+ 12—41°94=— 29°94 t/m? (tensile). 

Problem 205. Fig. 342 shows the section of a short 200 mm. X 
140 mm. I section column carrying an axial load W, kg. at O anda 
load Ws kg. at P in a direction parallel to that of W;. The stress at the 
edge BC is 150 kg./cm.3, compressive and that at DEis 900 kg./cm.* 
compressive. Determine the magnitudes of W; and We. . Take for the 
I section, A==36°71 cm." and Isg= 2624 cm 


t/m* 
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Solation. Stress due 
to direct load 


opie Cea ent 
“= Do = 26°71 kg.fom. 


Stress due to the 
eccentricity of the load 





= P j 
! We at 
<p Wex15 20 

; Tate BVA : i 

t kg./cm 
gerrre. - Sem —aef 
x afew We kg./em.* 
Fig. 342 ~ 2624 


Resultant stress at the edge DE 

ox Wit We 150 We aah . (i 
36-71 + 604 900 kg.fem- ...y 

Resultant stress at the edge BC 
_WitWe 150W2 
36°71 2624 
Subtracting Eq. (ii) from Eq. (i) we have. 
300 We 


2624. 


= 150 kg./om2 ...(i7) 


_ 750 x 2624 


We 300 


kg.=6561 kg. 


Substituting in Eq. (it) 


W.1 6561 150 . 6561 


siren sca ® 
671 2624 


Ws = 12720 kg. 


Problem 207. 1 tension member consists of a T-section symmetri- 
cal about the vertical centre line having the following dimensions : 


Top flange: 10cm wide and 2 cm. thick. 
Web: Sem. devp and 2 cm. thick. 


The member transmits a longitudinal pull P which acts on the 
oe at a point on the centre line and 4 cm. from the bottom edge of 
@ web. 


Find : (a) the magnitude P if the greatest tensile stress on the 
section is 1400 kg.fem. and i 


(b) the neininesm stress on the section when P is being transmitted. 
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Solution. Let us first 
determine the position of the 
centroidal axis and the mo- 
ment of inertia about this 
axis. The relevent calcula- 
tions are shown in the follow- 
ing table. 


ae We ee meer 9 et eee 





| Area Centroidal ay 








aes 
Component (a) | distance from Tacts 
top edge u-u 
(y) 
| cm | lem. _ | em? | ems | cm $e 
Top flange 20 | 1 20) | 20 slat = 6°67 
3 
Web. | 16 6 96 | 576 2p = 8533 
Total 36 | | 116 | 596 | 92 
ie 


mene @ 


= 3°22 cm. 
Moment of inertia about the top edge =/uw= ZJsus-+2ay" 
== 99+ 596=688 cm.! 
me the moment of inertia about the centroidal axis YX be / 
fuu=TI- +(Za)7? 
688 =J-+- 36(3'22 
1=3147 cm4 
Let the pull on the section be P kg. 
Eccentricity =6°78— 4°00 =2°78 cm. 
Moment on the section=Pe=2°78 P kg. cm. 


Equating the maximum tensile stress to the given permissible 
limit, we have, 
P M 
SS ee i ae 2 
ao 7 ¥:= 1400 kg./cm. 
P 2°78P X 6°78 


36° 3ia7 = 1400 
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P[0°0278 |-0°05988] = 1400 
0'08768P= 1400 
P= .5970 kg. 


int = ia =n MM 
Minimum stress 7 I Ve 


* _ 15970 __ (2° 8x 15970) | 3. 2 
a ad 3149 X 3°22 kg./cm. 
=:443°6—454'2= —10'6 kg./cm.” (compressive) 


pee 10cm, -——+| 


2cm 





 ormlati(‘(‘étTOC*# 
—lzcm| (i 
Fig. 344 


Problem 208. A concrete block has the cross-section shown in 
Fig. 345. The block weighs 9 tonnes and carries a vertical downward 
load of 2 tonnes on the axis XX but eccentric about the YY axis. Cal- 
culate the distance of the point P from the axis YY if the pressure 
under the block along the edge AD is just twice the pressure under the 
edge BC and determine these pressures. 


Solution. Stress due to direct load 


942 . 
Po= 5x2 t/m? ptr a ae 
= 2°75 t/m?. B ... 


Let the distance between 
P and the YY axis be e metres. 


.. eccentricity =e metres 
Moment due to the eccentri- x 
city of the 2t load 


=M=2e tonne metre 

Section modulus =Z 

_ 2x2 
6 


9568 
ky jem? 





4 
3 mm 
Extreme stresses due to moment 


== Py = po 


Zz 


Fig. 345 
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=+1°5e t/m? 
Pmaa= Po+-Po =(2'75-+1°5e) t/m? 
Pin = Po—Po=(2°75—- 1°5e) t/m? 
But Pmaz=2P min 
2°75+-1°Se=2 (2°75—1°5e) 
2°75 + 1'5e=5'5—3e 
4°Se=2°75 
pee fre 
ag me 
5 e=0°61 metre 
., pmas =2°75+ 1°5 X0°61 = 3°665 t/m? 
and pmin=2°75— 1°5 X0°61 = 1835 t/m*. 
Problem 209. A masonry pier 3 mx 4m suppurts a vertical load 
of 60t as shown in Fig. 346 
(a) Find the stresses at the corners of the pier. 
(b) What additional load should be applied at the centre of the 
pier so that there is no tension anywhere in the pier section ? 


(c) What are the stresses at the four corners with the additional 
load at the centre ? 
Solution. Y 
_ (a) Area of the 
section 
ex A=4xX3 
= 12 metre? 15m 

Section modulus t 

x = 





4 
arn _™ 
~~ = 
Fe ee 


about the xx axis 
4x3? 
== Zan = 6a 15M 
=6 metre? il 
Section modulus 
about the yy axis 








3x42 t—— 2/7] ——>e-——- 2/7 
Zvy= - 6 
=§8 metre? Fig. 346 
E : W _ 60 ; 
Uniform Direct Stress due to load= a i +5 t/m 
(compressive) 


Max. bending stress due to eccentricity of the load about the 
XX axis 
Mes 60 X 1 
Ge tg ose [m* 


compressive at A and B and tensile at C and D. 
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Maximum bending stress due to eccentricity of the load about 
the yy axis 
‘ Myy 
Lyy 
60 X1°2 
at g ++9 t/m* compressive at B 


and C and tensile at A and D. 
Hence the resultant stresses at the four corners are as follows : 


Stress at A=+5+10—9=+6 t/m? (compressive) 
Stress at B=+5+10+9=+24 t/m? (compressive) 
Stress at C=+5—10+9=+4 t/m? (compressive) 
Stress at D= +5—10—9=—14 #/m? (tensile) 


(6) In order to avoid tension the additional axial load 
should produce a compressive stress of 14 t/m®. Hence additional 


load required 
=+14x 12168 r 


(c) After the above additional load {s applied the final 
Stresses at the four corners will be as follows |. 


Stress at A=6+14=+-20 t/m? (compressive) 
Stress at B= +24+14=+38 t/m? (compressive) 
Stress at C= +4+ 14=+4+18 t/n? (compressive) 


Stress at D=0. 

Problem 210. An R.C.C. footing rectangular in plan 2 mxX3 m 
carries four vertical concentrated loads of 10t, 20t, 30t and 401 
which are located as shown in Fig. 347. Neglecting the self-weight of 
the footing. 

(i) Calculate the intensity of loading on the foundation at each 
of the corners A, B, C and D. 
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(ii) Determine the location of another 50t load with reference to 
the axis XX and YY which will make the intensity of load- 
ing uniform at all corners. 


Solution. 
Area of the footing-=3 x2-=6 metre* 
Section mcdulus about the axis X.Y 


3x22 
x: Zgn = meee =2 metre’ 


6 
Section modulus about the axis YY 
2 
=Zyy = 2 sy =3 metre? 


(7) Direct stress due to direct loading 
__ Total load _ , 10+20+30+40 
area 6 
= -+ 16°67 1/m* (compressive) 
B.M. due to loads eccentric about the axis XX 


-: Mz. = {(30 X 0°3) +(40 x 0°7)} — {(10 x 0°3) 
-+-(20 x 0°7)} 


-2 () tm 
.. Max stress due to the above B.M. 


_, Me 20 _,, 9 
Ne — 29 sae 


compressive at C and D and tensile at A and B. 
B.M. due to loads eccentric about the axis YY 
= Mv, = ((20 X 0°7) |-(40 x 1)}— {(10 x 0°8)-+(30 x 0°5)} 


=41 tm 
Max. stress due to the above B.M. 
My 4] 
= | se: a eae a 2 
Py 7b 3 413°67 t/m 


compressive at B and C and 
tensile at A and D 


Hence the resultant stress at the corners are as follows : 

Stress at 4 = |+-16°67—10—13°67=—7 t/m? (tensile) 
Stress at B-- -+ 16°67—10+-13°67=+-20'34 t/m? (compressive) 
Stress at C= +16°67+10+13°67 =+40°34 t/m? (compressive) 
Stress at D= {-16°67+10—13°67=+13 t/m?. (compressive) 


(ii) If it is desired to make the stress uniform at all the four 
corners the condition to be satisfied is Mze=0 and My,=0. 
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Let the additiona) 
SOr load be placed as 
shown in Fig. 348 at a diy. 
tance a from the axis X\ 
and 5 from the axis YY 
Since Mzz=, 
S0¥a=20  .. a-0'4m 
Since Myy,=0, 


S0xb=41 .. b=082 m 





Fig. 348 


Problem 211. The section shown in Fig. 349 is subjected to a 
compressive load of 60 tonnes acting at the load point L. Find the 
maximum compressive and tensile stress intensities across the section. 


Solution. Let us first de- 


termine the position of the LQ-~-—-—— 
centroidal axis YX and the j 
moment of inertia about the i Oe 
centroidal axis. Soho es 
yy Cpe feh papi ri 5em 
This calculation is shown My Me o 
in the following table. is Yi 
Y wy scm 
AG ML, 
io My 
X per Ly fo x 
tft Ld. 7 
COM / tly oe we 
Pe f hg f Lif . ‘ 
he Megs, “A ICM 


7-5-mfe- 7.544 7.5—r}< 7.5- 


cm cn. cm, cm. a 














Fig. 349 
| Centroidal | 
Area : distance y 
Component a | fromCD | ay ay* | beets 
cm? cm | em cm | cm‘ 
earls. | ! 
Caren en a @ Sr ae Ee 
ABCD 900° «1S 113800 202500 | 32 =67500 
! | _ 7 
Deduct for | : | 154 
EFGH 225 17°5 | 3937 S$ 68906'25 Fa = 4218°75 
La a Ita Bet ns GS 
Total | 675 | 9562'5 ee 63281°25 


amainaeeangtne winetbat eRRATERERLeCTaTISRINNS Mi. SriremasyiiPCR Aten tai= sete SEE FTA EASES ISAC PETES OS SOT ES a 
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Centroidal distance from the edge CD 
_ ay 
Sa 
95625 
675. 
= 14°17 cy. 
Moment of inertia abour the axis CD 
Tea = Dheis-| Lay" 
- §328 1 25-- } 33590378 cps, 
= 196875 cn 4 
fian= Fe (Xap? 
196875 - fe: pOTS.. IVT 


Terr == LIERTS - 4 8800 em4 
61378 ane 


+O ei 2 
: 
t » 


woe 


= 
— 


But, 


Stuy PP 
—{.- | 
Lipa ene: Ss ed 
i 
{5- iF { : { 
y BE H 
| 
emnpremdome f mteswemmiminnrrenat = mew {= ame Ss, b La re 
See oad | 
; iu 
14-17 677, { MILER 
2 1 
a , , | | 
eee on ear ote a 
PKB we 7 0 ole PR mR TA 
cm im im ‘4 
Bears, 348) 


Eccentricity of the load from the WA axis 
-@-P5+ 1833 om. 


=~-23°33 cm 
Moment on the section 
<= M=60 = 23°43 tem. 
Stress at the edge AB due tc noment 
60 x 23 33 fone 
61375 % 15°83 them. 
= +()°3612 tlom.” (compressive) 
Stress at the edge CD due to moment 
60 x 23°33 2 
Se 01375 EA ricm. 
== —()'3232 s/om.® (tensile) 


Pan 
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Stress due to direct load 
60 
675 
~ £06839 fen * (compressive) 
Resultant «tress at the edge AB 
~ -E(V36124 WO8R5 faa 
— +60 4501 + em? (compressive) 
and Resulant stress at the edge CD 
(3232 -OO8S9 Hen A 
- =O O3S43 to an Crensile) 


them.” 


Problem 212. 4 column section $0 em. external diameter and 15 
cm. internal diameter Suppotts an artil load oO} ~60 tonnes and an 
eccentric load of P_ tonnes atan cecatictty of 40 cine Uf the com- 
pressive and tensile Stresses are aa’ to ceceed § WG) he fein? and 600 
kg.fem.” respectively, find the mosnituds of the lead P. 


Solution Area of the 
coluitn section 


Ne 
P TONNFS 260 TONNES Ales ; ( A? .- is?) 


§30°2 om." 
a, i: 304 | 
zs a VEG 
- 2727) cm’. 
Fquating the maxi- 
mum compressive stress to 
1400 kg.fem? 
2604 P, PY40 30 
S302 372707 2 
-} 400 
P 660 
{ "AON. } Ce i Os a 
yADNY | 5302 | 39970 P 
= 1400 
Po 
5302 ° 3727 ° 
- QO 9I 


v 


P 80°59 tonnes. 





Fig. 35] 
Equating the maximum tensile stress to 600 ky/om.? 
Px40 | 30) 260 t P 


0 X27 a0 0°6 tlem.™ 
60 P ae 

“3957 P—(' 4904 — 5109 (MG 
60 P ah 

peer tes. pes =1°09 

3937 PO 539-2 = F094 


por ae ee 
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28085 
R12) saa eo 
r- t 0904 +. 3727 x S302 
28085 


-- 16°68 lonnes 
baking ibe smatter vaiue of ?, 
P S0°39 tonnes. 
Problem 213. 4 beam 25 nietres loag is simply supported at 
the two ends, and carries a point load of 4 tonnes at the centre, and a 


longitudinal axial tensile load of 10 tonnes. If the section of the 
beam is rectangula, SO cos. ede and 50 om, deep, Jind the maxi- 


mum and mininiatn sircses of the met span section of the beam. 
Neglect the self-weigiht ef the bani. 


tonnes 








dt 
30cm. 
a 
\& we awe etn qumee - Gera oe 
g 
iL. 5 TELE OTITES DL ELEN DOESN, 
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Solution. Arca of the beam section 
= A= 302.50 - 1500 c+ 
Stress due to direct load 
lO x FVOO 
4500 - 
667 ke fom? Gensie) 


Maximum bending monet 


Hed 
eon M.- é 
421000 ~ 25 100 
4 
. SOQ0U Ar. cm. 


Ayden = 


Ag. cul 


— 


Section modulus : 
30 & Sa F 


~i La 6 Cl 
. ~ 19500 ex. 
”. Maximum siréss dus to bending moment 
V2 
“. Vn Sint ; 
eT 
750000 
we fe A 
~ 92500 
- 420 ke./em? 


ke.dom.? 
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“. Stress in the bottommost fibre 
= —6'67 —20 = —26 67 kg./cm.*. (tensile) 
and stress in the uppermost fibre 
- —6'67-+20 
= -$ 13°33 kg.jem.- (compressive) 
Problem 214. 4 éeam of rectangulur section, 45 em. wide and 75 
em. deep has a span of © metres. The Beam ts subjected ta a unifornily 
distributed load of 2000 he. per metre run (including the self-weight of 


the beam) over the whole span. The beam is also subjected to 
a longitudinal axial cuntpressive load of 150 tonnes. Find the extreme 


fibre stresses at the mid span section. 
Solution. Stress due to direct load 
pe P1350 x 1000 
a SAS eR TS 
= 44 ke.Jem” (compressive) 
Maximum bending moment 


, 2 
ae wi 


” 


kg.fom> 


OCO . 6 
4 g 6 x 100 ke. cm. 
= 900,000 Ag. crt. 
bl? 
6 
ASX 75° 
6 
*. Max, stress duc tv bending moment 
Mt 
oe 
900,060 x 6 
45 « 75° 


Sectioa modutus - Z= 


em. 


gem" 


={%Mhgfem? 
The exireme stresses are, 
44°20 GS ky (om? (compre syive) im the fan fibse 
ard, 44-21- Jf Ae en (compressive: ir the bottom fibre. 

_ Problem US. 4 geam af rectangular section 66 em. wide cord 
73 com. deep has a Span o f% metres. The beam -arei sa uniformly 
distributed load of “000 kg. per metre run including in selfweight of 
the beam. The inamis also subjected toa longitudical cocnpressive 
force of 160 tonnes located at th: lower third poi:t as shown in 
Fig. 353. Find the extreme fibre stresses ut the mid span section. 
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2000 kgjineire RUN 45cm 


1-75 capo} 
Thies D 
J 
- 
he 
eo 
_Y 
75cm 


cm. 
-671™ 
Fig. 353 
Solution. Stress due to direct longitudinal load 
_P__, 160x 1000 3 
Sy { 4 kg./om. 
=-+47 kg./em.2 (compressive) 
2 
Section modulus=Z== "5 
45x72, 
cm. 


B.M. due to external loads normal to the span 
iJ2 2 
aU aaa x 100 kg. cm. 
==900,000 kg. cm. (sagging moment) 
Max. stress due to sagging moment 


=f ey a kg.jom2 
=+21 kg./em2 
B.M. due to the eccentricity of the longitudinal load 
“— Pie 
~~ 160 x 1000 (37°5--25) kg. cm, 
= 160 X 1000 x 12°5 kg. cm. (hogging 


moment) 
Max stress due to hogeing moment 
aoe 160 x 1000 x 12°5 x6 keen 
45.75 os 


= +47 kg./em2 
Hence the resultant extreme stresses are 
+47 + 21--47-24+21 kg./om.* (compressive) at the top, 
and +-47—214-47=-+73 kg /cm.? (compressive) at the bottom. 
Problem 216. The bent member ABCD shown in Fig 354 is 
10 cm. in diametcr. If the member carries a point load of 2000 kg. 


at the free end A, find the maximum tensile stress on the section of the 
part BC of the member. 
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Solution. Area of the member 
A= t x 102 cm.2 


==: 73°54 cm.2 


Consider the part BC. This is subjected to a tensile load of 
2000 Ag. and a bending moment of 2000 X75 kg./cm. 
Stress due to the tensile load 





Fie. 354 


2000 
18°54 
- 25°46 ky. Jom. (tensile) 

zd? mx 108 


he.fem? 


{ : — ornate =e 3 
Section modulus Z 33 39M 
Max. stress due to bending moment 

at 
Z 
2000 75 x 32 


xX 103 kg.fem.? 


:= +1528 kg /cm.* 
Maximum tensile stress 


=~- 25°46 —1528 kyx.fem* 
== ~ 1553 46 kg [cm.? (tensile) 

Problem 217. Fig. 355 shows a cross-section of the vertica 
standard of a radial drilling machine, in which the drill thrust imposel 
on the stand. rd a vertical pull whose line of action passes through thes 
point D. Find by what percentage the maximum tensile stress induced 
differs from the value which would be vbtained if the cored hole had 
been concentric with the outside diameter of the standard. 
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Selation. Sectional area of the standard 
a +1 1026? | cm,* 


=64 x cm.2 
Let a be the distance of the centroid of the section from 


-~—706N 








tir. 355 
AX =64n« 
=m xX 102 x 10-2 X6"x 12 
le 103--36 x 12 ee 
64 
wo oy 
5 : 
= 8°88 ci. 


Let the tensile load be P Ag. 
Stress due to direct load 
| aera ree 
== Py = 64n Ag./om. 
_ 0.015625 P 


Te 
Moment of inertia about the centroidal axis YY 


4 
-[ tex 102(10- 38)? | 


4 
-{ . oy +r x 612-883) | cm.4 


= 195in cm.4 
B.M.=(60--*)P kg. cm, 
=68'88 P kg. cm. 


kg.Jom.* 
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Tensile stress due to bending moment 
68°88 Po. 2 
vx Pp om 795in x 8°88 kg./cm. 


203 at 2 kg.fem.? 


Maximum tensile stress 
==P,4+-Py 


=0°015625 ~ -+0°3134~ kg. jem? 


203290 — kg.fom2 
If the core had been central, 
A=64% cm.” 


Stress duc to direct load 


a 


= f=. Fae kg.Jcom.? 


=(0'01 5625~ kg jem? 


pel oh eet | an: 
=F —6" | em: 


=2176ncm.4 = B.M.=70 P ke. cm. 

Maximum bending stress 
70 I 
{= 


= 51760 % 1 Agden? 


L a ¢ 
- 03217 - Kg./cm.? 


Aaximum tensile stress 


a, j fi 
=()'015625 r +0°3217 im kg. /om.* 


-0°3373 2 ke.Jcm? 


.- Percentage change in the maximum tensile stress 
0°3373 —0°3290 
= x ©” 
073373 * 100% 
= 2 461%, 
Problem 218. The cross-section of a@ short masonry pier is 
60 ¢em.x 120 cm. Th? force action across the section consists of a 
nermal compressive load of 30 tonnes at 4 and a bending moment of 
15 tonne nietre which causes tension above XX. For this load condi- 
tion Jind the maximum and minimum stress across the section. 
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Solution. Stress due to direct load 


WwW 

Pas a 
30x 1000 0 jem 2 
=cOsc 190 Kale. 


=4'25 kg.jcm.* 

M--(30 x 60-- 15 x 100) 1000 Ag.cim 
300 X L000 Ag. cnt, 
Stress due to net moment 


__ 300 x L000 x 6 
~ 60 X 120 x 120 


== =2'08 ke./cm.* 





P maa = 4'25 +2 08 
=6°33 ky.fom : 
and Pun =425—2'°08 mmm OU CI, -——-+| 
17 kg.Jom ° Fig. 356 


Problem 219.) Find the maximum tensile and compressive 
stresses on the section AB of the clamp shown in Fig. 357 when a 
’ 5 ° 
oressure Of 2SU kg. is exerted by the screw. The section ts rectangular 

ems 1 om. 


7 &, ra - ’ ee Pe oy oa nee My ee my ORE Ag EE 
« 0 = , ren Reh gy PN Vee bnrgya masa a oseh Rt eh j 
kg ee oor! 2 oh a fenaetaonte i 


f 


“4 +, 





bis. of 
Solution, The section 4B is subyecied to a tension of 250) kg, 
us well as tending moment of 760 ¥ 10 D800 Ky cnt. 


Sectional urea - 4.-4xX 1 Zem. 
Stress due to direct 'oad 
2508 & a 
af = 3 Agate 
=$3°33 Ag.lepr f tensile) 


ee + d- 
Section modulus 7 6 


l m4 Ge 
“m a, 
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Maximum stress due to bending moment 
M 
pcs 
Ze 


2500 Ps 
1s Ag./om. 


—~ 160667 ke Jom. 
Maximum tensile stress on the section 

= 16 °6'67-! 83 34 

--1750 kg.'cem? 


Maxi-vium compressive stress on the section 
~- 1666°67- - 83°33 
S 1S83°34 ke.fem." 


Walls and Pillars subjected to wind pressure 


Fig. 358 shows a masonry pillar. ——--_.-.. 4 
of plan dimensions ) xu and of height E 
h. Let the weight per unit: volume of e 
masonry be p. 
“. Weight of pillar 
IV than 
Intensity of sticss on the base 
duc te the weight of masonry 
Pow Vv 
A ba 
Let the vertical face ax/ be | 
subjected ta uniform wind pressure ; eo mn 
of intensity P. per unii areca of the 
vertical surface. 
“. Total wind pressure 
=P Puch 
~. Moment on the base due to 


wind pressure ; 
f 
=/Af -P ,- 


§57. 


INIT AREA 


ne eae: See 


ELEVATION 





2 
Stress caused on the base 


° PLAN 


lig, 358 


section due to the moment 
Aft 


where Z is the section modulus of the base section. 

The extreme stresses on the base section are, 

P vax aa pe + pa 

Panown= Po- Da 
Problem 220. 4 niasonry pillar 8 metres high is 15 metres x 
25 metres in section. A horizontal wind pressure of 140 kg. per 
metres" acts on the 23 mxXS8 m face. Find the maximum and minimum 
Stress intensities indeced on the base section. The weight of maseury 
is 2250 ky. per cubic metre. 


and 
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Solution. - Weight of the pillar = 4”=1°5 X2°5 x 8 * 2250 kg. 
Area of the section= A =1°5 x 2°5 metre? 
Stress due to direct load 
WL §x25~ 8x 2250 enncice 
A~ T5x25 Sn 
=~ 18000 kg./metre? 
Total wind pressure 
= P-=140x2°5x8 kg. = 2800 kg. 
hh 


M~P-.- 


=2800 x > 


ao 


=11200 ke. mn. 


2°5x1°S? 7 
Section modulus=Z-- F metres 


Kem. 


Stress due to moment 
= pro sf A 


_ 11200 x 6 
~ "25x 15% 
= +11950 kg./metre® 
The extreme stresses at the base are, 
Pinar = 18000 +11950 =29950 kg./metre® 
mn= 18000-11950 =5050 kg jmetre®. 


Problem 221. A masonry chimney having the shape of a 
frustum of a cone is 25 metres high. The external diameter at the top 
and the internal diameter at the bottom is 2 metres. The chimney is 0°5 
metre thick at the base. If the weight of the chimney is 180 tonnes find 
the uniform horizontal wind pressure that may act per unit projected 
area of the chimnev in order tension at the base may be just avoided. 


Solution Area of the base section 
=A = + [3° — 27] m? 


' =3'927 metre* 
Moment of inertia of the base section about a diameter 


_— = [34.94 4 
I 6d [34— 24] metre 


==3'191 metre* 
Section modulus of the base section 


=—Z . eee ==2°1273 metre® 


(7) 


kg./metre- 


366 STRENGTH OF MATERIALS 


Direct stress due to weight of the b~ 2M —4 
chimney A B 
f Ox 1000 i 
Si P tte ro <n | 8 Ke, /mtetre= 


A 3997 
= 45830 Ae fin tre= 3 
Let the undorm intensity of wind 
pressure be phe Onefeo oF projected area 
of the chimney 
Projected area of the chimnes area 
of trapezium ABC)? 
3 


a 


ee ee cere ange 


oo ewe), Hae, 


“1D 3) metre” 
2 j 
- 62S tetre 
Total wind pressure P 62°§ p ke. 
This resultant pressure acts at the 
level of the centroid of the trapezium 
ABCD 
Height of cenirad of the trapezium 
ABCD above the base 


—_—— one nO 
ee 
ee OD 


sme ee eee 
—w 


Se eae 
342 AN 3 PUCETeS 


=~ 1167 metres 
Moment due to wind pressure L 53m 

==M- P 

=:62'5 px 11°67 kg. m. Fig. 389 
Stress due to moment 





' 
an 


4 
| mw TE ed 


\ 
i 
Al 


M 


=P, =: +— 


62°5 x 1167p ° 
21273 «g-/m 
In order tension at the base is to be just avoided, 
Pn By 
625-11 OTp | 
11977 > * 45830 
4583I0x21273 
Ges iio? Ce ere 

= 133°7 kg./m?. 

Problem 219. 4 20 metres high masonry chimney is 2 metre 
square at the hase and tapers to | metre square at the top. The 
tapered central fize is circular in cross-section and I metre diameter 
at the base. 

If the total weight of the brickwork above the base is 1 30 tonnes 


find for what uniform intensity of wind pressure on one face of the 


chimaey the stress distribution across the base Just cease to be wholly 
compressive. 


/ 


+ 


nee 
7 


DIRECT AND BENDING STRI SSES 367 


Solution. Area of the base section 1m (4 
% 
A=2— a 1* metre? 


=3'215 metre” 
.. Stress to the direct load 
_. 130. x 1000 
37215 
=: 40420 kg./m.* 
Projected area exposed to wind 
=area of the trapezium ABCD 
+> 20 » (1 + 2) metre? 
= 30 metre? 
Let the intensity of wind pressure be 
p. kg./merte® of projected area 
. Total wind pressure 
P=30 p kg 
This pressure acts at the level of the 
centroid of the trapeztum ARCD, fe., at 
| ss 


kg./metre* 





a height of 


2 Fay ty 20 


~ fem OU! 


t 
{ 
{ 
tbe te cme eed eee (' 


~ metres above the base 
24-1 3 
Gea 
pe, 889 mete. above the base ing} =: 
Moment due to wind pressure Fie. 360 


~My pKS89 ke met 
=266°70 , ke. metre 
Moment of inertia of the base section 


21 nx yt 


Li ore ot 
12 64 mctre 


| 333--U0 049 metre 
| 284 metre’ 


tress due to monieat 
Ad 


If tension is to be just avoided, 
Py= P. 


26eu! p== 40420 kg./metre* 


1284 
— 40420 x 1°284 2 
£67 kg./metre 


= 194°6 kg.{metre* 


P 
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Corresponding to this condition, maximum compressive stress 
on the base 
= Pot Py=2Po 
+ = 2X 40420 ky./nr 
- SO840 kg. fm. 


Problem 223. Fe. 36/ shows the cross-section uf a masonry 
chimney with three flues. If wind pressure of 140 kz.Jmetre® acts 
normal to the longer side, calculate the stresses on the windward and 
leeward side given that the heicht of the chimney is 1 metre and the 
weight of masonry is 1920 kg./ ctc3. 





© Apes: 


99cm 
Z jacm 
a gam 18cm QCM te -f8CN  AOCM de — 18 


99cm 









wwe eee 


ee 00 aa a er ; 
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Solution. Area of chimney section 
-0°36 X09 —3 KO 1 82= 0.2268 meir.? 
Weight of the chimney 
= W=0°2268 x 11920 kg. 
Stress due to direct load 


Ww 
i ey 
02268 « 1920 
0°2268 
=:1920 kg /metre? 
Moment of ineitia of the chimney section about the longitudi- 
nal centroidal axis 


kg.!metre* 


_0°9 x 07363 0°34.x 0183 
12 12 
== ()'003237 metre? 
Wind load ==P--O09X1X140 126 kg. 
Moment due to wind load 
= M=126 + =63 kg. m 


metre 
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.. Stress due to moment 


63 X0°18 
Erte 7? == 9:003237 
= +3503 kg./m? 
Resultant stress on leeward side 
=DPo+Po 
= 1920+-3503 kg./metre* 


= 5423 kg./metre* 
Resultant stress on the windward side 


=Pe— Po 

= 1920—3503 kg./metre” 

= 1583 kg./metre* (tensile) 
Examples in Chapter 6 


1. The vertical post of a crane consists of an 7 section 
590 mm. *190 mm. When a load of 6 tonnes was lifted by the crane 
the distance of the load line from the centroid of the section is 400 
ems. Find tne extreme stresses for the section. Take for the 
550 mm.x190 mm. J section area of the secticn=109°97 cm# 
Fen 3531614 cm.4, 
(1297 kg./em.2 compressive : 1187 kg./em= tensile) 
2. The section of a 
short standard is shown in 
Fig. 362. The section is sub- 
jected to a compressive force 
of 60 fonnes action at the 
load point L. Determine the 
maximum compressive and 
tensile stress intensities 
across the section. Find also 
the stress intensity at A. 





een were men 


be- scm he 20m —>}4cn\e 
Fig. 362 


3. A masonry pier 6 metres high is a hollow rectangle in 
section. The external dimensions are 5 mX2m while the internal 
dimensions are 4mx1m. if the pier is subjected to a horizontal 
thrust of 2600 kg. at its top in the vertical plane bisecting the length, 
find the extreme stresses on the base section. Take the weight of 
masonry as 2200 kg./metres®. 

(18400 kg./m'® ; 8000 kg.{m? compresstve). 

4. The line of pullin a tension specimen 0°564 in. diameter 
is parallel to the axis of the specimen but 1s displaced from it. Calcu- 
late the distance of the line of pull from the axis when the maximum 
stress is 1594 greater than the mean stress on a section normal to 
the axis. (London University) (a=0'0I058 in: 
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5. A short cast iron column is of hollow section of uniform 
thickness, the externa] diameter being 25 cm. and the internal dia- 
meter 15cm. A vertical compressive load acts at an eccentricity of 
5 cms. from the axis of the column. If the maximum permissible 
stress is 900 kg./cm.” in compressions calculate the greatest allowable 
load. (263°3 tonnes) 


6. The cross-section of a short 
masonry pier is 2mx4m. The force 
action across the section consists of a 
normal compressive load of 32 t at A 
and a bending moment of 48 tm which 
causes tension about YX. For this load 
condition determine the maximum and 
minimum stresses across the section. 

(7 t/m?, 1 t/m? compressive) 





Fig. 363 
7. Atie rod of constant circular cross-section is required to 


withstand a maximum tension of 50°3 fons, but the end fixing is such 
that the line of action must be offset 0°3 in. from the axis. Determine 
to the nearest 4 of an inch, the maximum diameter of the tie rod if 
the maximum allowable stress is 8 tons/in.® 
(London University) (3°75 in.) 
8. A short column of external diameter 15 cms. and interna! 
diameter §0 cmy. carries an eccentric load. Find the greatest eccen- 
tricity which the load can have without producing tension on the 


cross-section of the column. Coe f ems.) 
9. A cencrete block has the 
aie: : eo 364 [eases ee ES = 
cross-section shown in Fig 364- Al 7 B 


The block weighs 9 t and carries 2 
vertical downward load of 2 sons 

at point P on the axis YY but | 

eccentric about the axis YY. Calcu- 

late the distance of the point P if it . 
is knowo that the pressure under y ee = pes atte EX 
the block along the edge 4D is just 

twice the pressure under the edge 


; 
BC. Determine also these pressures. } 
(22 i" 3 i i 
Max. stress=0'°40% 1¢/ft. 
Min, stress==0°204 #/ft.?) D ae am yo 


4 


Masonry Dams 


858. Analysis of a Masonry Dam 


» Fig. 365 shows the cross-section of a masoury dam of trape- 
évidal section. Let the top and bottom width of the section be a and 
h, Let H be the height of the dau. Let the face of the dam exposed 
to water be vertical. Let the height of water impounded be hd. 


Consider unit length of the dam. The forces acting on this part 
of the dam are the following : 


(7) Weight W of the dam 


y= { an H, 


2 





Prox 
Fig. 365 
where p is the weight of masonry per unit volume. 
371 
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The weight of the dam acts at a distance ¥ from the vertical 
face BC so that, 
a’-+ab+ 5? 


wee eee oe 


~  3(a+d) 


or "3(b3 — a2) 
(ii) Horizontal water pressure P 
At any depth x from the free surface of water the intensity of 


water pressure is wx. Hence the pressure intensity uniformly increases 
from zero at the free surface to wh at the bottom. 


.. Total water pressure on unit length of the wall 
=: P=average pressure x height of free surface 
_ wh , 
2 
wht 


or Pa > 


This total water pressure acts at a height -.- above the base. 


(iii) Reaction at the base 


For the equilibrium of the dam, the resultantof W and P must 
be counteracted by the reaction at the base. 


Let the resultant R of Pand W meet the base at Z. This 
resultant force R acting at Z may be resolved into its vertical and 
horizontal components. Obviously the vertical and horizontal 
components of R acting at Z are equa! to W and P respectively. 


The vertical component W of the force R acting at Z is resisted 
by the normal reaction at the base. 


The horizontal component P of the force R acting at Z is 
Tesisted by the friction between the bottom of the dam and ihe soil 
On which it is resting. 

The vertical component W acting at Z is an eccentric load. Let 
the distance ZC, ie., the distance of the point of application of the 

‘resultant force KR on the base from C, be z. Let O be the middle point 
of the base. 


Eccentricity of the vertical component W is equal to OZ. 
Eccentricity = e=OZ = CZ—CO= ( z— -; ) ; 
The position of the point Z where the resultant meets the base 
can be determined by taking moments of the components P and W 


about C and equating this sum to the moment of the resultant force 
R about C. 


i.e., Moment of W about C-+moment of P about C 
= Moment R about C ‘  ee(i) 
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The force R acting at Z consists of the vertical component W 
acting at Z and a horizontal component P acting at Z. 


Hence moment of R about C=Wz since the horizontal com- 
ponent P acting at Z has no moment about C. 


From Eq. (i) 


ane | 
Na trae 


Stresses across the section 
Stress on the section due to the direct load 


ee bx1l Bb 
Moment on the base section 
=M= We 
Section modulus of the base section 
_ 1x8? _ oF 
oo 6 
Extreme bending stress 
=Pyp=t 2 
aa WER cy SUE 





The extreme resultant stresses are 


W , 6We 
Pmaz=Po--Po= b + 


= Wi 1,6 
t ( 1+% ) 
at the edge away from the water. 


W  6We 
Pmin=Po—Po= b B2 
oe +( 1 ) at the water edge. 


"$59, Stability of a Dam 
A dam is liable to fail (7) by sliding on the soil on which it 
rests or (ii) by overturning. (iii) due to tensile stresses developed 
iv) due to excessive compressive stresses. 
In order that the failure by sliding may not occur the maxi- 
,Mum available frictional resistance should be greater than the. hori 
zontal water pressure P. If the weight of the structure per unit 
run be W the maximum available frictional resistance is 1W where p 
18 the coefficient of friction between the masonry dam and the soil 
on which it rests. Hence, for safety against sliding, 


itty 2 rein ated 
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uh 

Pp 3 
called the factor of safety against sliding. It is usual to design the 
structure such that the factor of safety against sliding is at least 1°5. 


In order the structure may not overturn it is necessary that 
resultant R of the weight Wof the structure and the horizontal 
water pressure P, must strike the base within its width i.e., the point 
Z must lie within the base CD. 


For the dam shown in Fig. 365 taking moments about D, 
Overturning moment 
Ph 


3 
Available restoring moment= W(b—*) 


The ratio of the available restoring moment to the overturning 
moment is called the factor of safety against overturning. <A 
failure may also occur due to tensile stresses induced in masonry. 
To safeguard the structure from this sort of failure, the dam section 
must be designed such that the resultant force on the base meets the 
base within the middle third. 


The condition p»W>P should be satisfied. The ratio 


2 
i.e., z shall not be greater than are b. 


A failure may also occur when the maximum compressive 
stress exceeds the permissible compressive stress for masonry. 


$60. Minimum bottom width required for a dam section 
__ In order that tension may not be developed in the base section 
it is necessary that the bottom width of the dam section shall not be 


less than a certain limit. Let us now determine the minimum width 
required for sections of various shapes. 


(i) Dam of Triangular Section 
Fig. 366 shows a 








triangular dam _ section RT eos 
Let the width at the bottom Maer: (eae seat 
be b. Let the height of the : 
dam be /7. _ 

In order that tension 1. ON 
may be just avoided, the _ " 
resultant of water pressure ‘ ha 
Pand the weight of the ‘ 
structure W should strike R W . A 
the base at Z such that the ee fo 
distance : _ 4 21sb—4 ae 

a, as ae) 


3 
Consider unit run of p> 
d m. 


Fig, 366 
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Weight of the structure 





U 
= W= 5H ¢ 
2 
Water pressures-P= i 
eae P 
But ext 7° 
b,#H, wh? 2 
: eS 3 2 bHe 
pis H? 
2 e 
H* 
Bae 
where s=t =specific gravity of masonry 
H 
ay ce 
(ii) Dam of rectangular section 
Fig. 367 shows a dam A 5. 
of rectangular section b units Ne anrses 
wide H units deep. : 
\ 
Consider unit run of the x 


dam, 


Corresponding to the full 
reservoir condition, 





wit® 
P= 5508 
W-= bilo 
Af tension is just avoided 
2 
Lan 
3 
pee cis 2 ae 
But ~~ E+ 3 W 
2 b H 
yo 2t 
b _ wH* 
6 6bp 


376 STRENGTH OF MATERIALS 


where S= — =specific gravity of masonry 


L 
Ww 
_ A 
VS 

Hence the minimum bottom width required to avoid tension 
is oe whether the dam section is triangular or rectangular. 

(ii) Trapezoidal section 

Let a dam section be trapezoidal having atop widtha and a 
bottom width 5 and height H. 

Let the water face be vertical 

= a*+ab+b2 

We have, x 3(a+b) 
Consider unit length of the dam 
Weight of the structure 
When the reservoir is full, the maximum water pressure 
wH 

2 





) 
=) 


atabt+e? . H  wH?  _ 2 b 
3(a+b) 3 4, ar? Hu 3 


a?+ab-+b?+ © —H?=2b(a+6) 
ab+-b? =q?+ 3 


For the above relation the minimum bottom width required 
may be computed. 


For the case of the triangular section, 


a=() 
ee ca 2. A? 
. ne Ss 
ec 6=——— 


vs 
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For the case of the rectangular section, 


a=bh 
. b?+ 62 = Bt He 
& H2 
; Bie eke 
b ‘Ss 
. ae 
VS. 


Minimum width to avoid sliding 
__In order the structure may not slide, the condition to be 
satisfied is, 
uW>P 
(a+b) wH? 
2 


B-—~—- He> a a 


at+b>— ts 
ep 


Hl 
aoe re 


where S= = = Specific gravity of masonry, 
For the critical condition 


eed. 
a+b= us 


ee 

or b= as 4 

Minimum width from consideration of maximum normal stress 

The maximum compressive stress is given by 

iP ( I + “2 )=Pnes 

From/this relation, the width required in order the maximum 
normal stress may not exceed a given limit may be computed. 

Hence for the stability the minjmum width b required (7) to 
avoid tension (ii) to avoid sliding and (ii) to avoid excessive normal 
stress may thus be computed. 

For the structure to be safe the greatest of the three values of 
b may be chosen in order failure may not occur. 

Problem 224. A masonry dam 8 metres high, I°5 metres wide 
at the top and 5 metres wide atthe base retains water to a depth of 
7'5 metres, the water face of the dam being vertical Find the maxi- 
mum and minimum stress intensities at the base. The weight of water 
is 1000 kg./cu. metre while the weight of masonry is 2240 kg./cu. 
metre. 
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Solution. Consider one metre run of the dam. 
Weight of the structure 


atb 


-W=—, —~ Hp 
Moy) x 8x 2240 keg. 
w= ss kg. 
MacHun waler pressure 
== P= — kg. 
= to Ta kg. 
P=28125 kg. 


Distance of the point of application of the resultant force 
on the base, from the extreme water edge 


lt ate, 

sae W 
_ ?+ab+b 
3(a+b) 


eo 5-+ 2 
ay > vie — metres 
¥=1°78 metres 


Siege ESne 28125. 
z-- 1°78-+ ms 53249 Metres 


= 1'78 f- 1°21 metres == )°99 mietres ; 
ae b 
ote eccentricity =e =+Z-- -=-- 
Z 
5 
=299-- 5 =0'49 metre 


The taximum and minimum pressures are given by 


Wl, 6e 
Pinax b ( I-++ a 


4 
(tS) kg. smetre’ 


Ser 
= 18460 kg./metre* 
Ww 6e > 
lin = —- 
Me } 


=O | a no ) kg./ metre® 


== 4798 kg./metre?. 
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Problem 225. A dam section is 8 metres high, the maximum 
depth of water impounded being 75 metres The top width of 
section is 1 metre. The weight of masonry is 2240 kg.icu. metre while 
the weight of water is 1000 kg./cu. metre. Find the minimum botton 
width required. Coefficient of friction between masonry and masonry 
is 0°6. The water face of the dam is vertical. 


Solation. Let the width of the base be b. 
Consider one metre run of the dam. 
Weight of structure 
( ab5_\ 
= W= > ) 


w-~ |! +) x8 x 2240 kg. 


W =8960 (b+ 1) kg. 
a t+ab+b* 
3 (a+ 6) 
{-+ b+? 
~~ 3 (+1 
Maximum water pressure 
w h* 


Ee 
aera! eae ——— ann 


{ 





* aol 


, 


i000 x 77S" 
= - kg. 
2 
P— 138125 kg. 
Minimum width to avoid tension at the base 


For this condition 


bt b+) 75 28125? 
3(b+- 1 3 7% 8960b4-1)> 3 


: 7528125 Sie 
B+ b+1+ gag ebb ED 


b2 + b+ 1-+23°5S=2b?+ 2b 


b 


b* -b. 24°55 
(b+0°8)? = 24° 55-+0°25 = 24°80 
6+0°5=30 


b=4°5 metres 
Minimum width to avoid sliding 
*. & . - e 
For this condition 
uw > P 
0°6 X 8960 (b-+1)> 28124 


380 STRENGTH OF MATBRIALS 


28125 
b+ 1> 0 6 X 8760 
b-}-1> 5°23 
b>4'23 metres. 

Hence the minimum bottom width may be made 45 metres. 

Problem 226. A masonry dam of trapezoidal section has a 
vertical water face and a height of 30 metres. Determine the widths 
at the top and bottom if the normal pressure on the base varies from 
zero pressure at one side ta 90 tonnes per square metre at the other 
side. The depth of water impounded is 29 metres. Take the weight 
of water and inasonry as 1000 kg.icu. metre and 2300 kg./cu. metre 
respectively. 

Solution. Let the top and 
bottom width of the dam section 
be a and b respectively. 

Consider one metre run of 





the dam. 
Weight of the structure 
W== ato H 
2 
- —.—— X 30 x 2300 kg. 
. Ws a (a+) ...(i) 


Maximum water pressure 


paw oo 


2 
1000 x 292 
oe 9 kg. Baggs" 90 of" 
Fig. 368 
= 420500 ke 
Since tension at the base has just been avoided 
eccentricity e=% 
W 6e 
Pmag= mee Eagar 
6 ( a ) 
a rc - 90 x 1000‘Kg./metre2 
W 45000 i) 
But from Ea. (i) 
W=34500(a-+5) 
-. 34500 95?) _ 45000 
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(a+b) 45000 .. 
‘p ~ 34500 7! 304 
a+b=1°304 6 
6b =1°3045 
a a*+ ab--b* 
3(a+b) 
_ (0°304 bP +-0°504 b?+-b? 
v7 3X 1°304 b 
__ 1396 
3°912 
a ¥=0°3569 b 
Further, siace tension rs been just avoided 
z= 3 b 
git P_t 
' 3 Ww 3 
29 420500 2 
0°3569 b+ x 45000 b =a 6 
29 K 420500. 
345000 & 0 30986 
yen 29420500 __ 
3 x 45000 x 0°3098 


b= 17 metres 
a=0304X17 metres=S5 20 metres. 


§61. Trapezoidal dam section with battered water face 


Fig. 369 shows a trapezoidal dam section ABCD. Let the top 
and bottom width of the section be 4B=a and CD=b. Let the 
water face BD be at 8 with the vertical. 


Let h be the depth of the section. Let the sloping length 
BC= 1 

an h=I cos 6 

The pressure intensity on the walter face changes from zero 
at B to wh at C, the direction of the pressure intensity being normal 
to the water face. Consider unit length of the dam. 

Total water pressure on the dam 

=P= on Zacting normally to the water 


face at F so that CF=3-CB= + . Obvicusly the line of action of P 


will be at 9 with the borizontal. 
Let G be the centre of gravity of the dam section. 
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ae WATER 


a 





Fig. 369 
Weight of dam per unit length of dam 


at+b 





h 


Let R be the resultant of Wand P. Let the resultant R meet 
the base at Z. 
In the figur OJ represents P 
OK represents W. 
The diagonal ON of the parallelogram JOKN represents the 


resultant R. We can obtain the vertical and horizontal components 
of R by drawing NQ perpendicular to OK 


Vertical component of R -V=OOQ 
Horizontal component of R-=H=NO 


The vertical component V will be resisted by the normal reac- 
tions at the base, and the horizontal component # wili be resisted 
by the frictional resistance. 


Let the distance CZ =z 


Now the eccentricity on the base-=e=2—-2. - The extreme 


pressure intensities on the base are given by 
Bie op 
V 6e 
on P nor Par caact 
{A b Jat D 


; V 
aid Pmia= | 1-¥] at C 


MASONRY DAMS 383. 
As before if tension at the base should be avoided e should be 
less than 2. 


Now consider the total water pressure 


p=") : acting on the sloping face BC 


” 


Horizontal p.essure on the vertical face CE == Ph a oe 


Weight of water (wedge portion) BECe= sw? sin ms cos 8 
Wisin t 


ee 


Resultant water pressure on the water face BC 


ee 


We Teel 
=x P= ) (“sae 
v( ey as aes a 


o — EES ss? 


wee 


wh / 2 co? 6-47? sin? 6 
2 


aa->~ | 
2 
It will therefore be convenient to consider the horizontal 
pressure P; and the weight of wedge BEC of water instead of con- 
sidering the total pressure P in the calculation. 


Obviously Pn acts at 7 above the base and the weight of the 


wedge of water acts at the centre of gravity of the wedge. 


Problem 227. 4 masonry dam of trapezoidal section is 10 metres 
high. It has a top width of £5 metres and a bottom width of 6°5 
metres. The water face of the dam has a hatter of fin 10. If the water 
level is at the top of the dam, find the maximum and the minimum 
normal stresses at the base. Musonry weighs 2300 kg. per cubic metre 
and water weighs 1000 kg. per cubic metre. 


Solution. Fig. 370 shows the section of the dam. Consider 
1 metre run of the dam. We will now find out the various loads 
acting on the dam Let the resultant of all these ‘eads act at a point 
Z distant z from the edge C of the base. 
~-. rotal moment about C 
“Total vertical Joad 


384 


28700 ka/m* 


4m 15m 





! 
i 
i 
i 
1 
5 
' 
{ 
1 
! 
\ 
1 
t 
\ 
{ 
1 
{ 
| 
‘ 
i 
1 
t 
( 


' 
t 

i | 
m7 


| 
| 
| 
: 


Fig. 370 
The relevant calculations are shown in the following table. 
Stability calculations for 1 metre run of the dam. 


SRN re afb aetenlinatns AT SEEEREUENETS OHEEES Ae tlh RGA DORR CERES ERE EET AAD 





raed 


FO Bi tse ratenRandipttaniade Minami s Ui REO EE A coerce ae be aaa AY um TER meme 


W, Triangle of masonry : 
4x 1 10x 2300 


| 
Load due to 
W, Rectangle of masonry : 
1°5 x 10 x 2300 
W, Triangie of masonry : 
4x4x 10x 2300 


W, Triargle of water : 
+ xX 1x 10x 1000 


Moment of horizontal water pressure : 
wH?® 100.) 10° 


Pee r= 6 


ANGI at RTORIE AO TTPTLAE POTEET ELE CES SAS ATT Stee SEP NENS 


Poul We 97000 


| Magnitude | 
of locd 


(kg) 


11500 


34500 


45000 


5000 
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am 


WATER 
SURFACE 


10 
gC 


u 
( 
et song? 


Distance Moment 





: 
frome ahoutc | 
(m) (kem) | 

pre ie ge eet Nene eee ls eee 
| $ 7667 
| | 
| 175 60375 | 
, | 
|, a3 176333 | 
. | 
| we 
| | 
| | 166667 
eee erences | samen ap nranemeutei 
| a2708 | a1709 
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Distance of the point of application of the resultant force on 
the base from the edge C 


_:a, Total moment about C 
Total vertical load 


i 2709 


= -S7000 
eccentricity e=zZ-- 2 
6°5 
=4'25— an m 
b 6 oy 
But San 6 = 1°08 m 


e 1s less than 2 


extreme pressure intensity at the base 


__ Total vert vertical al load ' + § ss 
area 


21000 14821) 
et kg./m 


i [1£0°923] kelm? 


oe 5700 923 kg./m? 


=28700 kg./m* 


i x 0'077 kg./m? 
= 1150 kg./m?. 

Problem 228. A masonry dam of trapezoidal section is 12 metres 
high with a top width of 2 metres. The water face has a batter o 
lin 12. Find the minimum bottom width necessary so that tensile 
stresses are not induced on the base section Masonry weighs 2300 kg. 
per cubic metre and water weighs 1000 kg. per cubic metre. 

Solution. Fig. 371 shows the section of the dam. Consider 
1 metre run of the dam. 

Let the bottom width of the dam be 5b metres. Distance of 
the point of application of the resultant load on the base from the. 
edge C 


Pmin= 


Total moment about C 


eee ga aan 


Total vertical load 


If tension is to be just avoided 
2 


z=z b p 
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; 2m tol 
WATER 


SURFACE 





w 
—ax 
Baar cee 


IN 
= 
a 


ee 


The various loads on the aan per metre run and their moments 


about c are tabulated below. 


ae ee ae ee a OF ee FECES FERRITE currants tae! ie 


(AE ree AOR ERTyETAS 9e 


Load due to 





W, Triangle of masonry : 
+x 1x 12x 2300 


W, Rectangle of masonry : 


2x 12 2300 


W, Triangle of masonry : 
4(6 3)*12x 2309 


W, Triangle of water : 
4X1 12x 1000 


Moment of horizontal water pressure : | 
00 x 125 


_ wH? 
= 6 


6 


pennamenreinpal SP Ree etre omens. 


Total 





-_ — —_—— 





Magnitude Distance | Moment 
of load fronc | aboute 
(ke) (m) | (kgm) 
13800 3 9200 
§5200 2 110400 
| b+6 4600(b—3) 
13800(b—3) | ~3_ (b+6) 
6000 + 2000 
2880.30 
ere aa fo 
= 75000 | 409600 
| + 13800 +4600 
| (b—3) | (h—3)(.0 +6) 
| | 





RENCE OR 


__409600-+-4600 (b—3) (b+6) _ 


75000+ 13800 (b—3) 
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4096+46(6—3)b+6)_ 2 


750+138(6—3) 3 

1500b-+- 2700(0— 3)= 12288+ 138(6— 3K b+ 6) 
1500b-+-276E7 — 8286 = 12288-++- 13857-44145 — 2484 

1386? + 261b—9804=0 

b2-+- 1°891b—71'04=0 
Solving we get b==T'52 m. 
62. Resultant thrust meeting the base at 2 point outside the 
middle third. 


In a masonry dam we know that the extreme stresses on any 
horizontal section are given by 


V 6e 
—.. + ~~ 
say [ 1 b 


where b is the width of the section, V is the total vertical 
Joad per unit run of the dam on the section and e is the eccentricity. 


In order tension may not be produced at the section we know 





that e< 2 2 


i.c., the resultant force on the section must meet the section 
within the middle third. This condition should be satisfied at every 
honzontal section of the dam in order to avoid tensile stresses. 





ty 
a i &Q 


a] 


i 


\ 


& : 
~ 
7m Coe ae a 
& 
Nixeaseare ee 
as 











Fig. 372 


Now consider the base section resting on the ground. Let 
for this section the resultant fall outside the middle third, at a 
Point Z at a distance CZ=z> 3 b (See Fig. 372). It should be 
realized that the nature of stress between the base and the supporting 
ground cannot be tensile. Hence there will be a pressure distribution 
following a different law different from what we had adopted eartier. 


388 STRENGTH OF MATERIALS 


Let us assume a linear law of pressure distribution. Let the 
pressure intensity vary uniformly from Pmoe at the edge D to zero 
at a certain point J. 

Total upward reaction 

==area of the pressure diagram D’ DJ 


= S PmesDI. 


Total downward load 


Since these two should be equal, 


l eal 
“5 Pmaz DJ=V 
Pina yi 


It should also be noted that the line of action of V through Z 
must also pass through the centroid of the pressure diagram. 


To satisfy this condition 
DJ =3DZ 
DJ=Xb—z) 

Bat eV 
Pmas 3(b—z) 


§ 


Deflection of Beams 


In chapter 5 we studied the stresses produced by a bending 
moment. In this chapter we shall study the deformation produced 
by a bending moment. If a member is subjected to a uniform 
bending moment M, the radius of curvature of the deflected form of 
the member is given by 2 =e, If the member be subjected to 
a bending moment which is not the same at all sections the radius of 
curvature at any point of the centre line is given again by the above 
relation. 


$63. Member bending into a circular arc. 

Fig 373 showsa member AB of eee 
span ! subjected toa uniform bending oe 
moment M so that the member is bent / 
to a circular shape. Let R be the radius / 
of the bent form of the member. 


\ 

\ 

Let the deflection at the centre of a ! 
the soan be=CD=6 7 ba| \ / 
But DC.CE=AC.CB / 


l\? p 
s12R~3 =(+)" ae 
‘e 

ae 





2R5—82 = 


Fig. 373 


For a practical beam the deflection 5 being a small quantity, 8* 
can be ignored. 


Tut 
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Let ia be the slope atthe end A. We tind the angle AOCis 

also equal to i. 
aioe ae 
ales OR DEI 
Since ic is also a small quantity, sin dais radians 


MI . 
ie-= PEI radians 


$64. Slope, deflection and radias of curvature 


Y 
| C 





Fig. 374 

Consider an elemental length PQ=ds of a curve. Let the tan- 
gents at P and Q make angles y and ¥+d) with the x-axis. Let the 
normals at P and Q meet at C. Then C is called ths centre of curva- 
ture of the curve at any point between P and Q, on the curve. The 
distance CP=CQ=R is called the radius of curvature at any point 
between P and:Q on the curve. 

Obviously ds= Rd 

_ ds 
or R= ao. 


But we know that if (x, y) be the coordinates of P. 
dy _ dy _. dx 
ies =tan ¥, yp sin dy and =cos 


ds 


Differentiating with respect to x, we have. 


dy dy 
sec" - dx dx 
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dy 
dy _ ax’ 
dx sect y Gi) 
Substituting Eq. (i), we get, 
_ sec’ 
R ic dBy 
dx? 
ay 
1 de 
R sec? f 
_ ay 
1 de 
R_ (sec” 8/2 
d2y 
eee dx? 


RG Ftan? 9a 
For a practical member bent due to the bending moment, the 
slope tan | at any point is a small quantity. Hence tan? ) can be 
ignored. 
ee 
R dx 
If M be the bending moment which has produced the radius of 
curvature R we have 


M_E 
! R 

d M 
REI 

eile eodsy 
EI dx- 
Marre 


dx 

$65. Cantilevers 
(i) Cantilever of length | carrying a point load at the free end 
Fig. 375 shows a cantilever AB of 
uniform section and of length 7 fixed at 
the end A and free at B. Let acon- 
centrated load W be applied at the free 


end B. 
Let the moment of inertia of the 


section of the cantilever about the es 575 
neutral axis be J. 1g. 

Consider any section Y of the cantilever distant x from the 
fixed end A. 
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The bending moment at the section Is given by 
d*y _ 7 
EI ia W(I—x) 
Integrating, we get 


AVS Rae 
FE] = w( te : )+e1 


where C is a constant of integration 
At A the fixed end the slope being zero, 


we have at x=0, dy =0 
dx 
C, =0 
d 2 
El es = — w( h— ) ...(i) Slope equation 


Integrating again, we get, 


2 3 
Ely=—W( 2 —% cs 
where Co is a constant of integration. 
At A the deflection being zero, we have 


At x~=0, y=0 
: C2=0 
Ix? x3 ) 
pron w S-3 


...(ii) Deflection equation 

_ Hence the slope and deflection at any section can be deter- 

mined by equations (7) and (ii). The slope and deflection at the free 

end can be determined by putting x=/ in these equations. Let the 
slope and deflection at B be ip and y» respectively. 


We have : 
Elh=—W{ 1.15 ) 
2 
Elib=— “ 
na? 
seca 6 EI 
Also, 
- 2 B\) Wwe 
ED= w( 1. 7% }- 
__ WE 
an Yo 3EI 
-. Downward deflection of B 
Wwe 





~~ 3ET 
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(ii) Cantilever of length | carrying a concentrated load W ata 
distance a froin the fixed end. 

Fig. 376 shows a_ cantilever Ww 
ABC of length / fixed at A and free at 
C and carrying a concentrated load 
at B distant a from the fixed end A. 


Let io be the slope at B and Yo be 
the deflection at B 





._. Wa* Wa 
We have ip EI and Yo= SET Fig. 376 
The beam will bend only between 4 and &; but from B to C it 

will remain straight since the B.M. between B and C 1s zero. 


Let the end C deflect to C; and let & detlect to By 


7,3 
We have BB, =) = a 
Let BiCe be perpendicular to CC; 
CCo= BB, =Yo= oe 
3El 
But CoC, =(l—a)iv 


Wa? Wa 
yor CCot+ Col, Sapp a) sep 


(iii) Cantilever of length | carrying a uniformly distributed load 
w per unit run over the whole length. 

Fig. 377 shows a cantilever AB of length / fixed at A and free 
at B carrying a uniformly distributed load of w per unit run over the 
whole length. 

5 The B.M. at any section X 


a messes | distant x from the fixed end is 


Lae w/UNIT RU i ' 
oar momen «elven by, 


: 2 
oe 


Integrating, we get, 








big. 377 ni si E : (1-x)'4 C 
At A the fixed end the slope being zero, we have, 
At =0, & -0 
re we 
er +2 (1-x)— 2" 


...(i) Slope equation 
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Integrating again, we get 
__ WwW \4 wi 
Ely=—>, (1-x} — “xt 


Since at A the deflection is zero, we have 


At x=0, y=0 
wit 
= 5g 1 
wl4 
oP ae 


4 wiht wl4 
Ely=— 3, (1-x ) ao he xt q 
...(ii) Deflection equation 
From equations (i) and (ii) the slope and deflection at any 
section can be determined. 
To find the slope i at B, putting x=/ in the slope equation, 
we get Elio= — i 
w/3 
6EI * 
To find the deflection J» at 8, putting x=/ in the deflection 
equation, we get, 


——— earn 


ar 


__ wi , wit __ wi 
BORNE era Nags ae aar 
wl! 
Foe BET 
wit 


i.e., downward deflection of BEL. 


(iv) Cantilever of length | carrying a uniforml y distributed load 
of w per unit run for a distance a from the fixed end. 


Fig. 378 shows a cantilever 

ABC of length / fixed at 4 and free cas " 
at C and carrying a_ uniformly 
distributed load w per unit run for 4° 
a distance a from the fixed end A 


Let AB,C, be the deflected 
form of the cantilever, mah 


—-— —-” a 


@/UNIT RUN 








Deflection at B : Fig. 278 
wa 
= Va:= BBY = SET 
Let B)Co be perpendicular to CC, 
CCs= BR, =): 


“REI 
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. wae 
Slope at B= = 6EI 

P wa? 

CaC1 = Bi Caio = (1 Q) oe 

Deflection at C=Y¥e=CCy=CC2+ CoC} 
_ wat __\ wa 
"SET ( a] 6EI 
The portion of the cantilever from C to B will remain straight 


wae 
having a slope of GET ° 
(v) Cantilever of length | carrying a uniformly distributed load 
of w per unit run for a distance a from the free end. 
Fig. 379 shows a cantilever 3 
ABC of length / fixed at A and free ee 


at C and carrying a uniformly @/ UNIT RUN 
distributed load w per unit run for 4 aE 
the portion BC of length a. , 
The deflection at C may be i | ~ 
determined as due to the indepen- | 
dent effect of the following load 
systems : ; 
(i) when the whole span is 


loaded from A to C. | 
. (ii) when an upward uni- , 
| 






wf{tINIT RUN 


A A vtoverarorarerayerofereLetevarsteraverealereretezeyataye " Ene 





formly distributed load of w per 


| 
( 
| 
unit run is acting for the portion | 


AB. | 
(i) Downward deflection of © os 
C when the whole length is loaded ) 
wh w{UNIT RUN 2p 
SEI Fig 379 


_ (ii) Upward deflection of C due to the upward uniformly 
distributed load acting for the portion AB 


=upward detection of B -slope at Bx BC 
_,Wl— a)? , wl—ay 
8Er okt 
Net downward deflection of the free end C 
wit _f wtl=at , (lal 
8E/ “EI 7 
Problem 229. A cantilever 3 metres long carries a uniformly 


distributed load over the entire length. Ifthe slope at the free end is 
1° find the deflection at the free end. ‘ oe 
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Solution. 
3 
Slope at free end = ae aha 
wis x 
EI 30 
w/4 
Deflection at the free end = —— 
ol 
wis | 
EL 8 
Tv 300 soy. 
= 30. x x = 3°927 cm. 


Problem 230. A horizontal cantilever of uniform section of length 
l carries two point loads, W at the free end and 2W at a distance of a 
from the free end — Find the maximum deflection due to this loaring. 


If the cantilever is a steei tube of circular section 10 cms exter- 
nal diameter ond Q60 cm. thick and [=I 50 metres and a=0°60 metre 
determine tc value at W in tonnes so that the maximum bending stress 
is 1400 kg Jem. and calculate the maximum deflection for the loading. 
Take E-~ 2x 108 }2./om.* 


Solution. Deflection at the free end due to the load W aione 


2W Ww ee WE 
3EI 


(l-a) : 
= Deflection at the free end 


3 due to the load 2W alone 
Fig. 380 

_ 2Wil—a)> , 2W-a)? 

3El ~ 2EI 

Total deflection at the free end 
WE, 2W(l—a)> _, W(l—a? 

~3Er 3B CCC 

at 3 _. 7\8 _7\2 
=5h er! +2%1—a)8+3(I aa | 
~ ei | e428 612a-+- 6a? — 2a? 3]2a— 6a2-+ 30° | 


2.273 3 
- it 3” 38a-ta | 


p= IT G3" (I1—a) +03 | 


For the numerical 
Max. B.M.=M = WI+2W(I--a) 


DEFLECTION OF BEAMS : 397 


= W(3l—2a)= W3 X1'5—2 X06) kg. m. 
=3°3 W kg. m. 


we (]4—-8°84 } 
I 64 (104--8°84) cn. 


=196°5 cm.4 
Stress due to max. B.M. 


Shs a y=1400 kg./cm? 


33Wx 100 
joes x 5.1400 
1400x195 
W= 53x 5,100 *& 
=166°70 kg. 
=()° 1667 tonne 
Vlax, dedection 
WwW 
= § = ——— WT oe: 
sey | 3PU-a)+a : 
oe 166'°7 oe i ‘ 
3x2x 108 x 196°5 3x 2°25x09+0 216 | x 1008 em. 
=(0°8894 cm. 


Problem 231. A cantilever of length 2 metres carries a uniformly 
distributed load of 250 kg per metre for a length of 1°25 metres from 
the fixed end and a point load of 100 kg. ut the free end. If the section 
B is rectangular 12 cms. wide and 24 cms. deep find the deflection at 
the free end. Take E=: 100,000 kg.jcm.* 









100kg . Solution. Moment of inertia 
| of the section 
pe el | is _ 708 
A “ 12 
_ 12x 248 4 
12 
Fig. 381 = 243 cm.4 


Deflection at C due to uniformly distributed load on AB 


_ wa’ wa” 


gel GET 
2501254, 250x1°258x0'75 137-3. 
8EI 6EI EI 


Defiection at C due to the point load at C 
_ WE _100x 23 _ 266°7 
3EI 3EI EI 
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Net deflection at C 
__ 1373 4 266°7 206 7 _. 404 


ere | SAREE ven eae 


EI ET 
404 (100)> 
= 108 243 m. =0°2922 cm. 


(vi) Cantilever of | carrying a distributed load whose 
intensity varics uniformly from zero at the free end to w per unit run 
at the fixed end. 
epee Fig. 382 shows a cantilever 

AB of length / carrying the loading 


@(L-2) | mentioned above. 
ots Consider section Y at a dis- 
tance x from the fixed end A. 
“hee Saas " Intensity of loading at X 


Fig. 382 ‘bx : 
“(7 ) w per unit run. 








The B.M. at the section X is given by, 
d*y ] w I—x 
63 =— fxn # -w. 0 
w(i—x)3 
6] 


El- 


Integrating, we get, 
dy _w(I-x)4 
oe 2a 
it A the slope is zero 
-. At x=0, 
dy 
dx ae 


PB 
0= et +Qy 


wi 
C1i=— 44 
dy wl-x4 wih 
Eli, U4l 24 
Integrating again, we get, 
w—x\ wis 


.. (i) Slope equation 


Ely=— 1007 734 x+Coe 
bad deflection at A is 0 
x=0, 


' y=O 
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wil4 
= — 120 +Ce 
_ wih 
C2= 159 
hie wI—x)> wi wis 
2 1201 24 ** 120 


(if) Deflection equation 
To find the slope at B the free end, putting x=/ in the slope 


equation, we get, Elis= aa 


ent _ wi 
a 3 
To nnd the deflection at B putting x=/, in the deflection equa- 
tion, we get. ; 
wl wi4 
24 T 730 
wi! wi 


E1002 22 TO 


see tied (lo 
a 30E/ 


; wit 
Downward deflection of B= 30ET 


ED). =— 


(vii) Cantilever of length | carrying a distributed load whose 
intensity varies uniformly from zero at the fixed end tow per unit run 
at the free end. 


Fig. 383 shows a _ cantilever 


ARB fixed at A and free at Band ay 

carrying the loading mentioned 

above. A B 
It is easily seen that the 4, 


deflection at B 

« Defiection at B due toa 
uniformly distributed load of w 
per unit run over the whole 
length. 

—Deflection at B due toa 
distributed load whose intensity 
varies uniformly from zero at the 





free end to w per unit run at the Fiz. 383 
fixed end. 
: wit wif 
Deflection at B=yo= 957 —30E7 
Il wif 
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Problem 232. .. cantilever of length I carries a concentrated 
load W’ at us mid span. If the free end be supported on arigid prop 
find the reaction at the prop Draw also S.F. and B.M. diagrams for 
the cantilever. 

Solution. Fig. 384 shows a 
cantilever AB fixed at A the free 
end B being supported ona rigid 
prop. ; 

Let the load W be applied at 
the middle point C of the span. 

Let the prop reaction be R. 

The cantilever can be looked 
upon as being subjected to the 
following loadings - 

(i) Downward point load IF 





at C. 

(ii?) Unward point load Rat B. uw nw 

Since the deflection at Bis a ent 
zero, we have A 5 w Cs 


Downward deflection of B 5.F DIAGRAM 
due to the load HW” - upward deflect- 
tion B due to R 





( 
Ww 
3EI 
RE * 
= 3p] Fig. 384 
eee 
Meats Oe eye abt 
Reaction at A -W Hh W 
16 16 
S.F diagram 
S.F. at any section between A and C= + - iW 
S.F at any section between C and B=— e Ww 
B.M. diagram 
B.M. at B=0 
l 5 
.M. at Cc =-+—. Wo—=—-> 
B.M a is W. y= 35 WI 
Wi 
_M. at A =t— pl -—.=.--—Wy 
B.M.a ae i6 wl ye i ae wl 


There will be a point of contraflexture between A and C. 
Let the B.M. be zero ata distance x from B. 
Equating the B.M. to zero, we have 


3 wy -+)= 
16 * w( x 5 0 
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5 

16 x+.5=0 
AL seit ee, 
16 2 ii 


Hence the point of contraflexure is at = Il from B or 4 I from A. 


Problem 233. A cantilever of length | carries a uniformly distri- 
buted load of w per unit run over the whole length. If the free end be 
supported over a rigid prop, find the reaction of the prop and draw 
S.F. and B.M. diagrams for the cantilever. Find also the maximum 
deflection. 

7 Solution. Fig. 385 shows a cantilever AB fixed at A the end B 
being supported on a prop. Let the prop reaction be R. 
Ifthe prop ‘had not been provided the dowaward deflection 


wl 
of B would be 3 EI 


3 
Upward deflection at B due to K alone equals. 


Since the net aoe at B is zero, we have, 
R 






w 
‘ = ony 
meee 8ET \ ae ty] UNIT FOUN 
A 34 
R=—wil 
8 
3 l 
.. Reaction at B= 3” 
: | 5 ar/ UNIT RUN | 

and reaction at A= — wl ‘ eToTeTazerete'alereberealeleisletalerefelotsfeleraferatets DA 


8 
S.F. diagram 


At any section distant x from 
B the S.F. is given by 


S=wx— wi 
At x=Q), 


i.€., at B, S=--wl 
At x=], 
i.e., at A, S=wi— : wl 





5 
= wi. 


Let the S.F..be zero atadis- & 
tance x from 3B. Fig. 385 
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Equating the S.F. to zero, we have 


Wwx— =-wi=0 
x= 3 
B.M. diagram 
The B.M. at any section distance x from B is given by 
2 
M= whe — 
At x=0. ie., at B, M=0 
At x=I, ie., at A, 
3... we wit 
M —— wl Sig os Es 
At x= Sh 
ba Snags w (3 2 
PAE igo 5: (2 I ) 
9 9 
= 64 wh ——ae-wP + wl” 


Point of contraflexure 
Let the B.M. be zero ata distance x from B. Equating the 


B.M. to zero, we get 


2 
—whk— ~— =0 


8 2 
- Tee ( 6l—8x )=0 
: 3 
ee x=0 and x= al. 
Deflection . 
At any section distant x from B, the B.M. is given by 


dx? ~~ 8 
Integrating we get, 
dy 3 ne x 
El gy > 1g WG +1 


At A the slope is zero 
i.@., at vay ae =() 


Fw BC+ Cy 
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wi3 

Ci=— ag 
ay 1135p Wwe We 
El 16 wix 6 48 


..-(i) Slope equation 
Integrating again, we get, 7 
wx? wxt wi 


Ely= 16 — 947 4g*t@ 
At A the deflection is zero 
i.e., at x=], y=0 
wl4 wilt wi 
“Te 4 4g @ 
C.=0 
wix3 wxt wh 
ENG = ae 4g ~ 


.. (ii) Deflection equation 


To find the maximum deflection 
Maximum deflection will occur where the slope is Zero. 
Equating the slope to zero, we get 


O= 3 whe Wwe WP 
16 6 48 
91x2—8x3— =0 

Let x:= Kl 
. 9K? B—8 K3/8— P= 

9K2—8 K3=] 

K*(9—8 K)=1 
Solving this equation by trial and error 
we get K=0°422 
Hence the maximum deflection will occur at 0°422/ from the 

prop end B. 

Putting x=0°422/ in the deflection equation, 
We get 


_ wi wi [ 
ED mua (ovs221 )'— ~% (0422 )—G 7 (o-a22r } 


16 
=—0'005415. wl 


i w 
Ymar = —-O0 005415 
wif 


Maximum downward deflection =0°005415 — EI ° 
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Problem 234. A cantilever of length | carries a uniformly distri- 
buted load w per unit run over the whole length. The free end of the 
cantilever is supported on a prop. If the prop sinks by 8 find the prop 
reaction. 

Solution. Let the prop reaction be R 


If the prop had not been present the downward deflection of 


he tree’end would/ba= 
the free end wou € SE 
Upward deflection of the free end due to R alone would be 
RP 
3EI 
Since the prop sinks by 3 the net downward deflection 
_ wit RP —5 
~ 8EI 3ET 
RP wit 
° 3EI = 8El 
; _ 3EIS wit 
a ra 
Simply supported beams 
: (4) Simply supported beam of span I carrying a point load at mid 
Pan 
W Fig. 386 shows a simply sup- 
ported beam AB of span / carrying 
A be ly a point load W at mid span C. 


Since the load is symmetri- 
cally applied the maximum deflec- 
y tion will occur at mid span. 

Each vertical reaction 


Fig. 386 W 
2 ® 


aro 
a 


Consider the left half AC of the span. 
The B.M. at any section in AC distant x from A is given by 


d*y W 
Eliya + 2 x 
Integrating, we get, Woe 
dy _ Wx" 


Since the maximum defiection occurs at mid span C the slope 
at C is zero 


i t =i 
Cy @ x= 5 
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dy _ 
dx me 
Ww I 
0= (+) +Ci 
wi 
d Wx? Wi 
El aa; MG i) Slope equation 
To find the slope at 4, put x =0 
: wi 
Eliz=— 16 | 
: 16El 


lotegrating the slope equation, we get, 


wes WP 


Since at A the deflection is zero, 


we have at x=), 
y=0 
Cq=0 
_ wx WP 
Ely= 1716 * 


(ii) Deflection equation 


To find the deflection at - 


eoenmte 
x —— 


put 5 
wri’ 
Elye= 9 ( 2 ) “6 
__ we 
=~ 48 
y __ WE 
 48El 
Downward deflection of C 
we 
‘ ~ 48El ; 
__ (ii) Simply supported beam of span 1 carrying a un 
dsitributed load of w per unit run over the whole span. 


iformly 
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Fig. 387 shows a simply " 
supported beam ABS of span / carry- «gum asm 
ing a uniformly distributed load w 
per unit run over the whole span. 





Each vertical reaction Fig, 387 


The B.M. at any section distant x from the end A is given by, 


ay wl wx! 
Aa. GO 


Integrating, we get 
dy why WO 
El dx’ 4~ 6 TO ; 
The loading being symmetrical, the maximum deflection will 
occur at mid span and hence the slope at mid span equals zero. 


L.é., at ay l 

dy 

ae 0 

wl { I \* ( Be ; 
3 =H 2 gla 
wi 
Ae 94) 
ey 3 

oe EI oy we oan oa ...(i) Slope equatian 
Integrating again, we gct, 

Ely=~ wis pie ae 


12 24 24 
At A the deflection being zero we have at x=0, y=0 
.. C2=0 
wes 


Ely= ee sx 


-. Deflection equation 
Co find the maximum deflection which occurs at mid span C. 


Putting x= + in the defleetion ap we get, 
(+ 4 wf l 
Elyc= Fi a(4) x(+) 


4? 
seq 
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Yeo= esciglt OP wit t 
t. , 284 ET j 
To find the slope at A, put x=0 in the slope equation. 


Elia= -¥F 

ae : 
: ata 
” . 24EI . 


att o 
sae et reeetnt BaeA 
Honus se paninne pete th 


Problem 235. A simply supported beam of span! carries a 
unifomly distributed load for a distance 1/2 from one support. Find 
the deflection at the centre. 


Solution. Let 8 be the deflection atthe centre when the left 
half of the span is loaded [see Fig. 388 (i)j. 


w/UNIT RUN C 
COTTAM AT OD Fa 


C  w/UNIT RUN 
Gee 8 
§ iio V, 


TOMA e eos oTKIroOoKIT Ar eaIe PECL EY.) 
28 


Fig. 388 


If the right half of the span is loaded then also the same 
deflection 6 will occur at the centre [see Fig 388 (ii)]. 


Hence if the left half as well as the right half are loaded, i.e., if 
the entire span is loaded the deflection at the centre, 


wit 
—2—= 304 “ET 


When one half of the span is loaded, the defiection at the centre 


5 wit 
768 EI~ 

Problem 236. A horizontal beam of uniform section is pinned 
at its ends which are at the same level and is loaded at the left hand pin 
with an anticlockwise moment M and at the right hand pin with a 
clockwise moment 2M both in the same vertical plane. The 


length 
serene ins is 1. Find the angles of slope at each end and the 
ifiection of the mid point of the span in terms of M. 1, Eant I. 


te 


408 


by 
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Solution. Let the 
vertical reaction at each 


c end be /. 
2m For the equilibrium 
t of the member, 
Vi=(2M—M) 
Vv : M 
ig. 389 . aa 


At any section distant x from A bending moment is given 


d?y_ 
EI axe —Vx—M 
= AM 
Integrating, we get 
Wo — Me 
EI fe Mx+Ci 


Again integrating, we get, 


Ely=—M* ME +Cix+Co 


At A the deflection ts zero. 
’. At x=Q, 
y= 9 
Ceo=0 
At B the deflection is zero. 
At x=] 


2 
C1: gM 


The slope and deflection at any Section are given by 
dy Mx" 2 
El=— =—=——Mx+ -> MI 


dx 2/1 3 
-—_Mx*_Mx?, 2 4), 
and Ely= 6! 2 +> Mix 


Slope at A 


Putting x=0, in the slope equation, we get, 


Elie=-2-MI 
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MI 


sete 
la 3 7 


Slope at B 


Putting x=/, in the slope equation, we get, 


ell 2 ag] doce 
Elix=—"> —MI+ 4-Ml 


eS 
=—=-MI 


5M 
6 El 


Deflection at mid span 


b= — 


Putting x= + 


__M B _M 
Elye= él” 8 > 
— > yp 
0G MI 
ya 2 MP 
16 EL 


in the deflection equation, we get, 


| 
ty MES 


Problem 237. A horizontal cantilever of length | supports a uni- 
formly distributed load of w per unit run along its length. The canti- 
lever is propped to the level of the fixed end at a distance 3 1 from the 
fixed end. Find the reaction of the prop. 


W@W PER UNIT RUN 





@ PER UNI) RUN 


i remacis 
oy A sane esas» 
<<. 


be 
Cds 
oy 


(c) 
Fig. 390 


Solution. Fig. 390 
shows the cantilever ACB 
fixed at A and propped at C. 
Let the prop reaction be R. 

We know that the 
deflection at C must be zero. 

Hence the downward 
deflection at C when the 
prop is absent must be equal 
to the upward deflection of 
C due to an upward force R 
applied at C. Let us first con- 
sider the case when the prop 
is absent. See Fig. 390(d). 
For this case, at any section 
distant x from the fixed end 
the bending moment is given 
by, 


2 
a"y . — (7 2 
E737 Ux) 
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Integrating, we get, 
3 
E-4Y_= We EEG 


At A the slope is zero. 


1.€., at x= 

ay _ 

dx 

3 
= 40, 
___ wi 

Ci 6 

_dy _ wl-xP wh 
eget age 6 


Integrating again, we get, 
wI—x)4__wi8 


Eye ee 
At A the deflection is zero. 
Z.é., at x=, 
y=0 
wilt 
O=— 5, tCa 
wi4 
Beg 
__wi=x)t_wi wis 
Ely= -— 44° 6 xt og 
Let the deflection at C be y. 
L.e., at x= ae 
Y=Ye 
wf \4 wi a 
Ely. =— 35 ( a 
dete Se, 
204g 
ya IT wit 
a : 2048 El 
Hence the downward deflection at C when the prop is absent 
a’ 
Po: 171 | wif 


2048 «ET 
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But upward deflection at C due to R alone 
3 
AT!) oom 
3EI  64sC#EET 
Since the net deflection at C is zero, we have 
9 RE 171 wit 
64 EI 2048 EI 
= /9 
R= 3 wi, 
Problem 238. A horizontal ccntilever of uniform section and 
length I carries two vertical point loads W; and We. Wz acts upwards 


at the free end and We acts downwards ata distance a from the 
fixed end. Find the deflection at the free end. 





Solution. If the load Ws had been 
absent, the upward deflection of the free M 
end would be a 
WE. : i 
3EI 
If Wy had been absent the down- wy 
ward deflection of the free end due to 
W, alone Fig. 39) 
_ Wea? , Wea" 
3E1 + 2EF i 


Net deflection of the free end 
Wl _ Wea? _ Wea?) 
3El 3El 2Er 


Boel | 2Wi2?—2Wea® —3 Wea*(l—a) 


= <r ‘2 WE - Wea%31—a)} : 


Problem 239. A canilever of uniform section has a length 
AB=I, A is the free end and carries a point load W, while B is the 
fixed end. Find the deflection at a point C distant + from the free 


end A. 


If the cantilever is propped at C find the reaction of the prop 
assuming that there is no deflection at C. 


Draw also the B.M. and S.F. diagrams for the propped cantilever. 
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Solution. For the canti- 


Ww 
, | lever, the bending moment at 
5 


c A any section distant x from the 


at des 
kk-—-——-— 3 eee! fixed end is given by 


Fig.392 
d?y 
Integrating, we get, 
E dy ( : x 
E14 W(Ix—2 )+e 


where Cj 1s a constant of integration 
At B the slope is zero, 


a OV tes 
l.e., at x=0, Tx 0 
C1=0 
dv _awl x” 
EI w( I + 
Integrating again, we get, 
Lx* x3 
fase VY | ne ens 9 
Ely ( 4 )+e: 


where Ce is a constant of integration, 
At B the deflection is zero, 
f.e., at x=0, y=0 


le Co=0 
= lx? x3 
Ely= w( me ) 


To find the deflection at C, 





: Sire 
putting Xe a Jin the above equation, we get 


~p(t 9% pl 27 
EL. = W( + : 16 ! 6° 64 B | 


ee seas 
= jog 0" 
27 WP 
=Tg EI 


If now the prop be provided, let the prop reaction be R. 
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Upward defiection at C due to the independent effect of R 
alone 


Hence, if the net deflection at C is zero, we have 
9 RB 27) WB 
64 El 128° El 
27 64 





R: 428 * "9 W 
3 
R= W 


S.F, Calculations 
S.F. between C and A 
=+W 
S.F. between B and C 


= tW—7W 


Wh W 


rmnactedy 
(umm 


2 


B.M. Calculations 
B.M. at A=0 


B.M. at C=— Ww 
B.M. at B 


3 3 
a. q iwi 





8 (C) 8.4. DIAGRAM 
Fig. 393 
Point of Contraflexure 


Let the B.M. be zero at O at a distance x from A ( x> z) 
Equating the B.M. to zero, we get 
3 


> w( x4 )- Wx=0 
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Problem 240. A cantilever of length I carrying a uniformly 
distributed load of w per unit run is propped at the free end. If the 
prop hulds the end at the level of the fixed end find the reaction of the 
prop. Draw S.F. and B.M. diagrams. 


Solution Fig. 394 (a) : 
shows the propped cantilever AB, atl alla a 
the end A being fixed and the 
end B being propped. Let R be ; R 


the prop-reaction. If the prop ee eee 


(a) 


had not been present the down- 
ward deflection of the end B 


wl 
would have been BEI 


If the cantilever had been 
subjected fo an upward torce R 
alone at the free end, the upward 
deflection of the end B would be 

RE 
3EI 

Since the deflection at B 
should be zero, we have, 





RE _ wi 
“3EI 8EI 
R= 2 wl 
S.F. diagram 
The shear force S; at any (f) 8.0% DIAGRAM 
section distant x from the end B 
is given by Fig. 394 
Se =wx—-R 
Sue wi 
8 


Section at which the S.F. equals zero 
Equating the gencral expression for S.F. to zero we have 


wx wi=0, 
Sag I 
At x=0. 
3 
Ss= — g wl 
At x= I, 


3 - 5 
Se=wl——- wl += wi. 
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B.M. diagram 
At any section distant x from the end B the bending moment 


is given by 


At x=0, i.e., at B, 
M:=0 
At x=, f.e., at A, 
Mex (—I) 
__ we 
e 8 
3 
At x=4 I 
M.=0 
3 
At X= g l, 


3 3 
er (3-4-1) 


w 
8 
9 ; 
<a 128 wl e 
Problem 241. A propped cantilever 6 metres long carries a 


uniformly distribut. ,i load of 1 t per metre fora distance of 4 metres 


from the fixed end. Calculate the reaction at the prop. 
(A.M.LE., Nov. 1970) 


1t per metre 
A = C 
bm pares m 
a 
Fig. 395 


Solution. Let R be the reaction at the prop C. Since the net 
deflection at C=0, we have, 

1x44 1x 43 Rx 68 

! sel + 6gI ** 3Er 


a R=0°741 t. 


=0 
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Problem 242. A cantilever of length | is propped at its free 
end. The cantilever carries a uniformly distributed load of w per 
unit run over the whole span. If the prop sinks by 8, find the reaction 
of the prop. 

Solution. Let the prop reaction be R. 

If the prop had not been present the downward deflection of 


4 
the free end would have been a. Upward deflection of the free 


EI 
end due to an upward force R alone acting at the free end would be 
RIB 
3EIT 
Since the net downward deflection of the free end is 8, we have 
wit RB 3 
SEI ET 
RE wit 
3EI «SET 
3ET { wil 
rai (ga 


Problem 243. A cantilever of length | is propped at its free end. 
The cantilever carries a uniformly distributed load of w per unit run. 
Find by how much above the level of the fixed end the level of the prop 
must be fixed so that the load may be equally shared by the supports. 


Solution. Prop reaction= R= 


Levc! of the propped end above the Jevel of the fixed end 
=net upward deflection of the free end 


RE wit 
™ 3EI 8EI 


=($ ser - 
“\ 2 /3EI  8gEl 

_ wit wit wit 
~ 6EI 8EI 24E/ 


Hence the propped end must be above the level of the fixed 
, wit 
end by 2aET 


Problem 244. A horizontal cantilever of uniform section and 
length | carries a uniformly distributed load w per unit length through- 
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out ity eneth = The cantilever ix supported by a rigid prop at @ distance 
Kl from the fixed end the level of the beam at the prop being the same 
as that at the fired -nd Determine the value of K which will make the 
hendiag moment at the prop the sume as that at the fixed end. 


Sketch the SF. and BM. diagrams for the cantilever and show 
on them all maximuin values (London University) 


Solution. Let AB be the cantilever fixed at 4 and frce at B 
and propped at C at a distance 


tenis . WIUNIT RUN 
Al from A, A +55 uoGnod B 
wd Ch (t-K) 
Let the reaction of the prop | 
be R 7 eae cas 
B.M. at the prop Fig, 396 
wh KYP 
4 
B.M. at the fixed end 
fH 
RK.“ 


Since the bending mement a’ fixed end equals the bending 
moment at the prop, we have, 


RKI wit wl | Nae 
rk ony 
stl 112K - x | 
RK KQ—K) 
are (2--k) 


Since at C: the deflection is zero it foliows that the downward 
deflection at C when the prop ix abscat must be equal to the upward 
deflection at C due to an upward force & alone apphed at C. 

Let ous first fia | the dawn: 
pe UOT RAIN, ward deflection at C when the 


MMO oOo bon 0e ON oos : 
A era prop ts absent for this 


Kl —| condition of the cantilever the 
ao bending moment at any sec- 
ey tion distant x from the fixed 
end is given by 
d'y W W 
cl aN ( [2 ix | 
Integrating, we get, 


dy _ de = ec 
EI i. 7 [+x Int 3 Cy 
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where Ci is a constant of integration. 
At A the slope being zero, we have, 


at == 
dy _. 
ax =. 
C1=0 


Inteiating again, we get, 
Py? 38 | xf 
7 oe scar ah eee 
He 5 3 Dan )+e2 
At A the deffection being zero, we have, 





at x=0 
y=0 
Co= 
ae Px? - case 
Ely *( > ae «) 


Hence to fin’ *he deflection at C, ey 
x:: Klin the above equation, we get, 





ay. wW{ EK 1KSB | KAI 
Bae o( TE Pp ae Mes 
=—5 L ce 6 —4K+ K2) 
oe yer re KAK* 4K-+6) 


or the downward deflection at C 
wif 
~— = 2 
Ye= gyn, KY K*—4K+6) 


Upward deflection at C 
due to R alone 
: _y,< R(KDS 
ie ' 3EI 
Bre _ wl (2—K)K3B 
Fig. 398 Ey 
_ wit (2— K)K3 
6FI 
Since the net deflection at C is zeru, we have, 
wl KY Kt-4K+6)—= 2 KR) 
24EI 6ET 
; K°—4K+6=4K(2—- K) 
5K*—12K+6=0 
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Solving as a quadratic in K, 
‘ _ 12—V144—120 
Ee. 
_R-vV:! 24 
10 
_12—2v6 
10 
_6— 6 
5 
26 ee) 
6+ V6 
36—6 
~ 56+ V6) 
6 
1646 
V6 
~ V6+ 1 
=(0'7] 
S.F. and B M. diagrams 
Fig. 399 shows the propped 
cantilever 


r= (—~ K) 





5 (2 0°71) 


=0'°645 wi 
Vertical reaction at 4 
‘= Ve= wl — 0° 645 wl 
=()'345 wil 
S.E. Calculations : 
S.F. at A=: +-0 355 wl 
S.F. just on the left side of C 
=+0'355 wl—0°71 wi 
= —('355 wl 
S.F. just on the right side of C 
= +0°29 wl 
S.F. at B-0 
Obviously S.F. at the middle point of AC =0. 
B.M. Calculations : 
B.M. at B=0 
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w(0°29 1)? 


: B.M. at C=— 
Oe neko ot 8 2 : 
' z= —0°042 wl2 

0355ul a 6aniel ; =B.M. at A 

( 

} (.4) ' 
0 955ul ae 7 B.M. atthe middle point of 

"try , AC, i.¢., BLM. at 0°645 / from B 


pn | oI, : 
nae |e, =0°643 wl x 0'355 | 


A : ee ON 

a : : 

‘ a (0°645 1)* 

‘ (b) 5 F DIAGHAM —~ wR ~-—— Saar 

t a 

, oor | . 2 L027 wl? 

fa Th w « oe 

ry He pets ao B 
? Ow. 
0-042 wi 004; wk 4 


(0) 8M DIAGRAM 


- Fig. 400 

Problem 245. A rolled stecl joist 600 mm x 210 mm. is simpl; 
supported at its ends ona span of 10 metres and curries @ uniformly 
distributed load of 1 25 tonnes per metre run including its own weight. 
If the maximum deflection is not to cceed 2 cms, and the maximum 
stress due to bending is not to exceed M400 he lem”, find the greatest 
value of an additonal concentrated load which may be added to th, 
joist to the middle of the span. For the steel joist take [re 728670 
em.4 and E= 2108 kg.Jem 

Solution. (a) Deflection criterion 
Let the point load be W kg. 

Central deflection 

WP Swi! 


Sen Es 5 
4gér ‘ 384er O° OO 


[3 ae 
ae | SW | Swi ELS 
. 10° BHT Ss £25» 1000 10 ]x 1008 
“394 7 | 


.2« 10% 728676 X2 
2x 10° X 728676 x2 


10" x 384 


8W 1625x101 - 


SH’ + 62500 -- 111900 
W =6175 kg. 
--G'475 tonnes. 


(b) Max. stress criterion 


i 2 
Max.B.M. -M=-! wh 
4 & 
? . 2 
X10 25 x 1000 x 10 Pete 


4 8 
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=2°5 W4-1'25 125x100 kg. am. 


Max. stress f= oe — 1400 kg./om.? 


(2°5W41'25 125% 100) 100 4, 
(2755 "*) - 
30 


. 1400 x 72867°6 
235 W+125x 125 x 100= 
it us 30 100 
25 W+125 x 125 x 100==34000 
= 13538 kg. 
=/3 538 tonnes 
Maximum permissible value of 1’ 
==6°175 tonnes 


Problem 246 A simply supported beam of span {carries a 
uniformly distributed loail w per unit run over the whole span. If now 
the beam be provided with a prop at the centre of the span so that the 
prop holds the beam to the level of the end supports, find the reaction 
of the prop. Draw S.F. and B.M. diagrams. 


Solution. Let 4B be the 
bean: of length / supported at 
the ends and propped at mid 
spun C Let the reaction of the 
prop be A. 

If the prop had not been 
present the downward deflec- 
tion at C would be 

5 wil 
381 kT 

If the beam had _ been 
subjected to an upward force 
R alone at C the upward 
deflection at C would be 

RB 
Vig. 401 48 El 
Since the deflection at C is zero, we have, 
RIS 5 wilh 


4s El 384 E/ 
5 
=~" wl 


8 


Vertical reaction at each end support 


( wl — wi ) 


2 





=V,=Vo= 
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= —-wl 


S.F. Calculations 
At any section in AC distant x from A the S.F. is given by 


3 
S= 16 wl— wx 
At A Le., at x=90, 
3 
S=t7¢ wl 
At C Le., at x= 
3 wl 
S= 16 W— 9 
peer ala 
= i6 wi, 


Hence for the span AC the S.F. 


changes uniformly from + =. wl 


at A (=o, wl at C. Similarly 


for the span CB the S.F. changes 





uniformly from +12 wil at C to 


A | : 
‘ SIS ae 
og 6 wil at B. 
{ 
‘ 
| 


{ gut Let at a distance x from A’ 
' 2ut sf oacxaw on the span AC the S.F. be zero. 
: ee Equating the S.F. to zero, we get, 
“ete. acral. 3 
QP Se pee 
ty at Ly 16 Wi wx=0 
8.M, DIAGRAM : Sa 
Fig. 402 am 16 
Consider the span AC 
At any section distant x from 4 the B.M. is given by 
2 
M= = wl x— aa 
M=——x(3I—8x) 
16 
At x=( i.e., at A and also at 
3 
x= & / 


M=0 
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3 
w 3 3 
9 
= +555 FP 
At ry f.e., at C 
w | Rx] 
iG: oa ae ) 
__ #e 
32 


Problem 247. A uniform girder of length 8 mis subjected to a 
total load of 20t uniformly distributed over the entire length. 
girder is freely supported at its ends. Calculate the B.M. and the 
deflection at the centre. 

If a prop is introduced at the centre of the beam so as to mp 
this deflection, find the net B.M. at the centre. (AMIE, May 19 Dy 

Case (i) When the girder is supported only at the ents 

Solution. 

wl? Wl 20x8 
B.M. at centie = 8 oes 8 =i 8 - tm 
- -20 tm 
5 wh 5 WP 
Deflection at the centre -- 3= 334 EI 384 EF 
_ _ 20x (800)% 
“384° Ei 
400000000 
‘BSE 
Casc Git). When a prop is provided at the Centre. 
For this case, B.M. at centre 


ies: we OWI 
c. 32—i‘“‘«‘“ 8] 
a0 «KS 
tO ES 
39 im 


$66. Macaulay’s Method 


This is a convenient method for determining the defiections of 
a beam subjected to point loads or in general discontinuous loads. 
The method mainly consists in the special manner in which the 
bending moment at any section is expressed and in the manner in 
which the integrations are carried out. 
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Fig. 403 shows a simply supported beam AB supported at A 
and 3, having a span / and carrying the loads W,; and Weat Cand D 
at distances a and 5b from the 
end A. Let Vu and Vo be the ; 
vertical reactions at A and B. 

At any section between A 
and C distant x from A the sz nt 
bending moment is given by i iets _ 


M:z Vax by -— | ors 


This expression for the 
bending moment holds good for 
all valucs of x between x & log. 403 
and » 

At any scction between Co and YD and distant x from A, the 
bending moment is given by 

M.- Vax Wy, (x--a) 

This expression holds good for all values of x» between x=a 
and x -b 

At any section between D and B and distant « from the end 
A, the bending moment ts given by 

MizVax Wi (x—-a) - Walx -A) 

This expression holds good for all values of x between xe=b 
andx /? 

In general at any section the beading moment is given by 


oe 
M,= Fl me Vax - Way a): Wa (xb) i) 


oo 


The manner in which the above expression is written should be 
noted. As the magnitude of y poes on increasing 50 thar the law of 
loading changes, additional expressions appear. 

For values of v betweea x -Qand a a, only the first term of 
the above capression should be 
considered 

For values of x between au and v- b only the first two 
terms of the above expression 
should be considered. 


For values of a between vb and x=/, all the terms of the 
above expression should be con- 





sidered. 
Integrating Eq. (i) we get, the general expression for slope 
4, dy Wi (x-a)® We (x—- bP 
El Os Vo > +C1 ae 5 2 .(é) 


It is very important to note the following two points : 
(a) The constant of integration C; should be written after the 
first term of the above expression. 
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(x- a)? 


(6b) The quantity (va) should be integrated as and 


> 
oad 


x = 
not as -— QX. 


Similarly the quantity “v 5) should be integrated as a whole 
(x— b)* 


i.¢., as 
(c) The constant C, is valid for all values of x. 
Integrating equation (if) we get the deflection equation. 
3 = Wo: 3 
Ely Va i; 1CyrytCs EEO ae 2) 


6 6 
Again it may be noted that (x «a)* has been integrated to 
ay Ay oR! 
3 : and (A b)* has been integrated tu “ oo, The constant Ce 


is writfen after Cy v. The constant C: is va id for all values of v. 
The constants Cy and (2 can be evaluated if the end conditions 
arc known. 
For instance when the beam is simply supported the deflection 
invaoat ftand Bie, aty -Oandaty Ly 0. 
Putting x O and y=0 in the deflection equation, we get C2 0. 


Putting 1) Jandy - Oia the deflection equation, the constant 
Cy, can be evaluated Once the constants Cy and Cz are known, the 
slope and deflection at any section can be determined. The following 
problems show the application of Macaulay” method. 


Problem 248 4 beam of length lL simply supported at the ends 
carries a point luad Wat a distance a from the left: end. Find the 
deflection under the load and the maxinuun . flection 


Solution Let 4B be the 





s Ww 
beam of span 7 carrying the 
load W at C. 
ie ee (' 6b 
Let AC a and TE ee | 
- Ge Ee 
CB bh wh A 
Let a> t : 
Fi. 404 


It is easily secn that the vertical reactions V. and Vp at A and 
B are given by, 


pee 
and Vo = i 
Following Macoulay’s acthod, the b: moment at any 


section is given + 


426. STRENGTH OF MATERIALS 


2 
EI ay WOE x —W(x—a) 
dx I 
Integrating again, we get 
d Wh - 
El ee ae +O1: le oF (slope equation) 


Integrating again, we zet 


Wbx3 


El y==—~ey- + Cixt Ce- ee » 


(deflection equation) 
At A the deflection is zero, a 





ie., at. x=0, 
y=0 
CG =O 
At B the deflection is zero, 
at x=, 
y=0 
—N9 
Q-- WP. ol WI ~ays 
6 6 
Was Wor? 
oa lace ea 
Since l—a=b, 
wes — WolI? 
Cus c 6 
= (ly 


C= a (J2—5*) 


Hence the slope and deflection at any section are given by 
2 ma ea\e 
dy Whbx* We (72—b2)— oe -a)* Bade 


Ela. wW~ & 
_ Woe _Wh xa? 


To find the deflection - under load, putting x=a in the deflec- 
tion equation, we get 


EDe= i — WP (Awa 
=~ qr——a 
But i wots 


Elye=: 9 ? (a®-+52-+-2ab—b?— a?) 
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~— 774 (200) 


Wa"b* 
3] 
Wa*h* 


ve Sere 


To find the maximum deflection 


The maximum deflection will occur on the large segment AC. 
Further. at the point of maximum deflection the slope is zero. 


Hence equating the slope at a section in AC to zero, we have 


ae Wbx* Wb 2 
Oa ep ee 

, [27—p2 
Xx” = a0 

pee les _a2-+2ab 
; V pees / a= 


The maximum deflection ¥maz can be determined by putting 
2a spe. 
x= a/ red in the expression for deflec- 


tion. 
_ Wo ?--B\8? Whe a( 5) 
El mac (37) — <7 (PB 3 
_ Wot o ye BPP OL Ls] 
zs i! ¥ V3 7 388 
dL ae Ve oe 
7" 56] (1 ae ) V3 33 
Wb ( 2 pp ae 
7 ate) (! b 9 
Wb (P—b28? 
_ 94/3 1 


Wo (P— bay 
9V3EI l 

or putting I-==(a +b) 

Wb (a?-+2ab)8!# 

9V3EI! 


Problem 249. A rolled steel beam having a span of 6 metres 
carries a point load of 4 tonnes at 4 metres from the left support. Find 


Vuar= ers 


Vnug == — 
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the deflection under the load and the position and amvunt of maximum 
deflection. Jee for the section=7330 om’. Take E--2X 10° tonnes! em? 
aT Solution. Fig 405 shows 
. the beam carrying the given 


4 nae Leon loading. 
Cc 
| Bigger segment 
e6 Ml. 


_ : .- Czy 
Fie “0 AC=a=4m, 


Smaller segment 

= BC--b <[m 

Deflection under the load 
ye Wa* b= 
JY ee 


4x 42 x 2° 
= 3x 2x 102.7330 X 6 
—~ (97 cm. 
Maximum deflection occurs al 


Dope em : 
4) ae 24/4 . 327) netres from the left 


end. 


(100)* cm. 


Max. deflection 

9V3 Ell 
4x2 (3278/2 x (100.3 
~ 9Y3X2x 108 x 7330 x 6 


>. | OS6 com. 


Problem 250. 4 simply supported beam of length Learvies a loud 
W ata distance a from onc cnd and h from the other (a>b). Find the 
position aud magnitude of the maximum deflection and show that the 


cee 
iw \ meat - 


cM. 


ee, 4 * e [ * 
position is alwavs within - i} approximately from the centre. 
(feudon University) 


Solution. Fig 406 shows Ww 
the beam AB carrying the load 
Wat C so that AC=a, BC-6 | 
C f 


and a>b. A a& \ 3 
The maximum deflection 
occurs at a distance ; 
Fic. 406 
—_ pe 
x= a/ ea -- from A (sec problem 248) 


Wb ( [?—- b7)8/8 


Max. deflection = OV3EIT 
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Hence for all possible positions that the load can take on the 


eect l 
span, the greatest value of x- 4/ hae 


Maximum distance of the point of maximum deflection 
from the mid span 


an yee 
/3 2 
a 2-v3_\ 
2v3 
I 
~ 13 


rroblem 251. A horizontal girder of steel having uniform section 
is 14 metres lone and is simply supported at its ends. ft carries con- 
centrated load of 12 tonnes and 8 tonnes at two points 3 metres and 
4°5 metres from the two ends respectively. 7 for the section of the 
girder is 146X104 em’ and Fh 21-4108 ke fem*. Calculate the 
deflection of the girder at points under the two loads. 


Find also the maximum deflection. 


Solution. Let Vs and Vs be the int at 
vertical reactions at the support A and 
RB. 
* 64H 45M 
Taking moment about A, we a —4 a Tee i 
have 


Vix 14—-12X 34-89% 


vit y: at 
Vo--8 tonnes 


a b 
Fig. 407 
Vu = 20—-8 =12 tonnes. 
The B.M. at any section distant x from A is given by 


EI ON, a 12x 12 (v--3) - 8 (xv—9'5) 
Integrating, we pct 
El oe 6x24-Cy —6(x--3)? —4(x--9'5)? 


Integrating again, we get 


El y~ 2°4Cix4d C2 —2(x—-3) 3 (x —9°5)3 


At x=0, 
y=0 

a Ca--0 

At x—14, 
p-=0 


0 =2(14)8+-14C,—2(14— 3)*§— F4—9'5)8 
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14 Ci= —2704'5 
Ci= —193°18 
Hones the deflection at any section is given by 


EI y = 2x3- -193°18x 2 (- ay" — 4 9°5)8 


To find the deflection a C, put x==3m in the deflection 


equation 
ET ye=2.X 38—193°18 X3 
== -525°54 
___ 525°54 
a Ei 
525°54 x 108 
=~ “9b 108% 15x 104 7% 
== —1°564 cm. 
ye== —1°564 em. (downward deflection) 


To find the deflection at D, put x=9'5 min the deflection 


equation 
El ya=2 (9°58— 19318 x 9°5—2(9'5—3)8 
= —669°71 
669°71 x 108 
Pat atx 108 16x 104 
=— 1°994 cm. 


Ya = — 1°994 cm. (downward deflection). 
Max. deflection. Let us assume that the deflection will be 
maximum at a section between Cand D. lEquating the slope at tk 
section to zero, we have, 


EI | 7 =6x? — 193'18--6 (x—3)}?=0 


Solving, we get 
x=6°87 m 

Substituting in the deflection equation, we get, 
EI Vmas=2(6'87)8 — 193 18 x 6°87 —2(6'87—3)8 

== — 794°3 

y 794°3 x 108 
moo Tx 108 x 16 X10 

=. — 2°36 cm. (downward deflection) 

Problem 252. A beam of uniform section is 10 m. long and 
is simply supported at the ends. It carries concentrated loads of 10t 
and 6t at distances of 2m and 5m respectively from the left end. 


Calculate the deflection under each load. Find also ites maximum 
deflection. Take [=18x 104 cm4 and E=2x 10 kg./cm* 


ne om. 
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Solution. Let Vu and P> be the reactions at the left and right 
supports. Taking moments about 4, 


14 6t 
ort Sm 
D B 
ee 10m 
Va = lit ~25t 
Fig. 408 
Vo X 10=(10 X 2)+-(6 x 5) 
Vo=St 
Vo=16—5=I11t 
The B.M. at any section distant x from A 1s given by, 


pis dix —10 (x—2 —6 (x—5) 


Integrating we get, 
1. 
dx 


Integrating again, we get, 


El-=-=5" 5x?-+ Cii— 5 (x—2)? —3 (~—5)* 


EI y= Pd +C, x+C2'— 3-(x—2)81-(x—5)8 


At x=0, 
y==0 

a Cs=0 

At x= 10, 
y=0 


0= "2 (0+ 10C,— > x 8° 
eos 5 
Deflection arc: oe x=2m in the deflection equation 
EI y= P(ay—85'5 x 2= — 156°67 
156°67 _156°67 X 108 
Ei 2x 108 x 18104 
== —0°435 cm. 
Deflection at D : putting x= 5m in the deflection equation, 


El Jax » (5)3 -85'°5x5— 2 (3)3 = —243°33 


. 24333 ao x 108 : 
- Me=—" pp =A Ex 108 x 18x 1087 ~ 7076 om. 
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Max. deflection. The deflection is likely to be maximum at a 
section between C and D. FEquating the slope to zero, we get, 

575 x2- 85°5 —S5(v- 27-0 

x? | 40x— 211-0 
x=472 m 

Th’ svaluc of x justifies the correctness of our assumption 
about the position of maximum deficction. 

Putting x =4°72 m in the deflection equation, we get, 


; 5 
EJ Ymur — a (4°72) —85°5* 4°72- oe x2 723 


~ 


= —244'25 
244°25 

EI 

244-25 x 108 
~ 2108 x18 © 104 


Problem 253. A simply supported beam of uniform section has 
a span land carries two equal load, W each symmetrically placed at a 


Vin we 


~ 678 com. 


. = 
distance, on either side of mid span Find the deflection at— the 


midspan. 

Solution. Fig. 409 shows 
the beam carrying the loading 
mentioned in the problem. 


The problem will be solved 
by Macaulay's method. 

At any section between A 
and mid-span and distant x 
from A, the bending moment 
is piven by 


: I 
w (> 5) 





Integrating, we get, 
} Pa 7 2 
prt W’x C, 4 af ea ] 


dx 2 2 6 
At x= > the slope 7c. a “0 
0= ws Ee TCS + r 
G=— > we 


~ 72 6 


z ! 2 
2 Ee ax > Wie H x-£) 
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Integrating again, we have, 
-3 3 
Ena ape Ge x ~ 5} 


6 72 
At A the deflection is zero. 
i.e., at x-=0, y=0 
Co=0 
Hx3d 5 W +3 
eae al 
Ely i a3 WA x ) 


To find the deflection yc at mid span, 
ae 
x= 5 In the above equation, we get 


putting 
WB § oF pw B 
EI yes eg ag WR gm e ag 
t 5 | 
ee ny (rhea cea 
ue (i 144 ey) 
13 we 


Yes ae 
a 648 oF] 

Problem 254. 4 uniform beam (1=7800 cm‘) is 6m jong and 
carries a central point load of St. Taking F= 21108 kg./om2 
caiculate the deflection under the load if (a) the beam is simply 
supported at its end, and (6) the beam is built in at one endan 


simply supported to the same level as the other. 
(AMIE November 1969) 


Solution. 
(a) When the bean is sunply supperted at the ends. 


s.. WE 
‘4SET e 
tf C /? 8 
50010 x 6008 . - 
ae ‘ —— S 
ARX21X108x 7800 | da Ag 


= 1374 cm. 
Fig. 410 
(hb) When the beam is built-in at A and simply supported at B. 


Since the deflection at B=0, we have 


W 
° f 
A! /2 e /2 3 
4 
eo 
R ig 


Fig. 41) 
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w( LY sew (+ 
(>) +”(2)_2e 
3EI 2EI «(3£! 
Ra Ww 
lo 
With B as origin 
d*y 3 7 . ] \ 
El i216 Wx. a v( aera 
AY ys. mes 
at dx 32 Wx} Ci — = ( Xx a 
ee ae 
a Rests dx Pe 
ces 
32 
SR eae WIVIA eres one Los 
Ely= 96 YP - 39°! Lo me x- 5 } 
At x=0, y=0 
a Co=0 
At x=1/2, Vuye 
oe B wis | 7 3 
Elye= ge W 9 - 39 3 =~ 768 Oe 
3 8 
iene ) WI 7 5000 x 600 Eoin 


768 El 768 21x 108% 7800 

Problem 255. A simply supported heam AB of span i and 

uniform flexural rigidity Et is subjected to a point load W at a See- 

tion C distant a from A and b from B. Prove by any standard 

method that deflection at a section in the part AC at distance x from 
A is given by the expression 

ae pat | ab—x" 

oka ekg Hence calculate the net 

: deflections at P and Q for the 

3 beam shown in Fig 412 (a) if the 
value of El is 8400 kg. cm.” 

(A M.1E, November 1966) 















> 


Q 
A 9D te TS #- a7 5 omM- 


Solution. Fig. 412 (a) shows 
we ateam AB of span / carrying 
a point load Wat C so that 


; : : b B AC=aand BC=b. 
cae rat 


h é Let Va and Vo be the 
6 ? 4" vertical reactions at A and B. 
Fig. 412 (a) 
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Taking moments about the end 4, we have, 


Mol= Wa 
Ya = Wa 
ae Vu= W— me 
_Wil-a)_ We 
ale 
The B.M. at any section distant x from 4 can br written in the 
ioim 
d2 Wb 
ERG = x — Wix~a) 
Integrating, we get, 
dy Wb J WF : 
EI a ey mg 7 ~ a)" ... (Slope equation} 
Integrating again, we get 
Wh : v 
Ely Thais w+ Cyxt Ca - {y--a}! 


Deflection equation) 
At A tie deflection is zero. 


At a= 
bel 
Ca 6 
At & the deflection 35 vero. 
*. Aft x=, 
y=0 
IWF, es 
= UU R+C4b--" U-a) 
. " 
cu=-% (ap oe ps 
But i==6 a 
3 tis pIZ 
Fe ee 
u {> 
Mw 5'b 


Gey Pep 
Cy Ei ~b*h 


The deflection at any section ip the part 40s even by 


W 
Ely “783 FOX+ Ce 


Ely= ets — ([*-— hx 
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=x {+aXt— ah) 258 t 


}! 


a 
Sree 7? x(al-+ab—*) 


ws, {ati b)— x} 


aoen nae 
y je —x(al+ab—x*) 


Or the ‘lownward deflection at any section in AC distant x 
from A is given by 


a 2 
fe a x(al-+ab—x*) 


Deflection under the load is given by putting x=a in the 
above expression 


b 
you o EI a(al-+-ab —a*) 
_ _Wab 4g 
“GET al—a*“+-ab 
} 
n= aah Jal ~a) + ab 
., Wab i 
py (ab+ ab) 
Web® 
Ye" BIE! 
The above formulae may 
6kG kg be used tuo find the deflections 
at P and Qdueto the given 
; = Ss 6 SB loading 
P Deflection ot P 
) Pe aeei Cree ee pee eae Deflection at P duc to the up 
Fig. 412 (b) ward load at P 
WP 
VI TAS TT 
pO 308 
4s x sang 


=)°4013 cm. (upwards } 
Deflection. at P due to the load af 6 kg. at Q 


Wb 
Ye sein ea 
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a=22°5 cm. 
b=7'5 cm. 
x=1°5 cm, 
and EI==8400 kg. cm.® 
“ks 
ye— seas ie (22°5 X30; 22°5 x 7°5— 15%) om. 
=:()°2763 cm. (downwards) 
Hence net deflection of P=(y1— ye) 
=-(0°4018—0'2763) cm. (upwards) 
= 1255 em. (upwards) 
Deflection at O 
Deflection at Q «due to the load of 6 kg. at Q 
Y= Wa?b* 
SEI 
6x 27°52 x 7 > 
~ 3x30% 8400 © 
--0'2261 em. (downwards). 
Deflection at Q due to the upward load of ¢ ke. at P 


Y'o== eyeptalt ab — x") 





where W=6 keg. 
a=PB=15 cm. 
b= PA-==15 cm. 
x= OB: TS cm. 
sind 15 re Oe Rene 
Ye 6 x30 x 8400 615% 30 | 18% 15-7 52)em. 


Y, 0°2763 cm. (upwards) 
Net deflection of O= Ye— ¥; 
"  =:0'2763—0°2261 cm. 
= 00502 cm. (upwards). 
Problem 256. 4 beam of Icngth lis simply supported at the ends 


and carries a concentrated load W at a distant a from each end. Find 
the deflection under each load and the deflectian at the centre. 


Solution. The loading on 

the beam being symmetrical, the 

maximum deflection occurs at i 

mid span. Heice the slope at ¢— ae 

mid span equals zero. Hence it 

is enough if we discuss one half a 

of the span. 1 
The bending moment at any “ 

section between A and the mid- Fig. 413 


sab ine Pe aa 
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span (Fig. 41%} distant < from A is given by 
dey ; B 7 
Bele ge Mix -~ Wha- a) following Macaniay’s 
et 
cSONVEnTIONS. 
Yntegratins, we get, 


dy WAN? fe _ Wx ~- aj 


pee Cy oe 
$e4 ont . hea 
r dy 
At Yocg og =O 
Zz ° x 
IY’ i uv i 2 
Mee ~ C71 ir a . a 
4 ses 2 
Wye ape ! 9% 
“ye [> + é a 
* Cee fe} 
s 2 ( : 
we Wy PB : 
oe WS ogra 
x a ie 4 Zé 
WE WE OW, We 
gay eee 
Nn % a ie 
Mas ’ 
ae) 
“ i ‘ 
“ > oo. fy yes 471. ¢ < 4 2 ray 
oa mS . an ae ry j j-- a ae Sirreeal wg 
ui X : ode > 


tePraunp aveia, we pet, 
Hee Ba ay ea 


Rhye sm ttt mem aed Oo 

bd 4 S 5 
At &—=O, y -0 

at C3 —0 


The deflection at any section is given by 
ap ee Wal >a). W(x—-a)s 
(oy ee a ee 
& 2 s 6 
To find the éflection under the loud, 7e, at C putting x=a in 
the deflection equativn, we have. 
Wa Warti- a) 
Elye= re oe: 
Wat 
ee 31— 32a— a) 


2 
=" (—aN4 


= _ Wa3I--4a) 
rae Me 6EI 


* 4 


hee 


To find the deflectior at the centre, putting x= + in the de- 
flection equation, we get, 
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os iv aeeecce a(l—a) - [ ee f ae —en ve 
se i _ _W oy.) 
48 Ua a") — gr glt-2a) 


ar 8—] 21 g4- 12a? — B4-31?(2a) -- 31(2a)*?-+ 848 ] 


~ | F - {2Pa+ 1a? — P+ 62a+-12la?-+- +82 | 


, 
~ Wl 8a | 
48 


Wa i 
= 0G 312— 4a? | 
24 \ 


Wal3F? --4a") 


p Yin cies ae oe He 


24 El 


Problem 287. A simply supported beam of uniform flexural 
rigidity of span [ carrics a uniformly distributed ioad of w per unit: run 
‘or a distance a jrom the right end Calcuiare te value of a for which 


tne maximum deflection will eccur at the left end uf the uniformly 
Hitributed load. 


Gat? KER 


a ae 2 EE PUORGIOG OG 2. 4" 
ho pag eee G- 
| Aron 
Ve ue” b, wa Cat} 
zt af 
Fig, 414 
Solution. 


big. 414 shows the bear .44 of span / supported at 
4 and B and carrying a uniformly distributed load of w per unit rua 


2 
eae: wa 
on BD of length a. ‘‘aking moments about R, Val > 
t . wae 

(é 9) 
wae 


Ve=wa- a ay (2i—a) 


The bending moment at any section distant x from the end A, 
is given by, 
da op X — yh all 
Integrating, we get, 
dy 


EI Wa" ai 2 x—(I—a)]}3 (Slope equation) 
“dx 4l le 
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Integrating again, we get, 
wax? u' 
i A Se pee aed See pace 
EI 57 HCix+ Ce al (!—a)| 
( Defiection equation) 


At A, the deflection is zero 
.. At x~=O0, p=-0 .. Cg=0 
At P, me deflection is zero 

At x=I, y=0 


wal” was 
ve 1b a, 


wa" 9° 9 
Cy > ye tele a") 
24] ; 


For. the condition, that the maximum deflecticn sl ould occur 
at D, we have 


at x-=(I—a), a 0) 


a” 


we 
. Wa 
aa agp (6? a)? — QP — a?) =0 
7a°—12la {-4=0 solving, we pet a =0 453] 
t{y 2 
With the above value of a, C)=-- ey [21° — (0°4531)7] 


Cy =— 0°0153461 wis 
Substituting in the deflection equation, 


’ * 2 
El Yas = ae ay" (I—0°4531)8— 0°0153461 wi 1—0°453)) 
=> 90055955 w/4 
OQ OOSS935 
"y eS re ~~ yf 
J mn EI wl 


Problem 258. A beam of uniform section and length lis simply 
supported at its ends and carries a symmetrical triangular loading the 
intensity varying from zero at each end to w at the cenire. Find the 
slope at each end and the deflection at the centre. 


Solution. Fig. 415 Shows the beam 4B of span / simply 
supported at A and B and carrying the symmetrical triangular load. 
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2 Ww = Xx 
eer mT tn 
San halsitsteoesdia Lae ise ee 8 
Vo - wt Vi = wl 
4 
Fig. 41° 


Total load on the beam=Area of the load diagram 


Bel _wl 

=e > 7 be we 9) 
fe ee apiaad= 

5 4 


Consider any section X in AC distant x from 4. 


2wx 
Load intensity at Kare 


The bending moment at the section is given by, 


d*y _ wl i Qwx x wi Wx 
xX fon} 


Blige goes pe > A a 


Intcgrating, we get, 


dy wl » _ 
El i, = ox we eC 


Ai x= > a. 0 since the deflection is maximum at the 
centre. 
; ‘ : 
a ae 
C= 7 2. wi 
El ie - Be oy Te wi (Siope equation 


Slope at A. Put x=0 in the slope equation. 
4S b; 
EI ia 7 — 192 7 
JS wih 
192 El 


ig *- 
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Integrating the slope equation, we get, 


El y= ee et mgs wl*x+Ce (Deflection equation) 


At x=0, y=O0 1. C2=0 


Deflection at the centre. Put x=- i in the deflection equation 
: wil i. aw IP ae at 
EI ag > g 60132192" 2 
w/4 
kj ve eae, 120 
) Tose wit 
 Y0EI 
Downward deflection of C= wit 
UP sJOWNHW'E de " 120EI 


Problem 2459. A beam of uniform section and lenglh is simply 
supported at its ends and carries a distributed load which varics 
unifuriniy from icro at each end tea maximum = intensitY of w per unit 


Ban 
run ata section > from the right-hand ond. Show that the maximum 


detlection uccurs ut a distance approximately O01 1 from mid-span and 
find the maximum dcflection in terms of w, 1, E and 1. 
(London ‘imversit} } 
Solution. big. 416 (a) a 
shows the beam carrying HES 
the Joaling mentioned in 
the problera. 
Total load on the 
span 
=area of the load 
diagram 
_wl 
2 
Distance of the cen- 


troid of the load diagram 
from the left end A 





3 cS (6) 

9 Fig 416 
Let Va and Vo be the reactions at A and B respectively. 
Taking moments about the end A, we have, 


_wl $ 
Viol= 7 9 | 
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= =— Ss } 
oo Vo i8 wl 


POW ee noe 
4 18 nif 
ea Va = ; wi 


In Fig. 416 (0) the load diagram is slightly amended. 
Let the line 48 of the load diagram be produce.) and the point 
BD be located. 


ae 
3 

Fience we shall consider that the loading on the beam consists 

of G)}oa dewnward triangular Joading whose intensity varies from. 


2 ; : fy 3 
1 he ordinate BD -= Ki =f 7 j woo > W, 


‘ Jw a 
zero at the left end to 5 perainitrun atthe meht end, and (i) an 


; Iss 
upward trongular loading acting far a distance we the right 


: ’ le 
end whos Udensity varies trom vero at, from the night end to -, w 


~' 


~ 


arthe ratip sad 
Naw fatlow x Mae Tay? riethod. tl i j ’ tat: , 
OY FSHOWINE Maaiaays mierhod, the bonding moment dt any 
eection os given by 


ree Cre Zz ] ; Be Xx 
aes 5 ‘y Wey 3 Aes oY way 
}; 2 7 \3 Pe 
Buh es eae h ae PT = { : 
Poe Mos Rien 5} 
/ oo) 
3 
dy 2 wid . za ; 2a 
ET dy 9 wl v— 4] oe 3 
Integrating, we get, 
2] i 
GS 
dv why? wri ' 3! 
Eee ea pee CE. 5 
de 8? Gi ee 16] 
Integrating again, we get, 
2/ 5 
‘ 3w x= = 
wix? wx? 3 
E] ye ae + Cix-- C: 
EL y= 44 ~ gop HOF r 80/ 
At x=Q, 
y=0 
aus C2=0 


At x=l, y=0 
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wl4  wl4 wd 
Q=-=— -- 
= "37 go + VF 955.8) x31 
wi4 wl? wit 
“37 gq TOA tT eGg0 
2 
ie eer ee fs 
Ca a] wl 
For maximum deflection which will occur between x=0 and 
Nn 
vers , equating the expression for slope to zero, 
ave have, 
lw wx4 2 
( Sora Pd oe eeepc eee : 3 
5 % al 81 wl 
Putting x= Al, we have, 
wl rp ne ae Z 3 
g KP gp KA — gw =0 
K? K4 2 0 
9 16 8 
16 32 
“4 Pomme eens A 9 Aa eer eon 
K 9 = -Q 


Solving as a quadratic in K*, we get 
16 | 256 _ 128 


aead 818i 
Ne a eee 
, 469 
ee 
K--0 5103 


* Maximum deflection occurs ata distance of 0 5103] from 
the left end A. 


Distance of the point of maximum deflection from the middle 
point 


= VSIO3]--O5 1 
=(VOL03 | 
-O 01 . (approximately) 


To find the maximum deflection, putting x-=0°5103 Jin the 
expression for deflection, we have, 


{os 1031), . 


Pies = Se (0°5103135 


0 
, 

— =. ww)? (0°S103 
81 wil? (0°S51037/) 


wis 


— — 0'908108 
008108 
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Problem 260. The free end of a cantilever of length I rests om 
the midale of a simply supported beam of the same span and having the 
same section. Find the reaction of the beam on the free end of the 
cantilever, when the cantilever carries a uniformly distributed load of w 
per unit tun over its whole length 





beam and the cantilever be R. 


Solution. 
: @funiT RUN D 
Zo} 
AAAI ALLL 924 
AL Z is 
ae 
@) — 
WiUNIT RUN _ Fig. eal (a) _ shows the 
Ay | Sa ces Lia: cantilever iB with its free end 
AY | Wlilil el didvag. yy Bresting on the middle of the 
A fer ne eae ess i simply supported beam CD. Let 
: eee li the common reaction between the 
Tene Ly 
ie iE ‘ Now consider the cantilever AB. 


This is subjected to a uniformly 


(b) distiibuted load of w per unit run 
R on its length and an upward point 
ee ees Pies - ioad Rat B 
{' B D 
PS et eee .. Net dowuward deflection 
[ eee | of the free end 8 of the cantilever 
| 
Janne ba wii RB 
ic) Ski SET 
Fir. 417 


Now consider the simply supported beam CD. This beam is 
subjected to u downward pint load R at its middle point B. 
Downward deflection of B 
RF 


—_ 
oe ee 
me 


8 El 
Since the free end of the cantilever is always resting on the 
middle point of the beam, the deflection of the free end of the 
cantilever is equal to the ceflection of the middle point of the beam’ 
wit RB RE 
SEI 3H 4A8EI 
17 wi 


aes 
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Problem 261. A beam AB of span 5 metres is simply supported 
at Aand B. A cantilever DC of length 3 metres which is fixed at 
D meets the beam AB at the midpoint C, thereby forming a rigid 
joint C. 

A vertical load of 20t is applied at the common joint C. Find 


out the reaction at the ends of the simply supported beam. Assume 
Tat Tea. (A.M.LE May 1971) 


8 


Pea 


a 





W R 
R 


Fie. 418 
Solution. Let [jj be the length of the beam and / the length of 
the cantilever. Let Whe the foad applied at C Let R be the 
common reaction at C. Deflection at Cis the same for the beam 
and the cantiJever. 
(HR)? _ RIP 
48E/ EI 
el PY =16x{ : ye 456 
iW ~ R= 4456 R 
R=QO2244W 
Reaction at each support for the beam, 
We RW 072244 
2 2 
-- O3878 4’ 
=." 3878 x 20 
= 7° 750 1, 


ay 


Problem 262. A cantilever of length 1 carries a concentrated 
Joad W at its midspan. If the free end be supported on a rigid prop, 
find the maximum deflection. 
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Solution. 


Let R be the reaction at the propped end. Since the deflection 
at the propped end is zero, 


We have, 
Ww 
e 2 
=/2 /2 B 
4 
R 
g. 419 
RB W(t nly “sy ! 
3El 3a) * der 2 
5 
R= 76 W 
The B.M. at any section distant x from the end 8B is given by, 


nie 7 / 
eA = Rx. -W ( ee ) 


5 ) I 
a=. .- Wy — oe 
| 16 Wx .- WwW ( x 7 
Integrating, we get, 


: dy 5 toe = “( ae aN 
Ely 32 We +1, 3 x 4 } 
19) — 
At x= he =() 
5 Wy 
0= 33 Witt Cy-- g 
wl 
ea 
Integrating again, we get 
pie ede hens 
5 ys toey 
Ely= 96 xt gage Me 
At x=0, 
y=0 
C_q=0 


Maximum Deflection. Assuming the maximum deflection to 
occur in BC, equating the general expression forslope to zero, 


5 Wi 
33 Wx? "39 = 0 
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i 
x=---= from B 
5 
: I ; 
Stoce the value of x is less than — our assumption about the 


4 
position on maximum deflection is correct. 


ipa el ee : 
Substituting x= Se in the general expression for deflection, 


we get, 
5 ft \s wry I 
Bote 4. 
ae 90 a, 32 v5) 
ee. 
“  489/ 5 FI 
Problem 263. Fig. 420 shows a simply supported beam of 
uniform section whose moment of inertia is 43000 em For the loading 
shown, find the position and magnitude of the maximum deflection. 


Take E=-2x 108 tonnes per cm* 
solution. 


Ta .ing moments about 
the end 4, we have fea ee eee 
Vo x8=4X%4«3 A 4t{m. B 


', Ve=6 tonnes c A D 
* i as ee ee 
xe Vaz 4x 4--6 , oe 
=={Q tonnes Fig. 420 


_ In order the general expression for the bending moment at any 
secliun may be expressed in the form suitable for application of 
Macaulay's method the Joad- 
ing on the beam is arranged 
as shown in Fig. 42}. 

Now, following Macau- 
lay’s method, the BM. at 


me a an - AM ~~ be TT 
| DOWN WARD LOAD OF \dt/m FROM 2 70 
{ 


‘ 5 at n y ar row at 
A eae 
{' D- t rie at of 


UP WERD LOAD OF 





yrlot ‘tim FROMD 08 ¥ 68 any section distant x from A 
Fie. 421 is given by, 
d*y A(x—1)?} 4lx—5)* 
TAY a0 
e dx” 2S 2 


El 2 = 10x0— 2(x— 1)? +2(x— 5)? 
Integrating, we get, | 
BY. 5x24 Cy i— 2 -(x— 1) +(x 5)? 
dx ~ : 3 : 3 
Integrating again, we get, 


El y= 2 84+C1 x+C— §-e-IEt+ G 5)! 
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At A, the deflection is zero 
At x=0, y=0 
: C2=0 
At B also the deflection is zero, 
’.. At x=8, y=0 


3X88 Gas ae 
0 3 +8C, é x 74-1 6 x3 
C1 = — 58°33 


Position of maximum deflection 
Let us assume that the deflection will be maximum between 
C and D. 


Equating the slope to zero, we have, 


5x2—58°33 — 2 (x—8)8=0 


4 (x98 = 5325833 


Solving the above equation by trial and error we get x=3'82 
metres. 

The value of x obtained confirms that our assumption about 
the position of maximum deflection is correct. 

Substituting x=3°82 metres.in the deflection equation, we get 


EI ynas= 2 (3°82)3—58°33 x 3°82— é x 2°824 


= — 139°46. 
. ____ 139°46 (100)3 _ 
7+ Pear" 2x 108 x 43000" © 
== — 1°62 om. 

Problem 264. A beam ABC of length 3! has one support at the 
left end and the other support at a:distance 2l fromthe left end. The 
beam carries a point load W at the right end. Find the slopes over each 
support and at the right end.. Find also the maximum upward deflection 
between the supports and the deflection at the right end. 

Solution. 


Ww 


A Cc 


Va = w Vp? ay 
Fig. 422 


Fig. 422 shows the/beam ABC. 
Let the reactions at A and B be Vo and V> respectively. 
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Taking moments about B, 
ee _ WwW 
Va(2QN=wIl.. Var { 


W 3W 
Vom W+ -5— = 


At any section distant x from A the bending moment js 
given by 


EI a --7x 43) fy (x21) 
ea we get, 

Et 2 = — Wess +30 (2202 
Integrating again, we get, 

Er y=— PE cunt cy] + VO— 2) 


Atx=0, y=0 ie Ce=0 
At x=2i, Aa 
]? 


0=- FCM) - a= 
Slope at A. Putting x=0 in the slope equation, 


—?2 18 


WE fame 
El te= "3 “demi 


Slope at B. Putting x=21/ in the slope equation, 


wn V2 WE 2 ne 
ET ib 4 +5 3 Wi 


ya 2. WP 
a 3 El 
Slope at C. Putting x=3/ in the slope equation, 


El i= — Wem + wri (3/—2)—=— 7 wh 
7 We 


Ne 6? ED 
Maximum upward deflection between A and B 
Equating the slope to zero, we get, 
— We Pe + BP 0 dap P 


as ets 


V3 
Putting x= ar in the deflection equation, 
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Deflectian at C. —" x==3] in the aor equation, 
EI Ve= -< one ° an+ © e (3J—2* 


a we 
= 4 WR+ WR+ 
=-- WE 

we 
ye EF 


Problem 265. A beam of length L has supports | apart with 
equal overhangs. The beam carries a point load W at midspan. Find 


the ratlo F in order the downward defiectian at the centre is equal to 


the upward deflection at either end. 
Selation. Fig. 423 
shows the beam. Down- 
E€ ward defiection at the 


WP 
be ssf “befe|  contre | - 45 py 


' s wr 
Fig. 423 Slope at Aor Be ig“ 
", upward deflection at D=Slope at AX AD 
= Wi L—-I 


16 Er 2 
Rquating the deflection at the centre to the deflection at 
d, 





WR we L-I 
48 El 16El° 2 
23=37 (L—I) 

= 3)? 7—3/* 
5 = 3/* 1 
bo 25 


® So GR ames 


i i 3 
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$67. Beam subjected to couples 


Fig. 424 shows a 
beam AB of span / 
supported at 4 and B A 
and subjected to couples 
M, and Mo. Let M1 be 
an anticlockwise couple 
and Mz be a clockwise y 
SOUP: Kis. 424 

Let Mi> Me 





Reaction at each end= V= a M2 


The B.M. at any section distant x from 4 is given by 
EI-— ae = Vx —M1:+ Me following Macaulay’s rule. 


But it must be noted that 
When x< |; only the first expression should be considered. 


When x>f, and </z the first two expressions should be 
considered 


When x>/2 and </ all the three expressions should be 
considered, 


The above expression should be rearranged as follows. 

BG Vx Mix—hy [4+ Malx—hy 
Integrating, we get, 

dy Vx 

El ix =a ta ~~ Mi(x—h) . +Mo(x— Ie) (Slope equation) 
EES again, we get, , < 
EI y= "© +. Cyx-+€q— MAGA 4 Mab) 

(Deflection equation) 

Atx=0, y=0  .. Co=0 

Atx -l y=0. From this condition, we can evaluate C}. Now, 
we can determine the slope and deflection at any point. 

Probleni'266. A beam of length I-with supports at the ends is 
subjected to a couple M at a distance a from the left end. Find the 
aes oF each end and the deflection at the point of application of the 
couple. 
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Solation. Fig. 425 shows the beam 
Taking moments about 4, 


Voxl=M 


= -* xi-+ M(x—ay? 


(Note the rearranged form of the expression) 
Integrating, 


dy __ Mx 
El = 1 +C, 4+-M(x—a) 


Integrating again, 


Mx8 , aw _ M(x ey 
El yo — ap tOxt Ce t eS @ 
At x=0, y=0 
Ce=0 
At x=l, y=0 
ag)? 
9 ME OH: M( ao) 
am OL LIZ Es a 
C1 ei! —6la+3a°) 


Slope at A. Put x=0 in the slope equation 
Eline vai (212—-61a-+3a?) 


oe oa i 3 
ba Ea M ap — 6la+-3a?) 
Slope at B. Put x=1 in the slope equation 


eae 28 (212—6la+-3a?) 


ce 4 Be +2P— 6la+3a?*) 


eae 
6! 
. __ M(5I2—6la+3a*) 


ete rennere ee ee 


6EI! 


ont, 
‘t 
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Deflection at C. Put x=a in the deflection equation. 


—_ —Ma® _Ma cy 


M 
=— SO 4-20 6la-+308 ] 
=— 4 (_ayt—2a) 


_, _Ma(!—aXI- 2a) 
¥ 3 Ell 
Problem 267. A beam of span 6 mand of uniform flexural 
rigidity EI=4000 tm* is subjected to a clockwise couple of 30 tm 
at a distance of 4m from the left end. Find the deflection at the 
point of application of the couple. Find also the maximum deflec- 
tion. 


Htm 





Fig. 426 
- Solution. Fig. 426 shows the beam AB with the couple applied 
at C. 
Taking moments about A, 
Vo X6=30 
Vor=St 
ae Vaux St 
The B.M. at any section distant x from 4 is given by, 


EX = —5x "430 


= —5xi-+30 (x—4)" 
Integrating, 
Er?” =— = +Cy [+300—4) 
Integrating again, 
§ 
El y= — tc, x+Co "+ 15(x— 4)? 
At x=0, y=0 
- Ce=0 
At x=6, y=0 


O=—5 X6*+6C1+15(2) 
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Deflection at C. Putting x=4 m, in the deflection equation, 
ElYo=—-> (48-420 x 4=+26'67 


ee 26°67 
yo= er = 4000 * 100= ==0°667 cm. 


Max. Deflection. This will occur in the large segment. 
Equating the slope to zero, we get, 


dy oe 
EI Ay = () +20 
= x=2/72 m 
Putting x=2/9 m in the deflection equation 


EI Ymas-=—2( 2/2 ce) +20X2Y 2 Sv 2 
io puea=20V2X100. 97043 cm. 
Problem 268. A beam 6m long is subjected to two couples as 
follows : 


(1) <A clockwise couple of 20 tm ata distance of 2m from the 
left end. 


(ii) fe anticlockwise couplelof 8 tm ata distance of 4 m from the 
est é 


Find the deflection at the points of application of the couples. 
For the beam take El=4150 tm. 


Solution. 
Reaction at each support 
0—8 
: The B.M. at any section distant x from the left end A is given 
y 


Otm 8tm 


Cc 0 
peace itera mete 
V=2i V2z21 
Fig. 427 
' 
EIS. ¥ 2x | +20:—8 
The above equation should be peauanged as follows : 


Brey = 2x | +20(x —2)° : i~8(x—4)° 
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Integrating, we get, 
EISE = — 38+ Cy +20(x—2) —8(x—4) 

Integrating again, Ss 

Ely=— gt Ox Ce +10(x—2)? -a(x—4)2 
At x=0, yO 
ree Co=0 
At x=6, y=0 

63 
0=— an +-6C,+ 160—16 
Cy=— 2 


Deflection at C. Putting x=2 m in the deflection equation, 
8 
Elven — 2-—12x2—=—26'67 


y= ee x 100 cm.=:—0°643 cm. 


Deflection at-D. Putting x =4 m in the deflection equation, 
3 
Elves ~~ — 12X44 104-2)? = — 29°33 


ee 29°33 
Vax — 4150 x 100 cm.=—0°707 cm. 


Problem 269. Find the deflection at C for the beam loaded ux 
shown in Fig. 428 (a). Take EI =4000 tm’. 


Solution. 





p (bd) 





a 51 ts 
Va Vp=i5t 


Fig. 428 
The load 20% is acting on the bracket. This load will be 
transmitted-to the beam at C along with a couple 20 X0'5=10 tm (~ 
as shown in Fig. 428 (0). 
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Taking moments about A 
Vo X 6=(20 X 4)+-10 
Vo=I5t 
oe Va=20—15 =5t 
The B.M. at any section distant x from A is given by 


Oe a ze 
ge 5x -20(x—4)+10 
The above equation is rearranged as follows : 


EI = 5x ;—20(x—4) + 10(x—4)" 
Integrating, we get, 


_ dy ae 
EI-——=— dx 


Integrating again, 
Ely= +Cyxt+Ce — 5 (x~4)? +5(x—4)? 


mo Cy —10(x—42-+10(x—4) 


At 0, y=0 
oh C2= 
At . y=0 
0=5* 624-6C,— 5 (2)8-4-5(2)2 
C1 = — 28°89 


To find the deflection at C putting x=4/m in the deflection 
equation, we get, 


Elyem 2 (4)— 28°89 x 4 


= —62°23 


jyo= 2% 100 em. 


=-— 1°56 cm, 


Problem 270. Find the slope and deflection at B, C, D for the 
cantilever shown in Fig. 429. Take for the cantilever El= 5000 tm." 


Solution. 

Total couple applied on the cantilever 
=20-+-5—15 
=10 tm. 


Reacting moment at A 10 tm. 
The B.M. at any section distant x from A is given by 


déy _ BL: 
EI 3,2 10 +20 —15 
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20tm tStm Stm 
2m. 2m 2m 
8 
4 pau Stm 
Fig. 429 
The above equation Is rearranged as follows : 


iTS + =—10 +20(x—2)° -—15(x—4)” 


Integrating, we get, 
} ; : 
er .—10x4-C1 | 4-20(x—2)' —15(x—4) 


dx 
At x=0, a =( 
C1 ==0 


Integrating again, 
Ely=—$x2-+ Co, + 1C(x—2)* — 12 “a 4? 


At =Q, y=0 
Ca=0 
Slope at B. Put x=2 m in the slope equation. 
El ie=—10X2—<——20 


io = soap == —(°004 radian 


Ripe at C. Put x=4 m in the slope equation 
EI ie=—10 4+20x2=0 
§o==0 
Slope at D. Put x=2 m in the slope equation. 
El isa=—10X6+20x 4—15X2=—10 
i 0 goa, 1017 Gy 
ee is= EI 5000 0°002 radian 
Deflection at B. Put x=2 m in the deflection equation. 
EI your—5X4=—20 
Yo= = 20 X 100 =—0°4 cms. 
te 5000 
Deflection at C, Put x=4 m in the deflection equation 
EI ye —5 X 164-10 X4=—40 
40 40 x 100 


oe ye=— EI 7 5000 8 cms. 
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Deflection at D. Put x=6 m in the deflection equation. 


El Ya=—5%36+10X 16——> X4a—50 


50 
va=— —o00 x 100 = 1 cm. 


$68. Moment area method—Mohbr’s theorems 
Let AB represent part 8." OLAGRAM 

of the deflected form of a 

beam of uniform section. 


Let A be a point of 
zero slope and zero deflec- 
fi0n. 

Let P aad Q be two 
points on the deflection 
curve whose horizontal dis- 
tances from 8 are x and 
x+dx respectively. 

Let the angle between 
the tangents at Pand Q be 
d§. Obviously the angle 
between the normals at P 


: 

o : 
and Q will also be equal \ | 
L 

\ 

| 

| 





to dé. 


Let R be the radius of 
curvature of the elemental 
part PQ. 


But PQ=dx 


dx \ | 
i 
1 M_ 
But RR El 


where M is the bending mo- 
ment at any section between 
P and Q. 


M 
@: ne ee 
q El dx ...{l) Fig. 430 


Since A is point of zero slope, the total slope at B is given by 
a—BA 
I 
x=9 
ET (area of the B.M. diagram between 


' A and B) 
In case, the slope at A is not zero, we have 
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Total chanze in slope between B and A equals the area of B.M. 
diagram between B and A divided oy the flexural rigidity El 


Deflection, due to the bending of the portion PQ 
dy= xd@ 
Substituting from Eq. (i) 
M.xdx 
=I ..-(ii) 
Total deflection at B due to bending of al] elemental 
portious like PQ 





dy = 


x=BA 
1 Mx.dx 
El EI 


x==0 





“35 yo 


map a {The first moment of the area of the 


B.M. diagram between B and A about B] 


In case the point A is not a point of zero slope and deflection, 
the deflection of B with respect to the tangent at A equals the 
first moment about B of the area of the B.M. diagram between B and A. 


The above two results are known as Mohr’s theorems. 


Though in general, problems on deflections can be solved by 
the above principle, it is convenient to use these principles with great 
advantage in the following types of problems : 


(a) Cantilevers (slope at the fixed end is zero) 

(b) Simply supported beams carrying symmetrical loading 
(slope at mid span is zero) 

(c) Beams fixed at both ends (slope at each end is zero) 

While dealing with members carrying uniformly distributed 
loading the bending moment diagrams being parabolic the following 
properties about areas and centroids may be of great advantage. 


Fig. 431 shows part of a 
parabola tangential to the base AB. 7---—-~- 






Let AB=b epeese 
and BC =<d x ST DISAN RAN 
{ QXY Sy SN a 
Area DBC = Ay pre < SOR ANd WY 
; NEADS NAS 
2 . is N SSW \ 
—— 3 bd SSO > RN SNS NAAN 
5 SQA AGS 
xy 30 b 
, Fig. 43] 
Area ABD Ay= 3 bd 
ca al 
Xo = 4 b 
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We shall now apply Mohr’s theorems to some problems for 
which the theorems may have their best application. 

(f) Cantilever carrying point load at the free end 

wv Fig. 432 (a) shows a 
cantilever AB fixed at A and 
free at B. 

Let / be the length of 
the cantilever. Let’a point 
load VW’ be applied at B. 

Fig. 432 (4) shows the 


B.M. diagram for the canti- 
lever. 


Let the deflection of B 


with respect to A (point of 
zero slope) be J». 





= (6) &. 1. DIAGRAM 


wi Let the slope at B be @.. 
Fig, 432 
9, Area of B.M. diagram between A and B 
Bae ee rg cy Gs EI Pa Te ee Gree 
Area of B.M. diagram a 
ae wi? 
°” QEI 
Ax 
TOE] 
w= I 
We 2, 
EI 3 
_ we 
3EI 


(ii) Cantilever carrying a 
uniformly distributed load. 


Fig. 433 shows a canti- 
lever of length / carrying a 
uniformly distributed load of 
w per unit run. 


Area of the B.M. 
diagram 


LO 4 UNIT RUN 





5 
no[S- 


(b) 8.M DIAGRAM 
6 Fip. 42. 
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Since A is the point of zero slope, 
The slope at B 

“EL 

WE 

™" 6EI 
Since A is the point of zero deflection, 
The deflection at B 

Ax 


on Yy mm —— 


But F=7l 


(tif) Simply supported beam carrying a point load at mid span. 
Fig. 434(a) shows a simply w 
supported beam AB of span / 
carrying a point load W at mid 
span C. 





(a) 


Fig. 434 (b) shows the Yr 

B.M. diagram for the beam. : Wt , 

fe 3 | ai 4 

Since the loading {s sym- = ; ; 

metical on the oan theme Lill] 
ae occurs at the cs Copa 

Fig. 434. 
Slope at A =6.= Area of B.M. diagram between A and C 


Area of B.M. diagram between Afand!C 
_l ot wi 
=A=3-5 7% 
™ 16 
: @ __ WR 
so *  16ET 


Distance of the centroid of the B.M. diagram between A and 
C from A 


2 1 i 
“ag ge 


Deflection of A with respect to C 
= deflection of C with respect to A 
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(iv) Simply supported beam carrying a uniformly distributed 


load. 


@/UNIT RUN 
A CiloperedaterereTeLsTororeLeteneLerogerevetererexereregersd § | 





Fig. 435. 
Area of B.M. diagram between A and C 


2 
_ WP 
= "34 


Ae 


Fig. 435 (a) shows a simply 
supported beam AB of span / 
carrying a uniformly distributed 
load of w per unitrun over the 
whole span. 


Fig. 435 (6) shows the B.M. 
diagram for the beam. 


Since the loading on the 
beam is symmetrical the maxi- 
mum deflection occurs at C. 

*, At C.the slope is zero. 


1 wh 


8 


Deflection of A with respect to C 
aa of C with respect to A 


ET a 


= WP 
24EI © 


<6 ! 


5 wht 
3840 Oo 
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Problem 271. A horizontal cantilever ABC 5 metres long is built 
in at A and supported at B, 4 metres from A, by a rigid prop so that 
AB is horizontal. If AB and BC carry uniformly distributed loads of 
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3 tlm. and 15 tim. respectively, find the load taken by the prop. 


Solution. Let the 
prop reaction be R. . 

The, loading on the 
cantilever can be split up 
into the following loads : 

(i) Upward iforce R 
at B 

(ii) Distributed load 
of 1°5 t/m on BC 

(iii) Distributed load 

of 3t/m on AB 

The BM. diagrams 
for the separate effects of 
the above loading are 
shown in Fig. 436. 

We have 


Ayatay X4X4R 


== -+8R 
The trapezium bet- 
ween A and B can be 
split into two triangles 


Ag==— 5X4 X05 
=— 1°50 


A3=- > x6°75 x4 
== — 13°50 


Aag= — - x4x24 
aa --32 
We know that the 
slope is zero at A and the 
deflection is zero at B 


Ax 
= 577° for the 
portion AB 
*, Ay¥, = Ao®o 
+ As¥a+ Aata 
(numerically 


8Rx 


2 3t/m.. 








| rs fm.| 
af —_____initty 
‘ 

{ 

{ 






g —_ ane oe Pelee ee 


24 ifm. 
Fig. 436 


15% Z4135X 8 432%3 


am 


(ut) 


(0) 


(#) 
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R= > townes 


=6°28 tonmes 


Problem 272. A horizontal beam rests on two supports at the 
same level and carries a uniformly distribyted load. If the supports 
are symmetrically placed, find their positions when the greatest 
downward deflection has its least value. (London University) 

Solution. Let 2/ be the 
distance between the two sup- 
ports and let a be the overhang- 
ing distance on each side. 


Let the distributed load 
on the beam be w per unit run. 


a@/UNIT RUN 





Each vertical reaction 
= w(I+a) 


In order the greatest down- 
ward deflection may have its 
least value the deflections at 
the centre and at the end must 
be equal. 


Since the slope is zero at 
the centre we have 2Ax=0 for 
one half the beam, about one 
Fig. 437 end 


Splitting the B.M. diagram into components A; due to support 
reaction and Ag due to load, we have 


AX = Aoke (numerically) 
a 
jE w(ttay ltt (at $1 Jal 5 mo (+a) )F Ga) 
518+ 32a—9la?—3a?=0 
Let a= Kl 
5B+3 KB —91K222—3 K3B=0 
5+3 K—9 K*—3 K°=0 
Solving, by trial and error 
K=0'807 
ae a=0°807 / 
But distance between the two supports 
=2! 
-(282)ap 


a=.0°403 x distance between the iwo supports. 
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§69. Relation between maximum bending stress and maximum deflection 


Case 1. Simply supported beam carrying a point load at mid 
span. 

Let the span of the beam be /. Let W be the point load at 
mid span. 

Maximum bending moment 


Se aaa 


Let the section be symmetrical about the neutral axis 


; I 2/1 
Section modulus= Z= oe a ) 


where I==Moment of inertia of beam = section 
about the neutral axis 


d -depth of the beam section. 
Maximum bending stress 


f M_ Wi <a 
2 aes: 21 
_ Wal 
f 87 .(1) 
Maximum deflection 
wr i, 
Se ey .. (ii) 
SJ 6dE 
5 )—COB 
Ble 
~ 6Ed 
Sg 
es et ae ...(a) 


Case 2. Simply supported beam of span! carrying a uniformly 
distributed load w per writ run over the whole span. 


For this case, maximum bending monient 


wi? 
=M = 


Section modulus = 7 = “Tas before. 
Maximum bending stress 
pel ae 
72. 8 OE 


.. (i) 





, _ wih 
ie 16 — 


s(S 
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Maximum deflection 


maeor 384. s EI .. (ii) 


Tei ae Se: EA) 
Problem 273. A beamis rectangular in section. The beam is 
freely supported at its ends and is subjected to a uniformly distributed 
load. If the maximum bending stress is 80 kg./em.*, find the ratio 
of the depth of the section to span in order that the deflection may not 
Fo of the span. Take E=9 12x 108 kg.Jem.2 
Solution. Let] be the span, dthe depth of the section and 6 
the central deflection. 


excecd 


We have 
Soe at ee 
l 1 24 ° +s=&E 
Dae ioie eh 
[24° gg 8 
§ g0 
= a4 * obax 1s 6480 
fee 
= 5 


Problem 274. A beam consists of a symmetrical rolled steel joist. 
The beam is simply supported at its ends and carries a point load at the 
centre of the span If the maximum stress due to bending is 1400 
kg./em™., find the ratio of the depth of the beam section to span in order 


: ] 
the central deflection may not erceed 480 of the span. Take E=-2x 108 


kg./om. 

Solution. Let the span of the beam be /. 

Let § be the central deflection. Let the depth of the beam 
section be d. 


We have, 
Be de SAY of 
PU eG OE 
1 d_ 1, 1400 
480 - . $ ae 
1400 
Tt 6 210m 
7 
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Problem 275. The stress in a steel beam is limited to 1400 kg/cm.? 
and its central deflection is so of the span. The maximum moment of 
inertia of a beam section 300 mmx140 mm. rolled steel joist is 8604 
em.4 Calculate the span for this beam when both the above conditions 
are to be satisfied if the loading is uniformly spread on the span. Find 
also the intensity of loading. Take E=2x 10° kg./cm?. 

Solation. Let the uniformly distributed loading be w per unit run. 











2 
Max. B.M.=M="— 
21 
Za 7 
Max. bending stress f 
M _ iwi d 
ee 8 oO 
ul? 4d 
Jig 7 --(2) 
. 5 wi4 : 
Centre deflection 3= 384° El »--(fi) 
f 24 dE 
: 5 5 [2 
5 idee ok as: 
1 I 24 OE 
600 ' 1 24 2x 106 
. a7 
eo I 80 
‘ 80 
; |= 7 d 
ae x20 cm 
=344°3 cm 
= 3°443 metres. 
From (7) : 
_ wie d 
i 16 =I 
16 If 
ee de? 


— 16X8604x 1400 | 
30 x(344°3)2 “/CM- 

=54°18 kg./cm. 

=53418 kg./metre run. 
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§70. Beams of varying sections 
If the section of a beam varies along the span the slopes and 
deflections can be determined by rearranging the relation 


EI oy = M to the form, 
x 


Now, by successive integrations the slopes and deflections can 
be computed. 
Problem 276. A cantilever of length I carries a point W load at 
the free end. If the moment of inertia of the section increases uniformly 
rom Lat the free end to 21 at the fixed end, calcutate the deflection 
at the free end. 


Solution. At any section X, 
distant x from B the moment of 
inertia of the section 









: B ~I=I+—- I 
ee ela a 
Fig. 438 
B.M. at the section 
= MW=~=—Wx 
pty. M__ Wx 
a ae 
d*y w x 
Eo. x ——— 
dx I 14-2 
x 
ere 
he ye x 
+74 
is 
I++ 
: d*y wl wi(_ 
i of, OS) 
I+ 


Integrating, we get, 
dy Wi, we ( ~ )4¢ 
SA xt "loge 1+ = )+¢, 
where C| is a constant of integration. 
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At A the slope is zero. 





1.é., at x=, 

dy _ 

dx 

2 
0=— ne +- ne loge 2+C] 
2 
- Ci= — (1 —loge 2) 
dy __ Wi, WP x\, WP 
oe F x+ i loge ( 1+ \4 log, 2) 


Integrating again, we ae 


2 
Ey=— oe +5 Ty 108 ( 1+=) )-}4 = a 
arr 


2 
4 tone 9 


2 2 : : 
1 Ly oe mn {2 loge ( 1+ ; )—x4-Moge ( I+ - )t 


pe 1—loge 2). x+Ce 
At A the deflection is zero. 





i.e., at maak 
y=0 
W 
=e. +e loge 2—I-+1 loge 2} 
ve (1 —loge 2)4 Co 
_ We Wwe 
O= of + 7 loge 2+ C2 
Wie WE 
Co= aie log. 2 
wi 


Coa (loge 2—0°5) 
ey 2 wie , 
Ey=-— ree ren 1+ cars, 1+ +) 


aed - x (l—loge 2—He (loge 2—0°5) 


To find the deficction at : putting x=0, in the above relation, 
we have, 


Eyo=— 2—0°5) 
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wis . 
Yo --- El (loge 2—0 5) 


$71. Strain energy stored due to bending 





tig. 439 


In chapter 2, we have studied about strain energy stored by a 
meraber due to axial loading. If a member of length 7 and sectional 
area A is subjected to a total axial force S on the section we know 
the strain energy stored 

2 
, p 
=Wi= volume 
( be) 
] S \4 
Se } Al 
2é\ A 
SL 
~ AE 

In Fig 439 is shown a beam subjected to an external loading. 
Consider two sections |[- | and ?—2, dx apart Let us assume that 
the bending moment is practically constant between the two sections. 
Let this bending moment be Af. 

The part of the beam between these two sections can be taken 
to corusist of an infinife number of elemental cylinders of area da and 
fenpth dx. 

Consider one such elemental cylinder at a distance » from the 
neutral layer. 

The stress in this elemental cylinder 

M 
f= i - J 
where / is the moment of inertia of the beam section about the 
neutral axis. 
Strain energy stored by the elemental cylinder 


2 
ae EC volume of the elemental! cylinder. 


f? 

waa IE da.dx 
eae y da.dx 
Pera, 2E 
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? 

ae. (da.y”) 
Strain energy stored by dx length of the beam 

=Strain energy stored by all the elemental 

cylinders between the two sections 
MYdx Yryr . 
= QE? > aay 
y=) 4 


M*dx 
= gt © 
Mids 
~ 2EI 
This is the energy stored by dx length of the beam. 
Energy stored by the whole beam 
— pw, | Med 
7 w=| 2El 


Problem 277. A cantilever of uniform section carries a point 
load at the free end. Find the strain energy stored by the cantilever 
and hence calculate the deflection at the free end. 

Solation. Fig. 440 shows 
cantilever AB of length /, fixed 


at A and free at B and carrying a ye 
& point load W at the free end A 
B. B 

At any section XY distant | | 
x from B the bending moment é 
is given by Fig. 440 

M=Wx 
Strain energy stored by the cantilever 
M4dx 
See | “2EI 


I 

-| Wixtdx 
a 2EI 

0 

We OF 
~ QET * 3 
ws 
6EI 
Let 8 be the deflection of the free end. 


Work done = Average load x deflection 
=} WS... 


Wi <— 
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Equating the work done to energy stored, we have, 


wep 

1Wo= 6 
3_ We 
~"3El 


Problem 278. A cantilever of length | carries a uniformly distri- 
buted load of w per unit run. Find the strain energy stored by the 
cantilever. 


Solation. Fig. 441 shows 
the cantilever AB fixed at A and 
free at B and carrying unifor- 
mly distributed load of w per 
unit run over the whole length. 





The B.M. at any section 
X distant x from B 


= M- —_ © ame 


Strain energy stored by the cantilever 


M2dx 
= WW, | —_——— 
Wi | OE] 


Problem 279. A simply supported beam of span I carries a point 
load W at mid-span. Find the strain energy stored by the beam and 
hence calculate the central deflection. 


: Solution. Fig. 442 shows ) us 

the simply supported beam AB aes 12 —— ly 

of span J carrying a point load y x ; b 
Wat the mid span C oe 









Each vertical] reaction 
WwW 
2 Fig. 442 

At any section in AC, aoon x from A, the B.M. is given by, 


M=-—- <x 
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Strain energy stored by the part AC 
M*dx 


ee 


EI 
H2 
ne! | We  x*dx 
a 4 2E1 
0 
[2 
2 
= a x*dx 
0 


Strain energy stored by the whole beam 
= W.=- 2 Xenergy stored by AC 


: 1/2 
W ‘s 
=2x 57 | x-dx 
0 
Geet) lb eal 
4E1 " 3° 8 
W?l 
= 96 67 


Let the central deflection be 5. 
Work done=3 WS 
Equating the work done to strain energy stored, we have, 
Wp 
4 We=.-- - 
: 96ET 
WT 
48 E/ 
Problem 280. A beam of length Lis simply supported at its ends. 
The beam carries a uniformly distributed load of W por unit run ever 
the whole span. Find the strain energy stored by the beam. 


Solution Fig. 443 shows - arPun? RUN 
a simply supported beam AB a 
carrying a uniformly distributed 
load of w per unit run. 


Sa 









ext ast 
Each vertical reaction @ 
Ml Fig. 443 
2 
The B.M. at any section .V distant x from A is given by, 
, ? 2 
Wels 
2 2 
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Strain energy stored by the beam 


Lappe: | Aieex 
=W= | 2EI 
we (~ x)" dx 


eae pee. 
A 97 


| 
On 


[ 
2 
= aEy (77x? -- 213 b xtdx 
ae pow 4 +} 
weal. 
240EF7 


Problem 281. Find the strain energy stored by the structure 
Shown in Fig, 444 and hence compute the vertical deflection of the end 
A. Assume the section of the member is uniform. 


B | Solution. At any section in AB distant x 


from A, the B.M. is given by, 
W M Wx 
Strain energy stored by AB 
se | M*dx 
DLT 





al 
_ ( Wextay 
- | 2L1 
Fig. 444 A 
- W2q3 
 OEI 
At any section in BC distant 1 from &, the B.M. is given by, 
M= Wa 
Strain energy stored by BC 
_[ M-d« 
=| QE 
l 
x | Hardy 


2E1 
0 


—_ Wa?! 
2EI 
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Total energy stored 


_wW Was Wa? 
°  6El  «(2EI 
_ Wa® 
6EI (a+3]) 


Let 3 be the vertical deflection at the end A, 
Equating the See one to energy stored, we have, 





ws. ae ” (a43) 
5. Wa%(a+- 3!) 
3EI 


Problem 282. Find the strain energy stored by the quadrantal 
ring shown in Fig. 445 of radius R. Hence calculate the vertical 
deflection of the end A. 


Solution. At any section X, whose radius 
vector OX makes an angle ¢ with the vertical, 
the B.M. is given by 


M=WR sin 0 
Strain energy stored 
| ee | eee 


/2 
=| (WR si sin tke) 








O 

2pR3 re 

~e | sin? @ 8 

0 

we % T 
2E! 4 

_ WxRs 
SET 


Let the vertical deflection at 4 be 38. 
Equating the work done to strain energy stored, we have, 
W?xR8 
tWo= oer 
WR 
4EI 
Problem 283. A cantilever of length | carries a point load W 
at ’‘s free end. The member is circular in section having a diameter 


o= 
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D for a distance > from the fixed end anda diameter > for the 
8 
remaining length. Show that the deflection at the free end is — ude 
where | is the moment of inertia of the smaller section. 
Solation. Fig. 446 shows the cantilever AB of length / carrying 
the point load W at the free end. 
The part AC is of diameter D 





Fig. 446 


The part CB ts of diameter ae 


A 
Moment of inertia of the section for the part AC= ae —_ 


Moment of inertia of the section for the part 
cp-—.(?.\'..=t 
~ 64\ 2 1024 
Let the moment of inertia of the section for the part CD =/ 
Moment of inertia of the section for the part AC=16 / 
Strain energy stored 
_—W= | (Bending moment)?dx 
~ " -Y 2(Flexural rigidity) 


V2 l 
W,= | (Wx)?x d | (Wx)*dx 
i 2ET 2E(167) 
0 H2 
2 3 2 3 
SE, WAAL bal 
2El 3 8 32E/ 3 8 
no WEE TWEE 23, WS 
48EI T68EI 76% El 
Equating work done to strain energy stored, 
23 wr 
IWe= sg ET 


Problem 284. Find the strain energy stored by the frame shown 
in Fig. 447 and find the horizontal defiection of the roller end D. 


Solution. Obviously there will be a horizontal reaction P at A. 
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B B Cc 
a x~ 
l b 
r 
y 
A P Pp Al 4 D 
Fig. 447 Fig. 448 


Sirain energy stored by the frame 
=? x strain energy stored by AB 
-+strain energy stored by BC. 


At any section AB distant y from A the B.M. ‘is given by, 
M=-Py 
Strain energy stored by the column AB 
M*dy 
7 fi 





-{ Pey'dy | 
2ET 


0 
Strain energy stored by both the columns 


I 
= | piy?dy 
2EI 
0 
selee Vales 
Fi 3 
273 
~ 3FT 
At any section in BC distant x from B, the B.M. is given by, 
M= PI 
Strain energy stored by 8C 
= | M dx 


- 2EI 
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Total strain energy stored by the frame 
Pe Peta 
= | io —s eens 
= sa OB 
pe]? 


SEI (21+ 3a) 


Let 5 be the horizontal movement of D 
Equating the work done to strain energy stored, we have, 


PP 
4 Poa (2/+-3a) 


PI 
POP: 
25] (21 4-3a) 
Problem 285. For the semi-circular arch of radius R shown in 
Fig. 449, find the strain energy stored by the arch and hence find the 
horizontal deflection of the roller end B. 


5 





Fig, 449 Fig. 450 
Solution. See Fig. 450. 


Obviously the horizontal reaction at the hinged end =P. 
_ At any section Y whose radius vector OX makes an angle 8 
with the horizontal the B.M. is given by 


M=P Rsind 
Strain energy stored 


M2 ds 
Say ee 
: [ EI 


m/2 
2 [ (PR sin 6)2. (R d®) 
" 2 El 
0 


m/2 
2 p3 
=O el sin® 6 dé 
0 
mene R? «x 


EI ° 4 
Let the horizontal deflection of the roller end be 3. 
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Equating the work done to strain energy stored, we have, 


PPRPe x 
4P o= Er 


—PR*n 

2£l 
Problem 286. A beam of rectangular section has a uniform 
breadth B and depth which varies uniformly from D at each end to 3D 
at the middle of sts length. A second beam, made of the same material 
as the first beam, has the same length and breadth but a uniform depth 
3D. Find the ratio of the strain energy of the frst beam to that of the 
second beam when each is simply supported at its ends and carries a 
central point load W. (London University) 
Solution. (/) Beam of vary- 

ing depth. 


Fig. 451 shows the beam 
whose depth uniformly increases 
from D ateach end to 3D at 
the centre. 


Let the span of the beam 





Fig. 451 be /. 


At any section V distant x from ( xK-y ) the depth of the 


section — ae ; a 


2 


D’ = D{ +5 ) 


Moment of inertia at the section 


_ BD BDY | 4x \8 
eee 9 nih 


B.M.at X= M= 3 
Strain energy stored by the beam 
M: ds 
Sl =| 2ET 
w2 
H2 - x2dx 
age 
Bp? 4x 3 
9 ee E 
0 7H 5 (14 i 
{2 


3H x 


~~ EBD 4x \3 
: ( I+") 


ax 
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Let Le ae 


When y=, 
al 


and when x= if 


== 5 

3 
3h? | fe u®--Qu+) 1 
EBD") 16 ys " 4 
] 


U,= 


3 


3 wR ( 1 2 Ly, 
64 LBD*J\ uw ou ). 
J 


3 WB ce Reco . 

O64 EBD? weaned uo Ou 

3 Wei 2 | 
64 EBDS (loge a - tay ( 2 2 | 
we WEE tensa 
64 EBD3 | "OR 9 


(ii) Beam of constant depth 
Strain energy stored 
wep We 


= Ug= «,-. ; 
SET te 7 B(3D)> 
12 

ae W273 

. - EBD 
Uy: Wwy3 mal toes 3 7 = 216 EBD? 
U2 64 ° EBD3'°* yw2]3 
a a 
Us 8 (9 loge 3 8) 


872. Work done by a force on a member 

It will be very convenient to realize the expression for the work 
done by a force on a member. Let a member-be subjected to a force 
W (applied gradually). See Fig. 452. 
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Let 5 be the deflection of the member in the line of action of 
the force. In this case the deflection 5 is caused by the force W. 


La cw 
ee SbF 
VI Sai , 
) 
biz. 452 
Work done by the force 
| 
= W.5 
pe 


big. 453 shows a metaber catrying a load A. This load by 
virtue of i's own direct action will produce a deflecuon. 
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let us, for a moment, consider the load A as a very small toad 
Hence the deflection produced by A is also very small anid the work 
done by K may be ignored. 


Suppose now due to the ac‘ion of seme other external agency 
the member is subjected to a deformition. Let y be the deflection 
in the line of action of the load A. 


Now the work done by the load A=: Ai 
Thus we find that 


(f) Ifa load acts on a member and produces a deflection 3 an 
its line of action, by virtue of its own direct aciuon, the work done by 
the load W-- SWS, 

(ii) If a member subjected to a load K is given a deformation 
y in the Jine of action of K by virtue of some other external agency. 
the work done by the. load K=- Ky 
§73. Law of recinrocal deflection or Viaxwell's reciprocal thearem 


In any beam or truss the deflection at any point D due toa load 
W at any other point C is the same as the deletion at C due to the 
same load W’ applie at D. 

Fig. 454 (7) shows 2 structure AB carrying a load W anplied at 
any point C. Let the deflection at C be \c. Let the deflection ut 
any other point D be ‘.d. 


Fig. 454 (77) shows the same structure 48 carrying the same 
logd W at D. Let the deffections at Cand D be 8. and 8. respec- 
tiv ely. 


‘ ‘ } : . 
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WV 
Cc 0 
aie meee 8 
ee a d 
Seth eee 
(i) 
C D B 
OC Od 
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Let the structure ve loaded as shown in Fig. 454 (2). Work 
done on the structure=}W .~c, as the structure ts loaded with the 
load Wat C. Let an other cqual load W be applied at D. There 
will be furtl * and 6d at Cand D as shown in 
Fig, 455 

Total work done | in this position 

AW c+ 3 Wed j-WSe 


Let now the sider of loading be changed. 
Let the structure ae first loaded as shown in Fig. 453 (ii), For 


W 
Dp B 


S de se eee 
oe 


Fig. 456 
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this position, the work done=4Wé8ua. As the structure is loaded with 
the load W at D, let an equal load W be applied at C. Further 
deflections uf Ac and Ad will occur at Cand D respectively. See 
Fig. 456. 
Total work done in this position 
=t3W8d+iWActWAd 
Equating the two expressions obtained for the total work done 
when both the loads are present on the structure, we have 
=tWActhWwsd+i-Waiec 
=)W8d+-4WAci-WAd 
= Sc= Ad 7 
fe, The deflection at C due to the load W at D 


--:the deflection at D due to the same load 
W at C. 
§74. Bette’s Law 


In any structure the material of which is elastic and follows 
Hooke’s law and in which the supports are unyielding and the 
temperature is constant, the virtual work done by a system of forces Pi, 
Po, P3, ..during the distortion caused by a system of forces Wi, Wo, 
W’3,...is equal to the virtual work done by the system of forces Wy, Wa, 
W3 ..during the distortion caused by the system of forces Py, Po. Ps... 


Fig. 457 shows the structure subjected scparatcly to the two 
systems of forces. 


Let W.-—Exteinal work done on the structure when the system 
of forces P1, P2, P3 be applied. 


Let W. =External work done on the structure when the system 
of forces Wi, Ih2, Ws3 be applied. 


f Pp, 'y 





} 
| 
i 
\ 
{ 
\ 


-— « oo ee ee as oe 
-_—_ ~~ = ewer ee oe ae oe 


ow 
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Let ¥3, Ye. Ys be the deflections caused by the system of forces 
F,, Po, Ps at the points of application of the forces Wi, We, W3... 
respectively. 

Let 1, 12, Va be the deflections caused by the system of forces 
Wy. The, Ws at the points of application of the forces Py, Po, Ps 
respectively 

Let the structure be first loaded with the system of forces 
Py, Po, Ps 

Work done on the structure -- We 

As the structure is carrying this system of forces, let now the 
system of forces Wy, W2, 43 be applied. 

fotal work done 

= W. + W'e+ Piys + PayetPsva 

L.ect now the order of loading be changed. 

Let the structure be first loaded with the system of forces W, 
H's, }4’:. 

Wark done on the structure -- W’.. 

As the structure is Carrying this system, let the system of forces 
P\ Ps, Ps be applied. 

Towal work done=: W e+ W +44) 4 We Yor- Ws Ys 

Eguitme the expressions for the total work done when both the 
systems of forces are present on the structure, 

We have 

Waet-W?- t Pyig+ Poyot Pays -Wee t Bet WiYi+ We Ye-+ We ¥3 

Pry? Poys |) Pars - Wy Viet We Yot Wa Vo 
Virtual Work done by the system of forces Py, Po, Ps due to 

the deflections caused by the system of forces 14, Ws, Wy equals 
virtual werk done by the system of forces Wy. We, HH’ due to the 
deflections caused by the system of forces Py, Pe, Pa. 
87§. The first theorem of Castigliano 

In any beam or trays subjected to any load system, the deflection 
at any point r iy given by ihe partial differential covtficient of the total 
strain energy stored with respect to a force Pr acting at the peint rin 
the direction in which the deflection is desired. 


P Py Pr 


1 Fo P, 
A waited B 






Fig. 458 
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Fig. 458 shows a structure 48 carrying a load system 1, Ps, 
Pies. P,. Ru. 


Let the deflection at the point r be ¥- 
Let H’e==External work done by the given load system 


W. = Corresponding strain cnergy stored. 
J. We W. s2.4i) 


= 


Suppose the load P, acting at the puint r increases by a small 
amount /,P-. The effect of such an increase in the magnitude of the 
load P; can te studied as follows 


AP. 


Figs, 459 


Let a load AP; alone be apptied at r 
Let the deflection at r due to the load “7 be “\y.. 
Work done-i/\Pr. / 1. 
This being the prodact of two infinitely sma auaintities, ean be 
ignored. 
As the structure is carrymgp ibe load “Pe ator, 
Let the given Joad system 7’) Po. Pg, ..Pr...P: be applied on the 
. structure. 
Total external work done 
“> W, -} my a : y 
Let the corresponding strain energy stored by the structure be 
Wit+ LN W, 
ey Wet APe Yr =Web A Ws Gi) 
From equations (7) and (#1), we have 
ANP, Vr== A W, 
ya AM: 
LAP, 
The above is more justified when /\ P, is an infinitely small 
quantity. 
y= Lim LW: 


ae APr>0 © AP, 
OW: 
oPr 
= differential coefficient of the total strain 
energy stored with respect to Pr. 


a y 


487 


5) FLECTION OF BEAM? 
Application of the ‘rst theorem of Castigliano to problems on 


deflections. 

Problem 287. find the deflection at the free end of a cantilever 
currving a concentrated load at the frec end. Assume uniform flexural 
rigidity. 
Solution. Fy 460 shows a cantilever carrying a point load P 
at the freeeend 4. Phe bending moment at any section distant x 
from the free end 1s given by 


aa oe 
riers ean SS ae Se 


Fig 40 
Nf r, —Pr 
Stertn energy stored Sy the cantilever 
PALA x 
\o ope 
Wom Loe, 
r p2x2 dx 
2EI 
0 


Wien ee 


By the the first theorem of Castighano, 
the deflection in the line of action of the force P, 
_ WwW (2P)B PR 
 @P 6EI 3EI 


Problem 288. Find the central deflection of a simply supported ° 
heam carrying a concentrated load at mid span. Assume uniform 
flexural rigidit,. 

Solutioa. Fig. 461 shows a beam AB simply supported at A and 
B and carrying a central load P. Each reaction 


I y 
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The bending moment at any section in AC, distant x from the 
end 4 is given by 
M= is x 
a2 
C. y 
re estes G2 | 






anes Ps 
% 
Fig. 461 


Strain energy stored by the beam 


,__ { M*dx 
w= | 2El 


2 
2 \ Pix? dx 
4 2E! 
0 
p21) 
" 4k 3° 8 
ee 
96 FI 
ae Pr 
W,-~ OnE 
The deflection in the line of action of / is given by 
son Clie, (2P) i 
~ OP” 96FI 
5. PH 
ie ~ 48El 
Problem 289. A simply supported beam carries a point load P 
eccentrically on the span. Find the deflection under the load. Assume 


uniform flexural rigidity. 
Solution. Fig 462 shows a beam AB of span / which carries a 


load P at C. 
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Let AC=a and BC=8. 
; Pb 
Reaction at A= aye: 
Pa 


Renction at ra 


The strain energy stored by the beam AB 


W’.=strain energy stored by AC 
+ strain energy stored by BC 


a b 

[Graders 

TNE poppe ory 
0 0 

_ Piva? | Pat? 

= "6EN2 + GFL 


2 24,2 
= 55 {a+b} 


Since at b=1 
P2q*h? 
We ori 
Deflection under Joad f' 1s given by 


ye iW (OP \b% _ Pato? 
cP 6EIl ~ 3En 
Problem 290. The semicircular arch shown in Fig. 463 has one 
of its ends hinged while its other end is on rollers. The roller end is 
pulled with a horizontal force P. Determine the herizontal movement 
of the roller end. Assume uniform flexural rigidity. 


Solation. There will bea 
horizontal reaction at A. 


The bending moment at 7a Se 
\ 


any section XY is given by 


r 


M=Pr sin 0, \ \ 
os < « AB ~ 
.. Strain energy stored ore v : 
by the arch a Fig. 463 
| Meds 
a =| 2E/ 
nf{2 


a2 [Pere sin® 8rd 
2El 


e 
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~/? 


Poclveanae 
"| sin? € dl 
LI | sin dl 

0 


2 » 


Per x 
Af 
horizontal movement of the roller end is viven by 
y. CW (2P)r3 x 


CP” 4FI 


In the above examples the deflection was determined in the 
line of action of a force But ifitas required to find the deflection 
at point where nv force is actualiv acting, then un imaginary force 
QO should be applied tt the pot and the tetal energy stored by the 
structure should be determined This expression for the total 
energy should be differentiaied with respect te Qin the resulting 
expression Q should be pat equal to cers The following es implies 
will further explain this port 

Problem 291) Find the deth: tion at tie centre ofa hoam of 
span Learrving a uniformly distri aed lead of w oper unit ranov yg the 
whole spun Avyssane uniform Hevtiral rividee, 


Solution introduce an imavemars concentrated load Q ar the 
middle point. 
UP Pare wir aa Fa 
Re ee eae 1 a 


Pesca ae ee eet tee 
sats a 
ir >a ; : 
Reb MG eT ye om A 
ee WEtQ 
ty ats 
Fach vertical reaction 
wl} O 


> 


Bending moment at a section distant x from one end 
wWhtQ owt 
eas ae oD 
Total strain energy stored by the beam 
-| M* dx . 
| 2E!l 
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ie 
ae wht Q wx? PF dx 
ae vt es ‘| 2E! 


LAC wh | Oe ~ yas 
(} 


To find the central deflection, differentiating the fetal 
iruin energy vith respect to Q, we have 





ip 
‘ sw. I 4) whl @ eae Mes / 
a al ee 
: () 
Be ie 
I te tiers, | HY | 
Reece Val\ if 
) are a 
0 () 
sok | Po AL ee ABS ee of ] 
Ll 2 3° 8 DP AG AG 
5 ] Ww)! ivf OF ] 
EEL 43 2% 48 } 
he Recerca ss 
EI : agg Sag 
Putting Q~ 0, we have 
5 4 whl 
384 Ef 


Problem 292. Find the deflection at the free cnd of a cantilever 
af length I carrying a uniformly destrieicd load of wo per unit run over 
the whole span. Assume uniform fle ual rigudity. 


Solation. [ntroduce an spmagmary poimt load Q at the free end. 


UL’ Pe: nse Rawk 
t 


re vot te 


SS eee st _— ee ee 


tp be . ha Ra’ 


~~-a| 
fpocecee sed 
C cece 


ies 


Fig. 165 
The bending moment at any section distant x from the free end 
=M=—(Qxt"3 =) 
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Strain energy stored by the cantilever 
s Wy ax 


d 
lf oy, x? ax 
Io D ) EI 


To find the deflection at the free end, differentiating the 
total energy with respect to Q. we have, 


l 
W, f f wx" \ xdx 
on eee, een 2 Sea Soh Spaeth 
aoa J ( Ox+ 2EI 


¢ 


yo 


Putting O=0, we have, 
- wi 
SEI 
Problem 293. The quadrantal ring AB shown in Fig, 466 is uf 


radius r. It supports @ concentrated load P at the free end A. Find the 


vertical and horizontal deflection of A. Assume uniform flexural 
rigidity. 


Solution. Vertica] deflection of A. 





p 
\ we A a »() 
‘ } oe a 
“g | oe i 
\ | 7 z 
j ; 
. | sae 
‘c¢ 
at eee te erence hee 
ii 0 
Fir. 466 Fig. 467 


The bending moment at ‘any section Y the radius vector 0)’ 
making an angle 6 with the vertical is given by 
M=— Pr sin 0 
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Strain energy stored 


io M*ds 
ae | 2h 


_f Per? sin? 0. rie 
J 2F/ 
U 
ae & 
ae 4 
Pen’ 
SE] 
.. Vertical deflection of A 
QC W, 
5, = 
cP 
— 2Pxr3 
SEI 
_ Pres 
AE] 
Horizontal movement of 4 
Introduce an imaginary horizontal lowe OU at A. 
Vhe bending moment at any section Vis now given by 
Mo--\Prsin® Or(l--cos 8) 
Strain energy stored by the structure 


“= fy, | NfP ds 


SE 
Te 
| Pr sin 8 i Ort -- cos 8) y ae 
: 2E1 
The horizontal movement of 4 is given by 
CW. 
Sn 
h CO 
=| 2 G sin 8 | Ortl- cos) ] r(l—cos 6) ls 
} 2EI 
n/2 nf2 
3 3 
oie | sin @ (1—cos 8) 40+ Q: -| (I1—ens 4) (9 
I El 
0 0 
Putuing O=0 
Pp 
on = - 





re rT ; 
El | sin 8 (1—cos 4) dé 
a 
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Z 
Prd s 7 
El ) [« —-COS 6) 
Pri 
2E] 


Problem 294. The hend ABC shown in Fig. 468 carries a concent- 
rated vertical load P at A. Find the vertical and horizontal deflection 
of A Assume uniform flexural rigidity. 


Solution, Vertical deflection of A. Strain cnergy stored by the 
frame 


W,.. strain energy stured by 4B+strain cnergy stored by BC. 


i >| M*ds 
. 2E1 


Q A 

| (fx)? a : | (7a a 
oi 

WW ~ Pea" 


“6EL (a }- 3h) 


To find the vertical deflection of .4 differentiatin’ the total 
energy stored with respect to P, we have, 


5 Ww (2P)a(a-}-3/) 
Be CPF OF] 


ix ated 
A 
b 


P 
fee Ae eee >@ 
, ‘ 
P 
h h 
le. 


t ta, 408 Fig, 409 
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_ Pa a! 3h) 
3El 


Particular case. When h=0. ie., if BA had been a cantilever 
fixed at BL : 


Rye nde 
3EI 
Horizontal deflection of A 


To find the 4 Ne deflection of { introduce an imaginary 
force Q horizontally at. 


Strain cnerpy st: ea hv the structure is nos givens by 


I; 
(Pry ay 
1 (EN Va erg 
} 2f: oy 
U v} 


Differentiating the strain eneryy Mit Tm soe Ta se ee, 
Horizontal movement of i 


id Wp ; 
‘ qc { af ey } 
' (? ; ae 
4 
\ { } ’ 
« ee t? ee 
PE. ; 
i’ 
| Rie, eels 
t 
Py S ae 
Putte GO. we have 
Pah’ 
Ory . 
2h 


-~ ete f e a 
Problem 2°S. Mind the cottral dew cites of the wtafurit bend 
IBC DEFG shown in big. 400. 


Solution. Stra n energy stored by the whoie structure 
iW 2 [Energy sored py AB, BC and ¢ yy 


if F 

ao ies 

| | is | | 
I E Pe OS 


C Ip E 
pt | 
P 


Fig. 47u 
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- > p. \ 2 
(5 x ) dx ol a | dy a Z ey 
=e | 4 a +(} 5 +a) | . 
2 2E/ 
0 0 0 
P> @ 1 PF? aa PF 1 3 El 
= ge eae ape ee! Me) ed ape 
2| 3° DE 4 Ver’ a * FEF pra | 
: P?q° eed Ee 3 ] 
=2) sqer’ BET 24E7 8° -@) 
9x LL P*a? U1 Pra? 
5 94 RE PAD ce] 
Vertical deflection of D 
CW, _ Vl y (2P)a8 


See a 1g py 
_ Tt Pae 
6 El 


Problem 296 94 mild steel bur 10 cm. diameter is bent as shown 
in Fig. 471. It is fixed horizontally at A and a load of SO kz. hangs at 
D. Draw the bending moment diagram for the parts AB, BC und CD 
indicating the maximum values. Find the maximun bendine stress 
Find also the deflection at D. Take E=2x 108 kg.Jem. 


Solution. Conventions for bending moments. 


For horizontal members, sagging moments will be regarded as 
positive. 

For the vertical member, bending moment producing concavity 
on the right hand side of the member will be regarded as positive. 


B.M. at D=N0 
B.M. at C as a part of CD= -350X2= —100 kgm. 
B.M at C asa part of CB=-+100 kem. 
B.M. at Bas a part of BC= + 100 kgm. 
B.M. at B as a part of AB=+100 kgm. 
B.M. at =—50x 1=— 50 kgm. 
Maximum bending moment 
= 100 kgm. 
Maximum bending stress 
<: 7 7 ig kg.fcm.? 
320 


== 102 kg./cm.? 
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Be 2 pe (+) 4p. 
éer oer PN) tog 
wot te 
6 El 
Vertical deflection at D 
aN ee ee Se eee 
oP 6 FI 3 EI 
P=50 kg. 
E=2x 108 kg./em4 
(10) |g 
I 64 em. 
et? 50X64 3 
3 3X 108 x n(10)4 * 100 em. 
= ()"49 am. 


§76. Impact loading on beam , 
Simply supported beam 


{_: Fig. 473 (a) shows a simply 
i ea y+ supported Leam AB of span /. 


th 
5 ———-—£ : B 
| TE ee ae Let a load W be dropped 
(@) on the centre of the span from a 
ie 


t= height A. 


( 


’ Let 5 be the instantaneous 
maximum deflection. 





rete a & - a 
eee be ‘ 
; ay Work done on the beam 
(b) =: W(h-+ 8). 
Fig. 473 


Fig. 473 (4) shows the same beam carrying a gradually applied 
load P so as to produce the same deflection 5 at the centre. For this 
case the work done=}$ P38. 


_ Pp 
a o= SEI 
1. Pp 


=:Work done= 7? GRE 
pp 
” O6ET 
Equating the two expressions obtained for the work done, we 
have 


Pep 
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pp PRB 
oer = *+ apr | 
The above equation is a quadratic equation in P. By solving 
the equation the equivalent gradually applied load P can be deter- 
mined Once Pis known, the maximum deflection is determined 
5 PR 
from the relation = AR EI 
Le eae 
— P.3d= Wh+5 


or from the relation, 


The maximum bending moment to which the beam is subjected 
in as give bY 
Pl 
Mmag =~; 
{ff Z be the section modulus for the section, the maximum 
raftentaneous stress 


M 
= fi 7 


Preblem 297. A 500 mm. x 180 mm. rolled steel beam is simply 
npportcd on a span of 6 metres A load of 2 tonnes is dropped on to 
ie mddidle of the beam from a height of 25 cm — Find the maximum 
inet: taneous deflection and the maximum stress induced. Take for 
the Acam section Les 452183 cm4 and E-= 2x 10° tonnes/em?. 

Solution. 

W =:2 tonnes. 
fet 4 be the maximum deflection. 


Let P tonnes be the equivalent gradually applied load on the 
middle af the beam so as to produce the same maximum deflection. 


Wh+8)=4P8 


2(1°25+3)-=4$P8 
2°50 +23—4P8 


5+48= Pd 
PIS 

oe b= gir 

_ P(600)8 

~ 48ET 

Px 6003 
“s  agpy (P~4) = 
3 ‘ 
P(p=4ja0 <= a 45218°3 

cs; P(P—4)= 100°4 


p2—4P= 100°4 


500 
(P—2)?=104°4 
(P—2)=10°22 
Ss P=12'22 tonnes. 
Max. B.M. - 
= Mmaz= 4 
12°22 x 600 
= -o a - fone cm. 


=- 12°22 x 150 tonne cm. 


r 
section modulus=Z =. ; - 
452183 
1 aS 
= 1808°7 cm. 
Maximum bending stress 
= ft 
= f= ZF 
12°22 x 150 
= "1808°7 tfem.- 
= 1'014 tem? 
= 1014 kg./em." 
Pie 
“ 48 EI 
_ _ _ 1222x6008 
~ 4&x2X10°8 x 452183 
= 0'6084 cm. 
$77. Laminated Springs or Leaf Springs 
This is a commonly occur- 


om.3 


8 


Chi 


like cars, lorries or wagons. This 

spring consists of a number of a, 
leaves or plates of equal width and Tek tated Sr 
thickness but of varying length, pete ee 
placed one below the other. a 

These springs get loaded at 
the ends and are supported in the 
middle. 

In this type of spring, since 
friction between the plates is 
negligible, each plate can be consi- 
dered as free to slide over its Fig. 474 


ring type of spring used ip carriages ¥ f ee eo aes 


' 
t 
s 
4 } 
a 
‘ 
4 
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neighbouring plate. Further all the plates may be assumed to 
maintain the same radius. Each plate section hence has its own 
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r 
4 W 
t Jad ELEVATION | 


: | ae 
b ow w 


2 , ee 
os ae 

Fig, 475 Fig. 476 
neutral axis. Hence the plates may be looked upon as _ being 
arranged side by side. Hence for analysis purposes the carriage 
spring can be considered as equivalent to a beam whose depth is 
uniform and equal to the thickness of one plate and whose width 
untformly increases from zero at each end to nb at the centre where 

wis the number of plates and b ts the width of each plate. 

The equivalent beam is shown in Fig. 475. 


Consider the equivalent beam. Let the span of the beam 


be 


: : : ; l 
Width of this beam at a section Y at a distance v (tes than x 


irom the left end 





nb 


’, Monient of inertia at the section 
| __ 2nb 13 
= [= i De 12 
nbt3 
6] 


LM at the section 


But 
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[ 3Wl 
R rae Enb13 =constant 


Hence the beam will bend to a constant radius. 
Central defiection 








8R 
i 3Wl_ 
 Enby® 
3 OW} 
Oo — ; 
§ Enbi AD 
B.M. at the centre 
_ Wi 
M= 4 
Section modulus at mid span 
2 
Z=n. ae 
Bending stress 
f-= M 2 WI St ete 
Z 4 nbt* 
go Lol. ee 
En pe Ud) 
From equations (i) and (if) 
eal 2 
So ABT se gIE) 


It may be noted that the spring has been analysed as a bean! 
of uniform strength. 

Work done by the load on the spring==strain energy stored by 

; the spring=4W5 
Stiffness of the spring-=load required to pruduce unit deflection 
ues 
8 

Problem 298. A leaf spring 75 cm. long is required to carry 

a central polat load of SOO kg. If the central deflection is not to 


exceed 2cm. and the bending stress is not to exceed 2 tlem.“ determine 
the thickness, width and number of plates. 


Also compute the radius to which the plates should be curved. 
Assume width of the piates=1I2 times the thickness and 


E=2x 108 kg./em.? (4MIE, November 1971) 
Solution. .- 75 cm. b= 12t 
W- >00 kg. E=2x 108 kg./om? 
S==2 com. 


f=2000 kg,/em,? 


UEPLECTION OF BEAMS $93 


We know the following relations : 
_3 Wi 
f= 5 nbi® . (i) 
_3 WRB 
8 Enbe (di) 
seit 
ae rer ... (iil) 
male 
5 QR .. (iv) 
fl 2000x7F 
AES = 4x2x108x2 7" % CM 
b=12x0'7=84 cm, 
3 Wil 3 . 800 x 75 


From (iii) t= 


From (i) nO fort 2 2000x1207" 
=8 plates. 
[2 é 
From (iv) R ese = 3516 cm. 


Problem 299. 4 leaf spring is to be made of seven steel plates 
6°5 cm. wide and 63 mm. thick. Calculate the length of the spring 
so that it may carry acentral load of 275 kg., the stress being limited 
iy 1600 kg.{em.2 Calculate also the deflection at the centre of the 
spring. E= 21% 108 kg./om.? (A MIE, May 1970) 

Solution. 

n=7 j=? 
b=6'5 cm. §=? 
t=(063 cm. 
W =275 kg. 
f=1600 kg /cm.? 
E=2'1 x 108 kg./em. 


x 65 x 0'632 x 1600 
275 











=:70 em. 





275x708 
8 (21x 108) x 7X 6°5(0°63)5 
== [°481 cm. 


Problem 300. A laminated spring | m long is made up of plates 
each 5 cm. wide and I cm. thick. If the bending stress in the plates 
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is fimited to 1 tian haw matty phces we ld bose aile. gf fs, ttle fa 
pe ’ ii 
spring to carry a cemcral pain’ lead of 00! ys, 


Ya : } ¢ a Pe: 5 ; : 
[f he fae i x L0G KY lcih Se th finda d ‘ ave Syn Tae 4 {' em 4 os é ay ‘ i oa ‘SF 
load of 200 kg ” Pe ee ee 
Salutioer. 
I } As olbee Sct aie: f 
D3 on, ae 
t- I C22. 


felt keg poor 3 
WD hy, 
fa ya orate : 


4 ORY 


e ae 
2 ? 4?Y : 
ah: ri 
a, ge oes = 
2 féa? 
ches COs bin) 
me. #]- oe * 6% 


2 hoo . if baw 
ga / 


“2 
Shit 
PGOO K Ua Ot 
t- TK HH KY 
- LiY om, 

Problem 301, A carriage spring is PLS metres Fane qed | ant 
pool plates Som wide and fom. thick Pad the ayooes Of plates 
ecandired far ike soaring ifa central point oad Of OO hier is te be cure ed 
and if the hending stress is not ta exceed 1400 ke. fom? Find als, the 
central deflection. Take F-= 2 108 kg tein 

Solation. Bending stress 


= 2 600X125 | 
2 1400*8 x1" 
== 11 plates. 
Central deflection 
we 7 
' Enbt? 
600 x 1253 
"BX i068 x11 xg 13 
== 2°496 com. 


I 
oo 
ii 





i 


cofus oo} 
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Problem 302. A laminated carriage spring is 80 cms. long and 
nade of twelve leaves of the same thickness and 4 cm. wide. Find 
thickness of tie leaves if the bending stress is to he limited to 2000 
on when the spring is subjected to a point lvuad of 600 kg. at the 
circ. trad alse the central deflection. Take E-- 2X 108 kg.Jem.* 
Sulution. iaximum stress 
po WI 
2 nbt? 
3. «OW! 
2 nbf 
3 __ 60080 _ 
2 12x4x2000 
1=0°866 ci. say 0°9 cnt. 


j2== 


e C= 


Central deflection 


ais we 
ie Enbt 
3 600 x 803 
“SF 2x 108x12x 4(0°9)8 6 
S=1'55 cm. 


_78. Conjugate Beam Method 


We have earlier discussed the siopes and deflections of beams 
ubjected to an external loading by various methods like moment 
area method. Macaulay's method’, ctc. The methods discussed 
sither were convenient for cases where the beam is of uniform 
“ ural rigidity. Hf the flexural rigidity is not uniform throughout 
io feneth of the beam, the methods discussed eurher are very 


8.M. diagram 
Lf 








Fig. 477 


laborious. The conjugate beam method presents a very easy approach 
and the student will find its application very interesting. Before this 
ingenious method is introduced, it will be worthy to go through the 
following discussion. 

Fig. 477 shows the bending moment diagram for a beam 4B 
with supports at A and B. 

Taking A as origin, consider any section X distant x from A. 
Let Af be the bending moment at X. 


*SeeChapter8 
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We have, with the usual notations, 


dy _ 
_EI de M 

Integrating from 0 to x, we have, 
x 


El Las : = El(ia— is) = [a 1dx as 


0 


where az is the area of the B.M. diagram from 4 to X. 


is=iat a ..(i) 
: d*y 
Again, El de 7M 
Multiplying by x, 
Elx fY = Mx. 
{ntegrating for the whole range from A to B, we get 
L i 
ad 
El | x 3 d= | Muxdx 
ye 
0 0 
L 
ER dy beer tea of the whole 
a dx > aa. diagram about A 


=e 
where a=-area of the B.M. diagram from A to B 
xecentroidal distance of this diagram 


from A. 
We know, 
At x=0, y=-0 
At x=/, y=0, 
and Ne == fo 

dx 
Substituting the limits, we get 

Ell in =aXx 
oT AB) 

Similarly it can be shown, 


. _ al-*) ie 
he — py .. (id) 
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Again, 
d*\ 
EI fee M 
oe 


Integrating from 0 to x, 


x 


x 
dy 
Er | z 2 dum | Mxdy 
Q 


x 
: dy : 
El x ae —) |a, 

0 


==Moment of the area of B.M. diagram 
between 4 and Y about -1 


where as==area of B.M. diagram between A and XY 
te = centroidal distance of this diagram from 4. 
Substituting the limits, we get 
El xin y) =aev« 


p=aAr Ges 
* El 
‘ ee : Qz 
Bat from equation (i) i2--ia-+ EI 
« "| i aka ef* \ ey 
» Pi we 
Ss Fy] om 
‘ 4 X~-¥r) 
2+>Xlautp as 
+ El 


It can be realized that @a.(x—*:) ts the moment of the area 
az about X. 


. moment of av about 
Y—Xla EI (iv) 


Summary of results, 


pe als) . fe \f io 
a? GM) 0 


i aX heed x 
ve fs 7 2) 
ie=bot ~ vr re 


and y=xiz +Moment of (= } about Y_...(4) 
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Wi 
WL ie 
GE} 
aa Mui a diagram 
- ey clagram = EI 
' 
’ 
: es 
5 
(.) Conjugate beam fig. 480 (5) Conjugate beam 


+ 


7 


diagram is_ -,-- while the thickness of the diagram is If this 


I 
4 ET ~ 
method is adopted the total load on the conjugate beam=volume 
of the load diagram = area of the load diagram x thickness. 


It will be found convenient to introduce the diagram in 


M_ 
El 
this way. This method will be adopted in the examples that follow. 

Problem 303. A beam of length ! is simply supported at the 
ends and carries a cuncentrated load W at a distance a from each end. 
Find the slope at each end and under each load. Find alsu the de- 
flection under each load and at the centre. 


Solution, Fig. 48: (a) shows a beam AB of span / carrying 
point loads W each at D and £ distant @ from the supports. 


Fig. 481 (b) shows the B.M. diagram for the beam. 





Conjugate beam 


Vv - Wa(l-a) V, = Wali-a) 
a 26 © eT 


Fig. 483 
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Fig. 48! (c) shows the conjugate beam carrying the loading 


corresponding to the I diagram. This ie diagram is practically 


the same as the M diagram except in the case of the in diagram, 
we should imagine a thickness of ry 
Total load on the conjugate beam 

= Volume of the load diagram 


] : l 1 
2x {5 a.WaxX EI Lee 2a) Wax EI 
___Wa"  Wal!--2a) 


El‘ &T 
_ Wall—a) 
ae EI 
Reaction at each support for the conjugate beam 
1 


=~, the total load 


_ Wall--a) 
EF 
Slope at cach end of the given beam 
==Shear force at each end of the conjugate beam 


_ Watl- a) 
QE 
Slope under each load of the given beam 
«- Shear force under each load of conjugate beam 


Wall—a I J 
5 - Sa ee 
_kWall-a) We 
: 2E/ 2E1 
_ Wali—2a) 
= 2E] 


Deflection under each load of the given beam 

==B.M. under each load of the conjugate beam 
Wa(l—a) 1 lL a 
mer OT We eZ 
Wa{I—a) Wai 


me 
water 








2EI “6EI 
Wat 
= ay (3!—3a—a) 
= Wa*(3l— 4a) 


6E/ 
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Deflection at the centre of the given beam 
=B.M. at the centre of the conjugate beam 


Wal--a) 1 ot Lop 22 
= “Sep 3 a Wa ot — a } 


ae. 
_Mi=2a)) Wa I-24 
2 El: 4 
Wal(l—a) Wa? Wa(l—2a)2 
- aef 7 jaer 4a) — PS 
YO 641 —@)—2u(3!—4a)—3(1-- 2a) 
46] 


Wa 
~~ 24F1 
Problem 304. A beam AB of span] is simply supported 
ani B and carries a point load W at the centre © of the span. 2? 
moment of inertia of the beam section is I for the left half aint 243 
the right half. Calculate the slope at each end ald the centre and 
veflection at the centre 

Solution. [ 1g. 482 (a) shows the given beam. 

Fig. 482 (b) shows the bending moment diagram fur che pis 
beem (M-diagram) 

Fig. 482 (c) shows the conjugate beam. 


(3/° — 4a") 





Ww 
*/2 C 'f2 
A arn B 
pn eee : 
vary Lee Si 
pe ren tant dene cana ce 
Cc ; 
M diagram | 
wt | 
| we | 
a { | seis ee ! 
- FI 2E} | 
Mea. | ase Se F 
f ’ a diagram wt? 
«owl \b* 261 
3’ 96 El 


Fig. 482 
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The load diagram for the conjugate beam is given by the 


M. — diagram. The thickness of this diagram is (5 } for the left 


El 
half and (sz SEI ) for the right half. 

Properties of loads on the conjugate beam are shown below. 
(Note: Volume of load diagram=load) 


er neeeveneen 




















Load component} | Magnitude Distance ! Moment 
of load from A about A 
bf Weel; we 2 tlt | We 
2°2. 4 EF | 16E/ a2 3 48E7 
tof mw | WE at | 
22 a DET 32El 2 3 Oe ad 48E/ 
cae ' 3 WP wr 
ae 32 ET 24ET 
Let V: and Vy be ‘the reactions at A and B for the conjugate 
beam. 


Taking moments about A, we have, 
l= 


~ ABI 
_ Wr 
YONA ET i 
But total load on the conjugate beam=—2, rr) 


ead: IE aE 5 * WE 
33 EF 24£E1 96 EI 


Now we can easily determine the slope and deflection for the 
given beam. 


Slope at A for the given beam=-Shear force at 4 for the con- 
5 WE 
jugate beam 


~ 96 El 

Slope at B for the given beam = Shear force at B for the con- 
. We 
jugate beam = B4FI 

Slope at C for the given beam =Shear force at C for the con- 
5 Wr wi? 
ugate years 96 El 16ET 

wi? 
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wr 
96E : (numerically) 

Deflection at Cfor the given beam=B.M. at C for the con- 
esos, WIE ht WE i 
ama ~ 96 ET ° 2 16ET (+-F) 

— WR 
64E] 

Problem 305. A bcam ABCD is simply supported at its ends 
A and D over a span of 30 metres. It is made up of three portions AB, 
BC and CD cach !0 metres in length. The moment of inertia of the 
section of these portions are I, 31 and 21 respectively, where I=2 x 108 
cm’. The beam curries a point load of 15t at B and a point load of 
30t at C. Neglecting the weight of the beam calculate the slopes and 
deflections at A, B, C and D. Take F-=2x 10° t/cm*. 

Solution. Fig. 483 (a) shows the given beam. Let o« and za be 


the reactions at the supports. Taking moments about A, we have 
va X 30=15 x 10-+30 x 20 


30t 





Fig. 483 
vs=25¢ and va=45—-25=201 
M. at B =20 X 10200 tm. 
M. at C = 25 x 10=250 tm. 
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, 


Fig. 483 (b) shows the B.M. diagram for the given beam. 
’ Fig. 483 (c) shows the i 7 diagram which is the loading on the 


conjugate beam. The thickness on the diagram is ay for the portion 


1 1 
AB, Spr SET for the portion CD The 


properties of the loads on the conjugate beam are given below : 
(Note Volume of | load diagram == = load) 


for the portion BC and —— 


aS a Oe ~— ee ree ee ee 














| Total 


ne ce 
| Mapnitude Distance Moment i 
Load componcnt of load from A about A | 
| | 
ep rey 
Load on AB ! 
| 
1 gee 1000 ! 20 
See er El 3 Ser 
| load on BC 7 
| 
| 2000 
200 x 10x REI | “SET | 15 
I 1 250 
| I ealen | _50 12500 
2 aceon BEL | 3EE |G ! “SET 
! Lead on CD 
I ; t 625 | 43750 
| 3 x tOx 250 x 5EI } Fi = | cr 
Pg 
7125 293750 
| 3EI ! OFT 


_ — ee omen tn mee meen oe erp et nee: 





ee ie ae 


Let V. and 1 be the reactions at A and D for the conjugate 
beam. 
Taking moments about A, we have, 


ye aryee 293750_ 
Vu X 30 OFT 
29375 
Vee Er 
y= 125 _ 29375 _ 34750 


3El = 27ET 27El 


Now we can easily determine the slopes and deflections at 
A, B.C, D for the given beam. 


Slope at A for the given beam 
=S.F, at A for the conjugate beam 


hs 
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= 24750 
~ TET 
___34750x(100)? 
27X2x 108 x 2x 108 
=0'003218 


Slope at B for the given beam 
=§.F. at B for the conjugate beam 








_ 34750 __ 1000 
 QIEI = EI 
_ 77150 
~ Q7EI 
7750 x (100)? 
27 X2 x Lu? x2 x 108 
=0°0007176 


Slope at C for the given beam 
=§.F. at C for the conjugate beam 


29375 _ 625 
~ QTE ET 
_ 12500 
 Q7EI 
_ 12500x (100)? 
27X2x108x2x 108 
= 0°001157 


Slope at D for the given beam 
=§.F. at D for the conjugate beam 

29375 

27EI 

_ 29275x (100)2 

~ 27X2K108 x 2x 108 

~ =0°00272 

Deflection at A for the given beam 


aes 


Deflection at B for the given beam 
=B.M. at B for the conjugate beam 





_. 34750, 1000 ,, 10 
~ 27ET * El 3 
__ 257500 

~ 27El 

257500 x (100)8 


~~ 97x 2x%108x 2x 108 © 
= 2°384 cm. 
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Deflection at C for the given beam 
=B.M. at C for the conjugate beam 


29375 625 10 
= “o7er™ — "Er * 3 
237500 
~ Q7EI 
____ 237500 x (100)8 
~ 27X2x 108? x2x 108 
==2°]99 om, 


Relation between the given beam and conjugate beam 

The relations between the given beam and the corresponding 
conjugate beam.for different conditions are shown in the table on 
page 518. . o 

We will now analyse beams with different end conditions. 

Problem 306. 4 cantilever of length 1 carries a point load W 
ai the free end. Calculate the slope and defleetion at the free end. 


Solution. Fig. 484 (a) shows the cantilever AB carrying the 


load W at B. 
Fig. 484 (6) shows the M-diagram for the cantilever. : 
Fig. 484 (c) shows the corresponding conjugate beam carrying 


the M 







EI loading. 
w 
' 
given seam 
4 t 
A; 8 
(b) 
M. diagram 
wi | 
t 
A Conjugate beam B 
(c) 





Thiekness: 
: el 
Fig. 484 
Slope at B for the given beam : 
- =§.F. at B for the oe beam 


i 1 We 
ay !. Wl. a= 2EI 


518 


Given beam 
Slope at any section 
Deflection al any section 


Given system of louding 


Roller Support 


A 
Roller 


Slope exists, but deflections 
Hinged support 
eat oe 
Hinge 

Slope exisis, but defiection m0 
Free end 

A | 
Slope exists and deflection exists 


Fixed end 


be 


Slope =(0 
Deflection =0 


(a2) BM diagram pozritive 
(sagging) 


(6) B.M. diagram negative 
(hogging) 
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Cenjogote bec 


ae e 
S.F. at the corresponding section | 


" BLM. at the corresponding section 





The loading diagram becomes the 
Bl diagrasp 


Ae 
Hinge 


S.F. exists and B.M <0 


Tage 
Hinge | 


SF exists end B.M.=0 


A 
Fixed 


S.F. exists and B.M. exists | 


—___—— 


Free 
S.F.=0 
B.M.=0 


M+ Koad diagram fs positive that is, 


the loading ie downward 
» load diagram is negative that is 
the loading is upward 


eae eer tet WR ee eee 
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Deflection at B for the given beam 
aoe at A for the conjugate beam 


~ 2EI* 3 
_ We 
~ 3ET : 
Froblem 307. A cantilever of length | carries a point load W at 
a distance |; from the fixed end. Calculate the slope and deflection 
at the free end. 
Solution. Fig. 485 (a) shows a cantilever AB of length / fixed 
at A and carrying a point load W at a distance /, from A. 


4 


(u) 4 re ee ee 


sy cede 


| | given beam | 





0 


| at 
A ener a ee ee = B 
ee I 
(6) | | 
eM. diagram 
| | p 


wi, 





Cc 







A 





(c) 


Conjugate heam 


WI, 


Fig. 485 


Fig. 485 (6) shows the B.M. diagram for the cantilever. 
Fig. 485 (c) shows the corresponding conjugate beam whose 


load diagram is the diagram. 


Slope at B for the given beam 
=§.F. at B for the conjugate beam 
1 yy, 1 Wh 
oe ky ODE] 
Deflection at B for the given beam 
=B.M. at B for the conjugate beam 


W a i A ) 
~ 2QEI 3 
Problem 308. A cantilever of length | carries a uniformly 


distributed load of w per unit run over the whole lengt!. Calculate 
the slope and deflection at the free end. 
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Solatios. Fig. 486 (a) shows a cantilever AB of length / 
carrying a uniformly distributed load of w per unit run over the 
whole length. 


Fig. 486 (6) shows the B.M. diagram for the cantilever. 
Fig. 486 (c) shows the corresponding conjugate beam whose 


load diagram is the + diagram. 


w per unit run 
A B 
@ f-—___—_  ______—_+ 


| given beam | 








Foravol'“ 
B.M, diagram | 


34,‘ — 






Poravolic 
thickness= 


Conjugate beam 


Fig. 486 
Slope at B for the given beam 
=§.F. at B for the conjugate beam 
=Volume of load diagram 
= Area X thickness 
= base x altitude x thickness 
=3° 2° EL” ET 
Deflection at B for the given beam 
= B.M. at B for the conjugate beam 
wi 3, wit 
~ G6EI* 4° S8éI 
309. A cantilever of length-lis subjected to a couple 


| Problem 
Me a the free end. Calculate the slope and deflection at the free 
pi , 
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Solution. _ Fig. 487 (a) shows a cantilever AB fixed at J. 
The free end B is subjected to a couple Mo. 


M 










0 
A B 
(a) ae qActeeen eeeea tie 
| given beam | 
a lp 
(d) 
ivi 
ns M diagram I" 
i ! 
A B 
° Te ie 
Mo Conjugate beam Mo 


thickness = 
EI 


Fig. 487 
Fig. 487 (6) shows the B.M. diagram for the cantilever. 
Fig. 487 (c) shows the corresponding conjugate beam carrying 


M 
the EI loading. 


Slope at Bfor the given beam=S.F. at B for this conjugate 
beam 
I Mol 
aE er 
. Deflection at B for the given beam=B.M. at Bfor the conju- 
gate beam 
Ml 1 
- EI’ 2 
_ Mol? 
~ 2QEI 
Problem 310. A cantilever of length lis subjected to a couple 
M> at a distance |, from the fixed end. Find the slope and deflection 
at the free end. _ 
Solution. Fig 488 (a) shows a cantilever AB of length / fixed 
at 4d. Let a couple Mo be applied at_C distant J, from A. 


Fig. 488 (6) shows the B.M. diagram for the cantilever. 
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Fig. 488 (c) shows the corresponding conjugate beam whose 


a diagram. 


load di is t 
lagram is the EI 














Mo M> 8.M. diagram 
: . 
c 
A ul oder Ce ee tee atthe 
TOT | 
c / NEI 
i 
Mo Ay 
Conjugate beam 
Fig. 488 
Slope at B for the given beam=S.F. at B for the conjugate beam 
i Moly 
ET 


Deflection at B for the given beam= B.M. at B for the conju- 
gate beam 


Problem 311. A propped cantilever AB of length | fixed at A 
carries a point load W at midspan. Find the reaction at the prop. 

Solution. Fig 489 (a) shows the ‘propped cantilever carrying 
the point load at midspan. 

Let the reactions at the fixed end A and the propped end B 
be za and w respectively. 

Fig. 489 (6) is the B M. diagram when the prop is absent. 

Fig. 489 (c) is the B.M. diagram due to prop reaction alone. 
The above two B.M. diagrams together constitute the final BM. 
diagram. 

Fig. 489 (4) shows the corresponding conjugate beam (note the 
end conditions fur the conjugate beam! whose load diagram is 


the e diagram. For the conjugate beam, since the B.M. at B 
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(a) 
(d) 
(c) 
(d) i 
7 
Conjugate beam 
51 


Fig. 489 
cquals zero, taking moments about B, we have 


lig ep ls) 2aea(llatWie Tey 5: 
(=! gS ($5 2 awe! 


a 
16 a 
Problem 312. A beam AB of span | is fixed at A and Freel} 
supported at B. For the left half AC the moment of inertia of the 
section is 21, while for the right half itis I. A clockwise couple M 
is applied at the end B. Find the prop reaction and the slope at thi 
end. Find also the B.M. at the fixed end. 


Solution. Fig. 490 (a) shows the given beam AB. Let : 
be the reaction at B. 


Figs. 490 (6) and (c) show the B.M. diagrams due to the sepz 
rate effects of M. and 0». 


Vox. 
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A 
(2) Free 


Fig. 490 
Fig. 490 (d) shows the corresponding conjugate beam, the load 


diagram for which is the a diagram. 


E 
The thickness of the diagram is -——- = El for the left half and = 
for the right half. 


Note the end conditions for the conjugate beam. 
For the conjugate beam, taking moments about B, 





we have, 
1 1 Lo oy} 
Mla 7 tM 5 2EI 4 
1 1 2 
= 57 lool. 251° 3! 
1 iol tft 2 0 
+2°9 2: O-3:°2 
; m3. Me 
3 l 


Slope at B for the given beam=S.F. at B for the conjugal 
beam 


=o J 1 1i,,!1 ft im 1 
=Mol 557 + Moy app Ser > og 


«9 
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3. Mol 5 wl? 3 Ml 5 5 Mol 
"4 16 16 EF” 4 Ef” 16°3 EF 
il Mol 


a 


~ 48 ET 
Now for the given beam, B.M. at A 
= 01 —Mo=> Mo— Mo=~S Mo 

Examples in Chapter 8 

1. A cast iron beam 4 cm. wide and 8 cm. deep is placed od 
supports 1°25 metres apart and is subjected to a central point load 
3000 kg. If the central! deflection is found to be 6°5 mm., find the: 
value of the Young’s Modulus for the materiat. 

(1°1 x 108 kg./cm.?) 


2. Find the uniform bending moment which is to be applied 
to a steel rod 18 mm. diameter so as to bend it into a circular arc of 
18 metres radius. 

If the bar is 3°25 metres long, find the central deflection. Take 
E=2x 108 kg./eom.? 

3. A cantilever of uniform section has a length |. It is 
propped at the free end and carries a point load W at a distance a 
from the fixed end. 

(a) If the prop holds the free end at the level of the fixed end, 
find the prop recti on. 

(6) If now the prop is removed what will be the deflection at 
the free end ? 


Wa" eee 
OP (3l—a); 6EI (3/ a) | 


4. A horizontal cantilever of uniform section and length / 
carries two point loads, W at the free end and 2W at a distance a 
from the free end. Find the deflection at ihe free end. 


Wap 3 

[ e aru-a)-+a | 
5. A beam of span 2/ simply supported at the a carries two 

equal loads W symmetrically placed at a distance of 3 on either side 


of midspan Find the maximum deflection. 
81 El 
6. A horizontal cantilever of uniform section of length / 
carries two vertical point loads W; and We. W acts upwards at the 
free end and W2 acts downwaids at a distance a from the fixed end. 
Find the end deflection. 


23 We ] 


ck OW, B— Wea(3I— a)| 
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7. A beam simply supported at the ends has a span /. It is 
subjected tc equal and opposite end couples M.. Find the slope at 
the ends and the central! deflection. 


MI. MP 
2EI’ SE! 


8. A beam simply supported at the ends having a span / 
carries three point loads W each symmetrically placed on the span at 


intervals of - ie Find the central deflection and the slopes at the 


ends. 
19 WP 5 We 
384 EI’ 32 &El 
9. Acantilever of length / carrying a point load W at the free 


end is propped at a distance a from the fixed end to the same level 
as the fixed end. Find the load on the prop. 


Show that there is always a real point of inflexion and find its 


distance from the fixed end. 
WwW Re Vee 
[x (3/—a) ; 3 ] 


10. A cantilever of length / carries a uniformly distributed 
load of w per unit run for a distance 3/7 from the fixed end. Find 
the slope and the deflection at the free end. 


9 wh 117 - 


128 ET ° 2048 ET 

11. A beam of uniform section of length / is loaded by its 
own weight only and is supported at two points with equal over- 
hangs. Find the distance between the two supports. 

(a) so that, with the supports at the same level the two ends 
of the beam remain horizontal. 

(b) so that, the deviation from the straight is as small as 
possible. {0°5774 1; 0°554 I] 

12. A beam of length 2/ has one support at the left end 
where it is encasted while it is freely supported at a distance ; 
from the left end. If the beam carries a concentrated load W’ midway 
between the two supports find the upward deflection of the right 


end. 
(5) 
32EI | 


13. A horizontal cantilever ACB / units long, is ixcd at A 
and freely supported at C. It carries a uniformly distributed load 
of w per unit run over the entire length. Find the position of the 


supports so that the reactions at the two supports are equal. 
(0°8375 { from the fixed end) 
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14. A cantilever of length / carries a total triangular load W 
whose intensity varies uniformly from zero at the free end toa 
maximum at the fixed end. Show that the deflection at any point 
distant x from the free end is given by 

_— WV ¢gys_ 54 4-55 
y= 60EIE (4]9— 5]4x+-x°) 

15. A bridge across a river has a span 2/ and is constructed 
with beams resting on the banks and supported at the middle on a 
pontoon. When the bridge is unloaded, the three’ supports are ail 
at the same level, and the pontoon is such that the vertical displace- 
ment is equal to the load on it multiplied by a constant A. Show 
that the load on the pontoon, due to a concentrated load W placed 
one-quarter of the way along the bridge. is given by 


UW 
16 14+ 8 | 
where / is the second moment of area of the section of the beams. 
16. Two equal steel beams are built in at one end and con- 


nected by a steel rod as shown. 
Show that the pull in the tie rod is given by 


Sn Aa te EES ie 


meme ee ~ ee ee 
| OR RET DOSE RE Sn RT RNR RENAE. Can cre 


a W ; 
th M9 


antltie » Es ay 


So me wl et 0 


Fig. 491 
se oe 
ce 6al 3 
32( nde -+] ) 
where dis the diameter of the rod. and / is the second moment of 
area of the section of each beam about its neutral axis. 
17. The free end of a horizontal cantilever of length / is 
supported by a short vertical strut of area A and height A and of the 
same material as that of the cantilever. If the cantilever carries a 


total uniformly distributed load W over the whole length, find the 
load transmitted to the strut. Assume that the lower end of the 


strut does not sink 
( ‘3AWI ) 
8A413+24h, J 
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§79. Fixed beams 


A fixed beam is a beam whose end Supports are such that the 
end slopes remain zero (or unaitered). Sucbd 4 beam is aisu cated a 
built-in or encaster beam. 


Fig. 492 (i) shows a simply supported beam AB carrying an 
external load system. Obvi- 
ously as the beam _ bends 


W W, one 
B_ Slopes ia and % will occur at 
the ends 4 and B. If these 
Se ee slopes should be prevented it 


tn { iS necessary to apply end 
couples of certain definite 


| | 

| W W, | magnitudes in the appro- 
priate order. When the ends 
of the beam are bulit-in such 

Yn ss oe end moments are  auto- 


matically developed. Such 
(ii) end moments are called Fixed 
Fig 492 End Moments. If an end 
support is not able to provide sufficient restraining or reacting moment 
some slope will be produced at that support. But if there is absolute 
fixity at a support, the slope at the support will remain zero. 
$80. B.M. diagram for a fixed beam 

Fig. 493 shows a fixed beam AB carrying an external load 
system. Let Vaand VW be the vertical reactions at the supports A 
and B. 

Let Mu and Mp be the fixed end moments. The beam may be 
analysed in the following stages. 

(i) Let us first consider the beam as simply supported. 

Let va and v> be the reactions A and B for this condition. Fig. 
493(i) b shows the bending moment diagram for this condition. At 
any sectton the bending moment Mz is a sagging moment. 

(ii) Now let us consider the effect ot end couples Afi and Mp 
alone. Let V be the reaction at each end due to this condition, 
Suppose Mo> Ma. 


B- 
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Then | v= te ‘If Mo> Mz the reaction V is 


upwards at B and downwards at A. 






\' ‘ Ww; } : Z 
t a 
i ty é. ee 
Secret te 2S ; ene. ema 8 ee t 
' %, {———— 1X B 
vw Od a FREELY SUPPORTED" (10 FREE BM DIAGRAM 
CONDITION b ben oa 






i 
' 
t 


A 
Ms ' Mp 
‘ (ii)a EFFECT OF END COUPLES 








‘ (ade FIXEO BEAM Vp, G40 b kesuTAN? 0: Onbe An 


Fig. 493 


Fig. 493 (ii) (b) shows the bending moment diagram for this 
condition. At any section the bending moment M,’ is a hogging 
moment. 


Now the final bending moment diagram can be drawn by 
combining the above two B.M. diagrams as shown in Fig, 493 (iii) 5. 


The final reaction Vu=-va—V ‘ 

and Vo =m4+-V 

The actual bending moment at any section Y. distantx from 
the end A is given by, 
oI Ms— M:' 
Integrating, we get, 


i sf I 
pi & =| Medx— { Me’ ax 
ax 
0 0 0 
But at x=, dy =Q 
dx 
dy 
and at X=] dx 0 
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i 
Further | Modx—area of the Free B.M. diagram 
0 
=a 


l 
[ “sdx =area of the Fixed B.M. diagram 
0 


é 


smn 2 
Substituting in the above equaticn, we get, 
0=a—a 
oe a=a 
. Area of the free B.M. diagram=Area of the fixed B.M. 
diagram. 
Again consider the relation 
d*y ? 
El ja=Me M's. 
Multiplying by x, 
d* 
Ejx-3 = Max— Mz .x 


Integrating, we get, 


{ 
2 
| EIx ay dx= | Max dx— | M'rxdx 
0 0 


dx 


Qo—=——s wag 


i 
E! | y aay |= ae ~a'¥ 
0 


where ¥= distance of the centroid of the free 
B.M. diagram from A. 
and x=distance of the centroid of the fixed 
B.M. diagram from 4, 
Further, at x=0, y=0 and ay = 
dx 
and, at x=l,y=0 and wn 
Substituting in the above relation, we have, 
Oa - x‘q' 
or ax =a‘ 
or X= x 


.. The distance of the centroid of the free B.M. diagram 
from A 
=the distance of the centroid of the fixed 
B.M. diagram from A. : 
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By using the conditions 
a=a, 


= af 


(8) 


and KF .» AH) 
The unknowns Ms and Mp» can be determined. 

Let us now consider some standard cases. 

Case (i). Fixed beam carrying a point load at midspan 


Fig. 494 shows a fixed beam AB of span / carrying a point load 
W at midspan. 


iW 
"@ | {> : } bh - 
cc | hF 
Lv 
| 
EFFECT OF END MOMENT ALOME ~—% 





Ma 
W , 
2 2 
£244. AM OLAGRAM SF DIMGRPAM 
Fig. 494 


Due to symrhetry tie end moments Ma and Mo are equal. Fig. 
494 shows the free and fixed B.M. diagrams. 


Equating the areas of the free and fixed B.M. diagrams, we 


have, 
a =a 
_l, WI 
Ma =a. 4 
Wil 
Mo= 8 
o Mite 


$ ’ 
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B.M. at midspan =M.— M's: 


Wl Wi Wi 
4 esis 
Due to symmetry the reactions V:: and Vs are equal 
Va= hat : 


Now the S.F. and B.M. diagrams for the beam can be easily 
drawn. 


Obviously two points of contraflexure occur at . from the 


ends. 
Slope and deflection 


At any section in AC distant x from the end A, the B.M. '8 
given by, 


d*y , W wl 
EIT3=M:—M = 9 > 8 
Integrating, we get, 
eny © Wit 4 x+C (Slope equation) 
at x=0-5 y -=() 
a Ci= 0 
Integrating again, we get, 
Ely= —— Wx We +s (Deflection equation) 
At x=0, y=0 
: Co=0 


Maxinuc deflection occurs at midspan, 


f.eé., at x= ! y 


2 
WihI\? wifi 
ED 5(+) -E( 5) 
_WE WR Wwe 
96 64 192 
Vous -- i ia a the defiection oe a 
° pa supported beam* 


Case (il). Fixed beam carrying a uniformly distributed load of w 
per unit run over the whole: Span. 





*It may be noted i that for & Simply supported beam Gantry: ing a point load. 


t 5th fl ae 
W at midspan; the central deflection is 48EI 
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@hUNIT RUN 
“ ae 
f 






FREE BM DIAGRAM 


M, My? 
A’ FIXED 8M DIAGRAM 
wi] 
, 7 
wl) 12! wl 112 
A 1B 
; Lypy—le vs 
8M DIAGRAM 
awl}? 
1 
A B 
SF DIAGRAM wl/2 


Fig. 495 | 
Fig. 495 shows a fixed beam AB of span / carrying a uniformly 
distributed load w per unit run over the who!e span. 
By symmetry, the end moments Ma and Mo are equal. 
The free B.M. diagram is a parabola whose central ordinate 


soak 
8 
Equating the areas of the fixed and free B,M. diagrams, we have, 
a =a 
eae wl* 
Mol= 3° l. 8 


_ wh wit 
Ma= 12 and My= 12 
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Hence at any section distant x from the left end A the actual « 
bending moment is given by 
M=Free B M.—Fixed B.M. 
_ Wl wx? wih 
Rg 
For the points of contraflexure, 
wh wat WP 
BP a 
2 
x*—Ix+ Ge =(Q 


Solving this quadratic we get, 


I 
2 +273 
Hence two points of contraflexure occur. These are equidistant 
from the ae of the span. Each point of contraflexure is at a 


distance of -—.. from the centre of the span. 


is 
Slope and deflection 
The bending moment at any section is given by, 
i y_ w _ wx? wl? 
Integrating, we get, 


dy wih? wx? wih? aes 
ET. . ae ay: x+C, (Slope equation) 


At Ege ee 
268 ae 0 
C,=0 
Integrating again, we get, 


3 4 2 
Ely" we wx + Co (Deflection 


equation) 
At x==0, y=0 


1. 
For the deflection at the centre, putting x=~>- 10 the deflec- 
tion equation, we get, 
wi (1 \8 w(t) ws 
En= 3 (5) —24\ 2) ~ 24 rl 
wit 
384 
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i 384 El 
It may be remembered that a simply supported beam carrying 
the uniformly distributed load for over the whole span the central. 
defiection is 
5. wit 
384 El 
Hence the central deflection for the fixed beam 
= x of the central deflection of the simply supported beam. 
Problem 313. 4 fixed beam of 6 metres span supports two point 
304 30t 






te 
A 
| 
3 
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| 
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5 t f : 
$ 
Fret 8 M DIAGRAM : 
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/ ae ! 
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FIXED BM DIAGRAM 
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261m Lot i 
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A 
! g M DIAGRAM B 
| ’ ? 
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S$ f OIAGRAM } 
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Fig. 496 


536 STRINGTH OF MATERIALS 


loads of 30 tonnes each at 2 metres from each end. Find the Jixing 
moments at the ends and draw the B.M. and S.F. diagrams. Find also 
the central deflection. Take I==90,000 cm. and E=2 x 108 kg.Jom?. 


_ Solution. Fig. 496 shows the fixed beam AB carrying the two 
point loads. 


Due to symmetry the fixed moments Afa and Mb are | 
Fig. 496 shows the free and fixed B.M. diagrams. oe Sees: 


Equating the areas of these diagrams, we have, 
{ 
Mox6=—(60 |( 2+6 } 
Ma=40 tm. 


B.M. at the centre 
=60—--40—=20 tm. 
Points of Contraflexurz 
Actual B.M. at any section in AC distant x from A is given by 
M=Free moment— Fixed moment 
M =30x—40 


For the point of contraflexure, 30x--40=0 


x= + m from either end. 


Slope and deflection. 
For any section between A and D distant x from A the bending 


moment is given by 
gr? =30x—40 —30 (x—2) 


dx" 
Jotegrating, we get, 
EI’? = 15x®~40x-+ Cy 15 (x—2)* (Slope equation) 
At x=0, % =0 
oa Ci=0 
Integrating again, we get, 
Ely =5x3—20x2 + Ca ~—5(x—2)8 (Deflection equation) 
At x=0, y=0 


Ca==0 
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For the maximum deflection which occurs at the centre, putting 
x=3 min the deflection, we get, 


ED nae=- 43 203-50) — 50 


mn Siew 
1" aa FI 
50 
cs pee We 
2x 103 x90,000 * {OUP em. 
= — (9278 cm. 


Case (iii). Fixed beam carrying a concentrate load eecentricalh 
placed on the span. 

Fig. 497 shows a fixed beam 48 of span / carrying a point load 
W at C eccentrically on the span so that AC~ a and BC=b. 

Obviously the free B.M. diagram ts a triangle whose altitude is 

Wab 
l 

Let Mu and Mo be the fixing moments at the ends. 

Hence, the fixed B M. diagram is trapezoidal. 

Since the areas of the fixed and free B.M. diagrams are vqual, 


we have, 
eee ee 
2 oS | 
Wah 
Alo | Ato == i AL) 


We also know that the centroida! distances \ and v of the fixed 
and free B.M. diagrams from the end 4 should alse be equal. 


We know, for the fixed B.M. diagram 





— Ma 2M» ; Lt 
YS M3 from A 
and, for the free B.M. diagram, 
= 5" from 4 
Met2Mi 1 lta 
Mut+Mo 3 ; 3 
Mut 2Mv=-(14-a) Mer) 
But Mat m= 2 from equation (i) 
Mit 2M= a (+a) ..(ii) 


Subtracting equation (i) from equation (ii) 
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SF OIAGRAM 
ae 497 a 
Mo ="# ea r 


=e (/-+a—/) 
Web 
Mo: =: - 


Putting Me = Wa in equation (i) 


We get, 


Wath | Wab 
M et en Si 


Wab Wa*b 


: Mas of ee 
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= Fe Hea) 


But I—a=b 


__Wab* 
=a 


Thus the fixed end moments at A and B are, 


Wab* 

Ma= pp 

Wa"b 

and M=— 


If a>b then Mo> Ma 


Slope and deflection 
At any section distant x from the end A, the bending mome 
is given by, 


EI 1B —Free B.M.—Fixed B.M. 


Og (mop Meee x) Moma 


= War” + ie ab (g—b) x 





2 : 
d*y Wb Wab* = ae (a—b) x ee W (x—a) 


EI dx? cial a PR 
2: 
EI ay = = WP (p—at+ab) at is — W (x—a) 


=r D (3ab+b") x~~ y abs - W (x—a) 


pry = WE ato) x— ME" Wea 
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Integrating, 
dy WH* Ba th)? Wab? W—al* 
EV ty sp pe Ee ae 
(Slope cquation) 
But at v -0, dy == 
dx 
Bee Cc; =0 
Integrating again, 
Wb? (3a+5)x3 Wab*x* W(x—ays 
Ee 6B ee ee Gee 
(Deflection equation) 
AL An 0, oe () 
ae Ce =0 


Deflection under the load 


Putting v ~ain the deflection equatioa, we have, 
Wb> Ga j-b)as Wab? (a? 
Vip Sot ee OL 
EL) Ci 6 Soe F]- 


Wa ( —~3a—b 4.31) 


. Wa bh 
= 248 
Wap? 
~ SEP 
Maximum deflection 
Let a> b 


Maximur? deflection will occur between A and ©. For t!is 
condition equating the slope to zero, we have, 


_ Web® (3a-+5)x* | ee 
ue ‘28 


Substituting in the deflection equation, we get, 


apes Wo? Gat 6) ( 2a v)- War" ( 2al 
Limes 613 3a-+5) 22 \ 3a+b 


- W324 YT 32 1 3a+-b)\2al) 
~~ OF \ 3a a 3at+b 


wee AP ay 
~ 68 (a+b? 
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_ 2 _ Wai? 

~ 3 (3a+bP 
yo 2 _ Waeb® 
—— 3 a+b) EI 


Points of contraflexure 
For the point of contraflexure in AC, 


2 2 
= a (3a+6) x— gee =() 
3 eh 
3a+b 
For the point of contraflexure in BC, 
2 2 
M= -" Bath) x— MOP" —wx—a)=0 


aoe, pilin 
Solving we get x=/ ibia 


Fixed beam carrying a uniformly distributed load for a given 
distance from one end. 


Fig. 498 shows a fixed beam A8 of span / carrying a uniformly 
distributed load w per unit run for a distance a from the end A. 


@ PER UNIT RUM 
(a peanuts Jp) 
Wg 2 —+——-| ~“ NM, 


| 
| 


mie? maw 
® 








{ 
{ 
q 
q 
( 
‘ 
8 
ve 


F =) 
tM, w_/dm, 


Consider any section X distant x from the end A. 
Load acting for an elemental distance dx=w dx. 


Fig. 498 


Due to the elemental load (w dx) the fixed end moments will be 
as follows. 


—yx)* 
dMa=(wd. ye a 


and dMe= (doe —x) 
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Total fixing moment at A 
— 2 
wa{I—x) dx 


ny 


l 


= Mas 
[9s -75+4] 
(5 ( oP tots) 


_ nt 61? —8la+-3? ) 


Similarly total fixing moment at B 


a 
=Mo= [eee 
0 


wf Ia af 
FF] 
Mo= ME (41-30) 


For the particular case when the distributed load covers the 
whole span, putting a=/, in the expressions for Ms and Mb we have 


_ we 2.972 _ wit 
_ wi ae wht 
and Mo= eal I 31 ) < 
Fixed beam carrying a triangular load whose intensity varies 
from zero at one end to w per unit run at the other end. 


Fig 499 shows a fixed beam AB of span / carrying a triangular 
load whose inteasity varies from zero at the end 4 to w per unit run 


at the other end]B. 


fb 


8, 


ll 
SNS 


| 





My 
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Consider any section X distant x from the end A. 


Intensity of loading et X= ~ 
Hence load acting for an elemental distance 
dx== + xdx. 


Due to this elemental load the fixed moments are as follows : 


x(I--x}* 
dMa=(™ 7 ‘ax SP P 


_ wx*(I—x)? dx 
7B 


and dMo=(“ ae dx) ee 
_ wx8(I—x)dx 
Gas ae 
Total fixing moment at A 


i 
= ee i. 


=F po oy Mas P+e | 


- 


ED oe 
we ee 


Similarly, 


Thus, Ms= 30 


and Mo = 


Fixed beam carrying a triangular load for a given distance from 


one end. 
Fig. 500 shows a fixed beam AB of span / carrying a triangular 
loading covering a distance a from the left end A. Let the intensity 


of the load vary from zero to w per unit run. 
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: Se oneides any section XY in the loaded range, at a distance x 
rom 


: 4, 


| 


4 
=== (agen 


. 
t 


iD 
. 


(far | 
OF x (L-7) ) 3 
aM, am, 


; Fig. 500 
Intensity of loading at 
Ww 
No ae 
a 
Load acting for an elemental distance 
dx =" dx 
a 
Tke fixed end moments due to the above elemental] load are 
given by, 
_. y\2 
amo=( ae) 
a I 
Wel x ay 
al- 
and dMo~("% dx elle) 
a l 
wx3(I-—- x) 
seerregpee 1s 
Total fixing moment at 4, 
a 
= Mom (ee dx 
al? 
0 
_ ¥_Jp@ 4,44 +=} 
oes 804% 
as We a os t ne 
al® ° (101 1Sla+ a ; 


= ya 1012—1Sla+6a? ) 
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Similarly the total fixing moment at B 
a 


=My= (ee dx 


zie ( 
201? 
For the particular case, when the triangular loading covers the 
whole span, putting a=/, in the above expression, for M. and Mo, 
we have, 


= = 302("- —158-+62)= "f 
wit 
and =O (SI- a1\= 5 


Problem 314. A Jixed beam of span 6 metres carries point loads 
20t and 15t at distances 2m and 4 m from the left end. Find the fixed 
end moments and the reactions at the supports. Draw B.M. and S.F. 
diagrams. 


20t 15t 


Age 2m 2m 2m__ Py 
C D 
+6 7), +] 


Fig. 501 
Solution. Fixing momentyat the left end A 


208 pt 











A 2m. om ~=—sC«i&BB 
€ 
Ysia-3st Y= 16-678 

; : : 
° ta. : ‘ 
pees 133.34tm. 
: 
’ ‘ 
e - ' ' 
. | 
Eo GER BE fas Se tae CE 





FREE 8.M. DIAGRAM 
Fig. 502 
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2 
=Mi= » oe 
_20x2x42, 15x4x2? 
= 24°44 tm. 


Fixing moment at the right end B 
“3 Wa"b 
= Mu= ors jz 
20x 22x4 , 15x4#x2 


aan 
ac 
RR ge gerne oom 


2 ga itm 


Free B.M. diagram 
Considering the span as a simply supported beam let 2« and 2%» 
be the reactions at the supports A and B. Taking moments about 4, 


we have, 


V=0:37E 
M,= 25:44 im 
: (A | ; B 
; “4:22 22m 


V20-37% 


Fig. 503 





-—~— - 


130% 16-306 
5 fe OIAGRAM 


Fig. 504 
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ot» X6==20X2+15*K4 
‘ v= 16°67 ¢ and va=35— 16°67 = 18°33 ¢ 
Free B.M. at C= 18°33 xX 2=36'66 tm, 
Free B.M. at D= 16°67 x 2=33'34 tm. 
Reaction V at each support due to end moment 
2444-222 


- 


alone 2V =()'37 7. 


Since Ma> Mb the reaction V at A is upwards and the reaction 
Vat Bis downwards. 


Final reaction at A= Va==tu-+ V= 18°33-4+-0°37=18°70 
Final reaction at B= Vo==2-—- V=16°67—0°37= 16°30 r 
By combining the free and fixed bending moment diagrams, 


the final B.M. diagram can be drawn. The S.F. diagram is also 
drawn as usual. 


Problem 315 (SI). A fixed beam of span 6 metres carries point 
loads 160 KN and 120 KN at distances 2 m and 4 m from the left end. 


Mas195-55KNm «OOK (20KN My 2 177-77K Nw 
A + 2m 2m 8B 
y= 149°62KN ¥,=130°37KN 
293°34KNm ; 





t 
66°66 KNm 


-——— 2 ww me me | 


A 


195-55 KNm 


Cc D 
FREE 8M DIAGRAM 
199-62 


183°70 199-77 4New 
t ome 
) 
a eines 


fe O 8 
FIXED BM DIAGRAM 
103:72 





A. , O B 
B.M. DIAGRAM ' 
149-63KN 149-63 





130-37 190°37KN 
$.- DIAGRAM 


Fig. 503 
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Find the fixea end moments and the reaction at the supports. Dray 
B.M. and S.F. diagrams. 


Solution. Fig. 505 shows the fixed beam AB carrying the given 
loads. 


Wab* 


Fixing moment at the end A=Ma= ae 


_160X2x4? , 120x4x 2? 
6 —— ss 


== 142°22+53'°33= 19555 KNm 


Fixing moment at the end B=: Mo= ——— 


160 x 2? x4, 120 x 42x 2 
6" 6* 
= 71°13-+106°66 = /77°77 KNin 
I6Q0 KN I20KN 
2™ 2m 2™ ; 
a C D u 


Vg Gk SCORN V, $33 33KN 
Fig. 506 


Free B.M. diagram 


Taking the beam as simply supported at the end, and taking mo- 
ments above A, 


Ue X 6 == (160 x 2)-+ (120 x 4) 

Up == 133'33 KN 
*, ¥u== 160+ 120— 133°33 = 146°67 KN. 
Free B.M. at A=0 
Free B.M. at C=146°67 xX 2=293°34 KNm 
Free B.M. at D=133°33 x-2= 26666 KNm 
Free B.M. at B=0 


Reaction V at each end due to end moments 


tere ee 5106 


Since M,> Mb, the reaction V at A is upwards and the re 
V at Bis downwards. 


= P= 
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Final reaction at A = Va 0+ V=146'67+ 2°96 —149'63 KN 
and final reaction at B= Vo =v»— V=133'33—2°96 = 130°37 KN 
By combining the free and the fixed bending moment diagrams, 
the final bending moment diagram can be drawn. The S.F. diagram 
is also drawn as usual. 
‘gi. Fixed beam with ends at different levels (Effect of sinking of 
supports) . 


Consider a fixed beam ASB of span / whose ends A and B are 
fixed at different levels. Let 6 be the difference of level between the 
ends. Let the end A be at a higher level than the end 8. Let Ma 
. und Mo be the fixing moments at the ends. Obviously for this case 

Mis negative (hogging) and Mo is positive. But numerically M, and 


Afv are cqual. 
Let V be the reaction at each support. 
Consider any section distant x from the end A. 
Since the rate of loading is zero, 


we have, with the usual notation 





Ra. 


M) 
Fig. 507 
d4y 
El a 0 
Integrating, we get, 
Shear force = El a” 0, 


dx® 
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where C\ is a constant 


At x=0, S.F. + V 
CGi=V 
Integrating again, we get 
B:M.at any section=E/ a Vx+Co 
At x=0, B.M. = — Ma 
a C2=— 
git =Vx—Ma 
Integrating again, 
El ae x*— Max+C (Slope equation) 
dx 2 Pee pe €4 
= dy _ 
But at x=0, net 
C3=0 


Integrating again, 


2 
Ely= Ye Ms Mox +C4 (Deflection equation) 


But at x=0, y=0 
= Cy= 
At x=] y=—8 
VIS M,I* : 
Eee 5 (i) 
But we also know that at B, x=—/ and =(0 
= eed oe 
Bi O 9 Mal 
é 2M. 
Ve i ..-(ii) 


Substituting in Eq. (i), we have, 
EI8 ie: > 
M.I® 
Baa Mist 
El 6 





RR me 
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6E18 
Ma =" 


Hence the law for the bending moment at any section distant x 
from A is given by 


2 
M=EI ae Vx-—-Ma 
2M. ; 6EIS 
Bea ae 
For the B.M. at B, put x=! 
yyn2Me 1 SER 
[es [2 


_12EI3_6EIS _ GEIS 


—e 


[20 “2 pa 
Hence when the ends oo a pied beam are at different levels, the 
fixing moment at each end=~9 numerically. At the higher end 


this moment is a hogging moment and at the lower end this moment 
is a sagging moment. 

Alternative approach 

Fig. 508 (i) shows the fixed beam AB whose ends A and B are 
at different levels. 

Let 8 be the difference in Jevel between 4 and B. 

Let Ma and Mo be the end moments. Obviously Ms and Mo 
are pumerically equal, but at the higher end A, the end moment Ms 
is a hogging moment and the moment Mb is a sagging moment. Fig. 
508 (ii) shows the bending moment diagram for the beam. Obviously 
the point of contraflexure occurs at the midspan. 


Fig. 508 (iii) shows a cantilever AC of length s having the 


same uniform flexural rigidity as that of given beam. 
Let this cantilever be subjected to a point load P at C so that 
the deflection 


Cic— > 


Now the deflection curve for this cantilever will be exactly the 
same as the deflection curve for the left half of the given fixed beam. 
The B.M. diagram for the cantilever should be identical with the 
B.M. diagram for left half of the fixed beam. 

Pi 


Ma=-7- 


But for the cantilever, the deflection at the free end 


i \8 
8 P(+) Pi 
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Hence each end moment for the fixed beam 
_ 6ET8 
a 
Reaction at each support 
= Fotal couple on the beam 
span 
6EIS , 6EI8 
pe 


I 
WI2EI8 
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or alternatively, 
reaction Va=Reaction at the fixed end of the cantilever 
i2E/& 
wa Pm ~ ae 
Hence the S.F. at any section of the beam 
12678 


i 





— 


Problem 316. A fixed beam of snan 5 metres carries a con- 
centrated load of 201 at 3 
metres from the left en: If “ot 
the right end sinks by | em . 
find the Xing moments a’ 
the supports. For the beam A {> ii 
section take T= 30,000 cm} : 
and E=2x J tiem*. Find Es 
also the reaction at the tig. 509 


22._f 
supports. 


Solution. Due to loading the fixing moment at each support 
will be a_ hogging 

V moment. But due to 

sinking of supports the 
moment at each end 

£18 

will be oes - the nature 
of moment being 
hogging at the higher 





Fig. 510 end and sagging at 
Fixing moment at A lower end. 
_ Wab® _ 6FI 
Sr re «7 
--[°* x2? 62x 103 x 30,000 x 1 
a 52x (lane 


= —{9'604+ 0°48) tm 
= —10°08 tin Choggiity ) 

Fixing moment at B 

Warh | 

es PR + 


20 x 3° x 
= = 


6EIS 
}2 


+48 


= —14°404+0°48 tm. 
== — 13°92 tm. (hogging) 
Reaction at A 
=: Va= Reaction due to load 
with simply supported + Reaction due to end 
condtiion mothents 


ate 
pony 


—, 
camer 
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454 
at 
M,=10-08im M1392 tm 
y ¥, 
Fig. 51! 
a 20x2 (13 92—10°08) =7'232 7. 
5 5 
Vo= Reaction due to sim- + Reaction due to 
ply supported condi- end moments. 
tion 
oe 8 MR OOS) er 768 
5 5 
§82. Fixed beam subjected to a couple M. applied eccentrically on 
the span 
A oS ——{5 
' B C 
ey 
1 
a W 
A B 
(@Q a ; 
WwW 
Fig. 512 


Fig. 512 shows a fixed bear AB of span / subjected to a con- 
centrated couple Mo applied at « at a distance a from the end A. 

__ The couple Mo may be taken to consist of two equal and oppo- 
site loads W at a small distance %a apart. Now the fixing moment 
at A 

| g)2 <p—W8n)2 
by ie a) 4 ote a— $a) 


Ignoring (8a)* in the expansion of the above expression 
a Halt —a)* 4+ + [ a(I—a)®—2a(I—a)8a 


on 


+8a(/— a | 
= WA Fa? WY oft a+ Ba(l—aXI—30) | 


= Wea aXt—3a) 
But when 8a is small Af. is equal to the couple Wa 
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Mo=-3"(I—a)(I—30) 
Similarly, it can be shown, 
Mv= 75 a(21—3a) 


Problem 317. A fixed beam AB of span 6 metres is subjected to 
a concentrated couple of 30 tm. applied at a section C 4 metres from 
the end A. Find the end moments from first principles and araw the 
B.M. and S.F. diagram. 

Solution. Taking A as the origin, the unknowns are reaction Vo 
and the end moment Maz. 304 a 
Assume these in the Aj 6} B 
ae shown in Fig. ai “a 
51 If these reacting aa eee races es a 
elements work out tobe =, 
negative then it means se 
they act in directions ‘ 
opposite to those ' 

} 


assumed). andes 
4 Rp B 
At any section dis- 
tant x from A the bend- % 
ing moment is given by Fig. 513 
ELT =Vox+Ms +30 


To facilitate application of Macaulay’s method the above ex- 
pression will be rearranged as follows. 


EI a> = Vax-+Ma +30(x—-4)° 


Integrating, we get, 


EI a Oey, + Max+ Cy,+30(x— 4) (slope equation) 


At Y 0 ~. Cy=0 


dy 
ea dx 
Integrating again, we get, 


Ely= Vox" wp. +Co  +15(x—4)? (deflection equation) 





At x=0, y=0, . Co=0 
At B, the slope is zero, 


: ney Vers 
. at x=6, dn =() 


S 0=V. © +M(6)+30(6—4) 
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3VvetMa=—10 -» (i) 
At B, the deflection is zero, 
at x=6, y=0 
(6)° , M.(6)° 


O=Va % Soa 4 ——— + 15(6—4)* 
6Vo+3M,=—10 re 
Solving equations (i) and (ii), we get 
Ver -* f and Ma=10 tm 
© 
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Fig. 514 


The reacting moment M.: and the reacting force Va are shown 
in Fig, 514 
B.\t. calculations 
B.M. at A=+10 tm. (sagging) 


20 50 
Mea + 10— = 4e— tm. (hogging) 


3 
a 
Med= -= 430 = 4 a .- tm. (sagging) 
20 
Mo=10— aoe =( 


Fig. 514 shows the B.M. diagram for the beam 
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S.F. diagram 

Obviously the shear force at any section of the beam 

f 

Fig. 514 shows the shear force diagram for the beam. 
$83. Degrec of fixity at supports in order the maximum bending 

moment is as small as poissible 

Consider a fixed beam of span / carrying a point load #¥ at mid 
span. For this case we know that the hogging moment at each end 


and the sagging moment at mid span are both equal to nm . 


But let us now consider the fixed beam carrying a uniformly 
, distributed load of w per unit run over the whole span. When the 
, ends are absolutely fixed the maximum sagging moment ‘at the mid 


wis ‘ . 
span 18 47 , while the maximum hogging moment at each end 


wl 

12 
If the degree of fixity at the supports is lessened, the maximum 
hogging moment at the ends will be decreased. This will result in a 
corre-ponding increase in the maximum sagging moment at midspan, 
Hence for the maximum bending moment for the beam to be 
as small as possible the condition to be satisfied is that the maximum 
sagging moment and the maximum hogging moment should be 

equal. 


Q@/UNIT RUN 






PS 
Ma et 
ee x wl/24 , 
[ wth a! em ! | | Le wt/ 1 


BM DIAGRAM WHEN THE 
ENOS ARE ABSOLUTELY FIXED 





B.M, diagram when the degric of end fixity 
is such that maximum sagging moment 
equals maximum hogeine moment, 

Fig. 5:5 


558 STRENGTH OF MATERIALS 


Hence for the case under discussion, 
Hogging, B.M. at each support 
3 


= Sagging moment at mid span =- os 


For this condition, obviously the end slope will not be zero, 
and can be determined as shown below. F urther the central deflec- 
tion will be greater than the corresponding deflection with absolute 
fixed ends. 

The bending moment at any section distant x from the left. 
support is given by, 

d*y wl wx? wi? 

«Alga *- FN 16 

‘ Integrating, we get, 

dy wil? wx wi? 

eile =a 16) 6 
eel dy _ 
wh I w BB wit | 

a 4 6 8 le 2 


fs 

C1=— 96 
ri? awe we wi v3 
dx~ 4 6° 96 


(Slope equation) 


= dy _. 
At x=0. let deo (slope at A) 


wl 





El ia=——F 
ae wl? 
96 EI 


(This slope is just one-fourth of the end slope for a simply 
supported beam carrying the same loading). 


Integrating the slope equation again, we have, 
wlx3 wx4t wi2x? wi 
x+Ce2 


Ely= 1 — 94 32 ~ 96 
But at x=Q, y=0 
eee Co=0 
Let the central deflection be ¥. 


At ‘ x= > . yo). 
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_wlf(l® wil 4 wR 1\? wR] 
som (5-5) -56(4)- 2 (5) 


wi4 
EDc=—- 95 
____ wit 
ye 192 El 


For the points of contraffexure, equating the general expression: 
for bending moment to zero, we have, 


wi wxe wil? 


pe ger 6 
2 
a—ix+ Emo 
8 
i 
(4) +8 8-8 
X—-pe ) ee eS 
2 4-88 
I I 


Deets 
x= 5 [ 1 V2 | 

=0°85357 or 01465] 
§84. Advantages and disadvantages of fixed beams 


3 @lUNIT RUN sf 
£ 
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Theoretically viewing the fixed beam has the following ad- 
vantages : 
(i) The fixed beam is subjected to a lesser maximum beading 
moment than the simply supported beam carrying the same loading. 
(i1) For the same loading the maximum deficction for a fixed 
beam is less than that cf the simply supported beam. 


Practically tne fixed beam has certain disadvantages. 

(i) It is practically dithcult tc maintain the two ends cf the 
beam at cxactly the same level. Any subsidence of one of the 
supports, however smal. it nay be, will set up consi‘erable stresses. 
This is therefore a sericus dasauvantage. During erection of the 
beam, the supports therefore must be aligned with gicatest accuracy. 

(ii) Temperature variations also preduce Jarge stresses io a 
fixed beam. 

(fii} When the heam is subjected to live foads (such as wheel 
loads passing over bridges) frequent vanaticns of bending moment 
and corresponding vioretions would soon affect the degree of fixity 
at the ends 

The above objections against fixed beams can be obviated by 
adopting the double cantiiever censtrucno.;. in this method, at the 
points of contrallexurs, for the fixed beam, hinged joints are iatro- 
duces. Now the beam oil) therefore consist of a central simply 
supported gircer, supported on the ends of ty o cad cantilevers. 


The bending mcemest Jiagram and the clastic curve for this 
beam will be the same as ro: the fixed heam. After introducing the 
hinges at the pornts of caniranexure ot the fixed team, temperature 
changes and sinking of end supports will not affect the bending 
moments. 


S85. Continuous beams 


UY ROR 
Ponda dice SG 
(a) 
. aB i 7 7: 
j ? 
tL Pe ns lie ts aa eas sD AN es Veooo nt ta pe ee 








Fig 517 
Fig. 517 shows a beam continuous over a number of supports. 
Fig. 517 (b) shows the deflection curve for the beam when it is 
subjected to an external load system. 
For the usual loadings on the beam, sagging mon:ents occur at 


the mid section of the spans and hogging moments occur over the 
supports. If the support moments are known, the bending moment 


FIXED AND CONTINUOUS BEAMS 56! 


diagram can be drawn easily. The support moments can be deter- 
mined by the application of Clapeyron’s theorem of three moments. 


$86. Clapeyron’s theorem of three moments 


If AB and BC are any two consccutive spans of a continuous 
beam subjected to an external loading, the support moments Ma, Mo 
and Mc at the supports A, Band C are given by the relation, 


4 co 
3 


Adee: ie ee 3 
i 


\ 
: t 
if qa \ 














Fig. 518 
Mal,+ Mohr h)-+ Me = 9 6az%2 
where a, ="area of the free B.M. diagram for the span AB 
ae = area of the free B.M. diagram for the span BC 


x1 - centroidal distance of the free B.M. diagram 
on 4B from A 


¥2=centroidal distance of the free B.M. diagram on BC from C 
I,=span length AB 
Jo==-span length CD 
Let «a ;’=area of the fixed B.M. diagram for span 4B 
ao’ =arca of the fixed B.M. diagram for the span BC 
Fig. 518 (a) shows the given beam. 


Figs. 518 (6) and (c) show the free and fixed bending mo 
diagrams for the span AB and BC. = ment 


Consider the span AB. 
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Let at any section in AB distant x from A the free and fixed 
bending moments be M: and Ms’ respectively. 


Hence the net bending moment at the section is given by, 


Multiplying by x, we get 
dty _ 
EIx dx Max M:zx 
Integrating from x to i, we get, 
ly ry h 
Er | x ay dx— | Max dx—| Mu'x dx 
0 0 ) 
ho& lL 
EI x 2 —y =| Maxdx—|Ma'x dx 
0 O 0 


But it may be seen, that 
(i) Atx=0, y=0 
(ti) At x=], y=0, and “y =ia (slope at B for AB) 
h, 
(iii) [ Max dx=a, *1= Moment of the free B.M. diagram on 


0 AB about A 
h 


(tv) | ‘ax dx=a'; X'1== Moment of the fixed B.M. diagram on 


0 | AB about A 
Hence, 
EI h iba, %1— a1 *1 
But a, =area of the fixed B.M. diagram on AB 
=(Mo+ Mo) fs 


x'=Distance of the centroid of the fixed 
B.M. diagram from A 


_ Mot2M hh 

~ MatMo ~*~ 3 
tz t_ Mat Mo Mot2M 
Sere ND Dene 8g) 


2 
=(Me+2M») ae 


2 
aoe EI hive=a1%1—(Ma-+-2Mo) fe 
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641*1 : 
6El ina = a1_( wet2Mo \h Af) 


Similarly considering the span BC and taking C as origin it can 
be shown that, 


. _ Saexe 
6E/i ive = he -( Mce+2Mo Ys .ee(id) 
where ioc = slope for the span CB at B. 


But ioa==—ive as the direction of x from A for thespan AB, and 
from C for the span CB are in opposite direction. 


6 ioatine=0 .. (Hii) 
Adding equation (7) and (ii), we get : 
6EI ina +6El ive = 6EI(inat-ive) =0 


4 +a. -[ Meh +-2Mo(h+le)+ Mela } 





Mali -+2Mo(h+ la)+ Meh= oh 


This relation is called Clapeyron’s relation. 


Particular case 


Suppose on the span w/UNIT Rut 
AB there is a uniformly ATOVUPTaTeVeMeLaLoVoSonoLeyaTovogotcLoYsHodovoreLeLoebe 
distributed load wi per unit ; 
run. The free B.M. dia- 
gram is a parabola’ having 


( 
2 1 ' 
an altitude of wi ps 
t at? $ 
' a, 
. Area of the free Cie: ins 
B.M. diagram yt 
Fig. 519 
=—Q\i = 4 base X altitude 
_?7 | mh _ wih? 
gee age ae 
oF I 
and ¥4 = — 
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Hence when the span AB and BC carry uniformly distributed 

loads'of wi per unit run and we per unit run, 
Wj 1,3 wale 

Maly +2Mo (htl)+ Melo= - 4 +. ha 

It will be found convenient to use the above relation in case of 
distributed loads on continuous beams. 

Problem 318. <A continuous beam ABC covers two consecutive 
spans AB and BC of lengths 4m and 6m, carrying uniformly distri- 
buted loads of 6 t}m and 10 t/m respectively. If the ends A and C are 
simply supported find the support moments at A, B und C. Draw also 
B.M. and S.F. diagrams. 

Solation. Since the end A and C'-are simply supported the 
support moments at§A and C are zero. 

me M a= M c =() 

Applying the theorem of three moments for the spans AB and 
BC, we get, 





0x 4-+2Mi(4-+6)+0x 6= sxe 4 xe 
on 20 Mo = 636 
as Meo=31'8 tm. 
Max. Free B.M. for the span AB= 6 ee mw 12 tm. 
B.M. at the centre of span AB 
=— ae +12=—3°9 tm. 
Max. free B.M. for this span BC= ~. 6 245 1m. 


B.M. at the centre of span BC 
31° 
= = +45=+29°10 tm. 
Reactions 
Consider the span AB, 


B.M. at B=VuX 4224318 
: Va=4°05 t 
Similarly considering the span BC, 
B.M, at B = V. X™6— lOxe" .—31°8 
Ve=24'7 t 


. the reaction Vo=Total load—(Va+ V-) 
=(6 X4+106)—(4'05+ 24°7) 
= 55°25 t 
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6¢/m 10tlm 





Fig. 520 


Problem 319. A continuous beam consists of three successive 
spans of 8 metres, 10 metres and 6 metres and carries loads of 6 t per 
metre, 4t per metre and 8t per metre respectively on the spans. Deter- 
mine the bending moments and reactions at the supports. 


Solution. Applying the theorem of three moments for the 
spans AB and BC, we have, 
3 
Mix 8+2Mo(8+10)+Mex10=9"* 4e47e 


But since A is the simply supported end of the girder, 
Ma=0 
. 36Mo+10M-=1768 
-. 18Mo-+ 5M-==884 .» (i) 
Now consider the spans BC and CD 
Applying the theorem of three moments for these spans, we have, 


x 108 x 63 
M. x 10+2Me (10+6)+Max6= 9% 'o-- 3% 
But, since D is the simply supported end of the girder, 


Msu=0 
“. 10 Mo-+32 Me=1432 
5 M.+16 M-=T71Lé ii) 
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8 t/m 





' / 
AN14 1yH2IM el at 





i 
| 
( 
32420 
tm 


= ~~ & @ 8 @ 


Bm D1AGRAM 





JIO74 


5 F DIAGRAM 
Fig. 521 


Solving equations (1) and (ii) we get, 
Mov=40'16 tm. (hogging) 
and Mo=32'20 tm. (hogging) 
6 x 8? 
8 
: 4x 102 
Max. free bending moment for span BC= Sqr ee tm. 


2 
Max. free bending moment for span cp=*** = 36 tm. 


Now the free and the fixed bending moment diagram can be 
drawn. 


Reactions 





Max. free bending moment for span AB= =48 tm. 


2 
BM. at B=VeX8 — = =_ —40'16 


ne Vaw18°98 t 
B.M. at C= 18°98 x 18+ Vox 10—6x8x1’ 
—4xX 10x 5=—32°20 

ay Vn 49°82 ft 
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2 
Again B.M. at C=Vsx6—"%" 32-20 
5 Va=18°63 ¢ 
V.=Fotal load—(Ve+ Vo+ Va) 
=(6 x 8+4x 10+ 8 x 6) 
—(18°98 + 49 82+18°63) 
‘ == 48°57 t 

Now it is easy to draw the S.F. diagram. 

Problem 320. A continuous beam ABC consists of two spans AB 
and BC of lengths 6 metres and 8 metres. The span AB carries a point 
load of 12 t at 4 metres from A, while the span BC carries a point load 
of 16 t at 5.m from C. Find the moments and reactions at the supports. 


Solution. In this case, it is necessary to draw the free bending 
moment diagrams for the two spans. 


Max. free B.M. for the span AB 


= a2 A? 16 tm. 


12t bf 








wae es as = ee a 


A! iC 
. ' 
‘BM pais , 
; i 
1245t; 1245€ 
BE 
0-73 0:73¢ Te tie 
whi. 
TIT 
in B 
gt 2550 3558 
127 U27l os £ OLAGRAM 


Fig. 522 
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Max. free B.M. for the span BC 


 16x3x5 
8 
Area of the free B.M. diagram of span AB 


=a)|= + x6 X 16=48 units 


= 30 tm. 


Area of the free B.M. diagram of span BC 


=> Qo = elt x 8 x 30=120 units 


Z 
Centroidal distance of free B.M. diagram on span AB from A 
_7,.-6+4 10, 
3 3 
Centroida! distance of free B.M. diagram on span BC from C 
a= Xo = ae A3 
. 3 3 
Since each end of the beam is simply#supported, 
Ma=M.=0 


Applying the theorem of three moments for the spans AB and 
BC, we have, 


Moh +2MA(h+i2)+ Mele 
_— 6a\* 6a9x2 
Se aise 
O-+-2M(6+8)+0 
= 6x 48 10 _, 6Xx120, 13 
6 3 8 3 
28M, = 550 
M>s-- 19°44 tm. 
Reactions 
B.M at B- Vsxo—-12x2=— 19°04 
i ol 4°36 
cee Vi, -iRs 
Again, 
B.M.at B 4} x8-16xX3=—19°64 
; b. 3 SSt 


VM. =(12+16)—(0' 73-+3°55)=23°72 ¢ 
$87. Fixed cnds of Continuous beams 


Consider the continuous beam shown in Fig. 523. Let the end 
A of the beam be fixed. 


With the usual notation, the bending moment at any section 
distant x from B is given by 
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{ ? 

) = t 

Be Ope ON. - oe FNS 
A peer a ia teams »”* 
Es v 


: 
‘ 
| i 
i a 1 
e, st ee 2. 
j - | S 3 
rt ! = 
Fig, £23 
» y 
EEO ws Mr. 
dx- 
Multiplying by x, we get. 
d?y' 
Els d sy = Mfrx—M ix 
x= 
Integrating from x=0, to x-/, we have, 
h i rf 
El | eee ay = [at rx | M'rxdx 
dx ° 
() 
At x=), y-=G 
and at r=), 
y- 0 


.. O=Moment = of 
the free B.M. diagram on 
AB about B. A, 4y 

--Moment of the 
fixed BM. diagram on fos Sie 
AB about B. 

Q ayy a oe Faw. ie 








Le 
: ( Mot+2Ma | 


Rearranging the terms, 
6artl ‘) 
2Mal, - Mo ly : | 
1 
The above relation can be obtained by introducing an imagi- 


mary zero span 1 4. 
Applying the theorem of three moments for the spuns A,Azwne 


AB, we get, 
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0+2MA0+4)+ Moly =0-+ Sati) 


2M aly + Mol = OO *1) 

If the span AB carries a uniformly distributed load of wi per 
unit run over the whole span then the R.H.S. of the above equation 

w4/1,3 ] 

will be equal to a 

The above method can be applied to a fixed beam also to find 
the end moments. 

For instance, consider the fixed beam AB of span / carrying a 
uniformly distributed load of w per unit run over the whole span. 

Obviously the end moments Ma and Mo are equal. Introducing 
an imaginary zero span A,A and applying the theorem of three 
moments for the spans A;A and AB we have 


3 
0+2M.(0+1)+ Mol=0+ a (See Fig. 525) 


Since, Ma=Mo, 


wi 
3Mal= 4 


wl 
Ma= ina 


@&l/UNIT RUN 














Fig. 525 
§88. Propped cantilever 
Consider the pro 
- w/UNIT RUN - cantilever AB, fixed ee 
A t?, MUI UO SO 0 O00 00 Oe oe B and simply supported at B. 
Introduce an 


ary zero span 4:4. Apply- 
ing the theorem of three 
TIT Ma pea) kr B pean wears, 


| Pw -0+") 


But Me=0, 


¢ e 
‘ e 
¢ 4 
. ‘ 
8 
$ 






Fig. 526 
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since B is the simply supported end. 
_ wit 
Ma § 


Problem 321. A continuous beam ABC consists of two conse- 
cutive spans AB and BC 4 metres each and carrving a distributed load 
oft per metre run The end A is fixed and the end C is simply 
supported. Find the support moments and the reactions. 

Solution. Introduce an imaginary zero span 41. 


Applying the theorem of three moments for the spans AB and 
BC, we have, 


0-+2M.(0-+4) 4-MoX4==0-+6 x : 


2Ma+ Mo=24 .. (i) 
6 PER METRE 





B.A. DIAGRAM 
! 


14;57¢ 





5.F. OIAGRAM 
Fig. $27 
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Applying the theorem of three moments for the spans AB and 
BC, we have, 


3 3 
MeX4S42MAS+4)+ Mex 426% 46x 


But since C is the simply supported end, 
M-=0 
4Mfa+ l6AL,— 192 
Mut4M.= 48 (ii) 
Solving equations (i) and (ii), we get, 


Ma~ 2s =-6°85 1m. (hogging) 


oe 
/ 


« 


Mi= ae 10°28 tm. (hogging) 


; 
2 
Max. free B.M. for span AB:: ox a= 12 tm. 


he 


and 


Max. free B.M. for span BC=1!12 tm. 
teactions 
42 
BM. at B=—6854+-V: x 4—-6x , =— 10°28 
Va=114¢ 
42 
Again B.M. at B-=Viuix4—6™& a ow — 10°28 


Ve=V43 t 
Vo=-6X8 -1V14—9°43 
= 2743 1 
§89. Continuous beam with supports at different levels 
Consider the continuous beam shown in Fig. 518. Let the 


support B be 4; below A and dy Aelow C. 
Proceeding as in $86, we have for. the span AB, with A as 


origin 
Loh i; 
Eli x a y | | VG xix | ate'nds 
0 v0 0 
At x hy —3 
EM i:34+8))> avay—au ty 


ENA; ion By) - ai ay ME F2MMe) 


bili. ~ ee “A oe : ‘Ms Woh Ai} 
fy j 
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Similarly, for the span BC taking C as origin it can be chown 
. that 


: Aaa, TB, 
GET i. = OR OFF any, ov 


But Fiat bbe =() 
Adding equations (i) and (iii: we ze’. 


Rep eORT ee cl es ee CEN, OE lOe 
amt : h Ih dh bo 


af MohAj+2M (I, + b+ AL Me ] 
i 
Maly: WMA +hb)+ Mel 
6a v1 4 6a2X2 ( 5 do 
=~ = oo ae ee oe 6 pe = 
fy ls et F a le ) 


If the span AB and BC carry distributed loads of intensity 
w, and we per unit run, then the above equation simplifies to, 
Mah t+2Madh4 Ie) +-Mclz ; . : 
aa wryly? Wel” r ( Le Sg ) 
i 4 6Fl h = ly 


Problem 322. Fig. 528 shows a continuous beam carrying an 
external loading. Ifthe support B sinks by 0 25 em. below the level of 
the other support find the support moments. Take I for section 
= 15000 cm’ and E= 2X 103 t/cm?. 


Solution. Consider the spans AB and BC 
Ma=0 
y= - 025 cm. 
; d2=- 025 cm. 
acim — otihm 








& M OIAGSAM 
tig. 522 
+2 Afo(44 4)4-441- 
4x48 it 4x48 &x2™x 103 x 18900 ee vee 





wd 
——_ 


+ 


4 4 (100)* 400 400 
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16Mo+4M-=64+464—22'5 
16M,+4M-=105 5 
4Mo+ M-=26°375 On 
Now consider the spans BC and CD 
Mu=0 
8;=—0°25 em. 
89=(0) 
4Mo+2M-(4+4)+0 
AX 1 2X48 _ 6X2 108 x 15000 0°25 
4 4 (100)2 te 400 
4Mo+16M-=64+32+11'25 
4Mo+16M-=107°25 ...(ii) * 
Solving equations (i) and (i/), we get, 
Mo=497 tm. (hogging) 
and M-=6°49 tm. (hogging) 
4x 42 
Max. free B.M. for span AB=- 9 = tm. 
Max. free B.M. for span BC=8 tm. 
Max. free B.M. for span CD= a : =4 tm, 


Fig. 528 shows the B.M. diagram for the girder. 


The reactions at the supports may be determined as in the 
previous examples. 
$99. Continuous beam with overhang 


In this case the support moment over the support beyond which 
the beam overhangs Is known. Hence the beam can be analysed as 
usual by applying the theorem of three moments. The following 


example explains this case. 


Problem 323. Find the support moments for the continuous 
girder shown in Fig. 529 and draw B.M. and S.F. diagrams. 


Solution. Consider the overhang A.E£. The support moment at 
A is obviously 


( 


Ma=2x 1°50=3 tm. (hogging) 


Consider the spans AB and BC. Applying the theorem of three 
moments, we have, 


3 3 
Ma(3)-+-2Mo(3+2)+ M.3)=—~> + 2% 33 


3(3)-+12Mo+3Me= 27+ 
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12Mo+3Me = 38°25 


4 Mot+Me=12°75 LW 
Now consider the spans BC and CD 
Obviously Ma= 
Applying the theorem of three moments, we have, 
3 
Mol3)-+2M:3+3)+0= >” Sees 


3My+12M-=54 
Mo+4M-= 18 .o(li) 


Solving equations (i) and (ii), we get, 
M-=3'95 tm and Mo==2°20 tm 
2 


, 
Max. free B.M. at the centre of span AB= So = 4°50 tm. 





Max. free B.M. at the centre of span BC= ee = 3°375 tm. 
5x3? 
Max. free B.M. for the span CD=—% = 5'625 tm. 









stm ff fe IN, 2-40 


ay 
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Reactions 

B.M. at B> Vax 3-- ee 2x 4'5=—2-20 
Va--8 27 t 

BM at C=827x64Vx3- 3X” 

—~4X3X4S5—2x75=- 205 

Viu=9'64 t 

Again B.M. at C= Vax 3— xs = — 3°95 
Va-=6°18 ¢ 


Total applied load on the girder 
=2-+(4 x 3)+-3(3)+5(3)-.38 1 
Ve=-38—(8°27+9°64-+ 6°18) 
891. Continuous beam with different moment of inertia for different 
spans 

Let AB and BC be two successive spans of a continuous beam 

Let /), /2 be the span Jengths AB and BC respectively. 

Let Ma, M:, M- be the support moments at A,B and C 
respectively. 

Let /; and /s be the Moments of inertia of the beam section for 
the spans AB and C/. With the usual notations, the bending moment 
at any section in 42 is given by 

dmy ; 
EN dye 
Multiplying by v, 
d*) 
Eh, x Gee 
Integrating from x Otown -j 
L, hi 


: dy ) : ig —— ‘Xd 
i, | Xe ie : : | Mex dx | M axdn 
0 0 0 


Mas-- M'. 


Adex res M “er 


We know that 
(i) At x-0, y=0 


(ii) At x=h,y =O and a =Iva 
I 
(iii) | Miva a 
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h 
(iv) | M'cx dx=ay'xy 
U 


Ehly  itva=ayX.1—ay'X1' 


ho Mat Mo Mat2Mo hy 
aa es 2 nti 3 
1,2 
=(Mo+2M»)—— 
7 i? 
Eh, iba =1%1—(Mot+2Mo) 6 


6ar%1_ (Mut+2Mo) h i) 
i hh h eae 
Similarly considering the span BC it can be shown that, 


6E ioa= 


> ty ee O02%2 — (Met-2Mb) Ie 
GE toe [elo [bs (id) 
But lout bbe =Q 
Adding equations (i) and (ii) 


“Einat ine) ee OGRE g Sante Cy A ( A i 
6E(inu G loc) = hh Tele = ; Ma h +2Mo ou ape ) 


| 

aor 0 
Mt h +2Mo EUR + Me hy 

6a,%1 | Gaaxe 


Ah Isle 

For the particular case when /;}=J.=IJ the above relation 

simplifies to, 
Ml +2M(h+le)+ Mele= Sard oat 

Problem 324. A continuous beam ABC consists of spans AB and 
BC of lengths 3 m and 4 m respectively the ends A und C being simply 
supporte :. If the spans AB and BC carry uniformly distributed loads 
of ) t per metre and 8 t per metre respectively determine the support 
moments at A, B and C. Draw S.F. and B.M. diagrams. The moments 
of inertia for the spans AB and BC are I and 21 respectively. 
Solution. Since the ends A and C are simply supported 
We have, Ma=Mee=9 


Applying the theorem of three moments for the spans AB and 


I Va rme( a 2) sae 2) aSort Sat 
Mal 7, )+2Mo( e+) tate 7 ) = 


378 
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St/m a atym 
a Cc 
63m fo: 4m 
Ve | fe! Mb la-el iM 
| | 
| 073¢tm 9 78¢M annem : 





i 5 ie 
ee aa Oregrom 
; 
‘ 4at : 
e 
| «ree 
oF) 


W746 
Fig. 530 


_ wih? wel! 
~ 4h 4h, 
SOs 8x43 
2. 0am 7 +55 )+0= 41+ 402i) 


10 Mo=97°75 =... Mo=9°775 tm. — say 9°78 tm. 


Maximum free B.M. for span AB=5 x += == 5°62 tm. 


2 
Maximum free B.M. forspan BC=8 x 5 =9 tm. 


Actual B.M. at centre of AB=5°62—4 (9°78)=0°73 mm. 
Actual B.M. at centre of BC=9'00 —4$ (9°78)=4°// tm. 


Reactions 


Consider the span AB, 

BM. at B=V.x3—5x > =—9'78 
Vomd’ 26 t 

Similarly considering the span BC, 

B.M. at BeVex4—8X S=-9'78 


a Ve= 13°56 t 
ee Vorw=(5 X 3)+(8 X 4)—(4'26-+4- 13°56) 
= 2918 t 
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Problems for Exercise 


1. A fixed beam of span / carries two points loads W each 
piaced symmetrically at a distance a from each support. Find the 
fixing moment at the supports and the bending moments at the 
centre. Find also the deflections under either load and at the 


centre. 


ee 0 


] 6 EI] °  ~ 24FI 
2, A beam of span / is fixed at both the ends. It-is subjected 


eo 


to a couple M applied at the middle point of the beam about a 
horizontal axis normal to the beam. Show tbat the fixing couple 





| Meta) ; Wa" ; WaX(2i—3a) . Wa? Wa | 
; 2 


at each support is se in the same direction as M and that the slope 


. Al 
at the centre is is AF 


3. A fixed beam of span 4 metres carnes a uniformly distribu- 
ted load of 3 ¢ per metre. Find the fixing moment at either support 
and the bending moment at the centre. (4 tm, ; 2 tm.) 


4. A fixed beam of span 6 metres carries two point loads, 151 
and 24 tat distances 2m and 4m from the Jeft end. Find the end 
moments Find also the maximum Sagging moment. Draw S.F. and 
B.M. diagrams. 

(24 tm. ; 28 tm. 3 15°33 om. Reaction at left Support= 17°33 ¢; 
Reaction at the right support = 21°67 1) 


5. A fixed beam of span 5 metres carries a point load of 10f 
at the centre and point loads of 4 ¢ at 2 m from each end. Tind the 
Maximum positive and negative moments. 


° 6 A beam of uniform section and span | firmly encastered 
at the ends carries two point loads, each W symmetrically situated at 


I 
5 from the ends. The beam is propped at mid span by a force of 


such magnitude that the greatest bending moment to which the beam 
Is subjected is as‘small as possible. (a) Determine magnitude of the 
supporting force at mid span. (6) Sketch the bending moment dia- 
gram for the beam showing on it values required for drawing it to 
cale. (c) Determine the resultant deflection at midspan in terms of W. 
8, £ and J, and state whether it is upwards or downwards. Neglect 
ithe weight of the beam. 


4 aime Ww] Wi ] 
a)-- W;(b 3 (c) ~—-- ards 
( -; (6) Fixing moment is 3 (c) aOCE/ downwards | 


(London University) 


_ 7. A beam of span / carries a central] load W. Itis so cops- 
trained at the ends that when the end slope is i, the restraining couple 
at the supports is ui. Prove that the magnitude of the restraining 
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uwl? , : 
———-- (uf+-2F/) and that the magnitude oj 


coupie at each end is 3 

.. WE (ul+8El 

the central deflection ts oa alt2 =) 
(London University) 


8. A beam of span 12 m carries two point loads 10 ¢ and 15% 
at distances 4 m and 8 m respectively fromthe left end. Find the 
fixed end moments and draw the B.M. diagram. 


(31°11 tm. and 35°56 tm. ; 2°75 m from left end 
and 2°6 m from right end) 


9. A beam of uniform section and span / is firmly built-in at 
the ends and carries a load whose intensity varies from zero at the 
left end to w at the right end. Determine the fixing moments and 
the reactions. Find also the position and magnitude of the maxi- 


mun sugging moment. 

10. A uniform beam simply supported at the ends carries a uni- 
formly distributed load which produces a maximum deflection of 2°5 
cm. and a maximum bending stress of 300 kg./cm.* An equal beam, 
built in at the ends carries a uniformly distributed load of a different 
magnitude. For the built-in beam determine (a) the maximum 
bending stress if the maximum deflections of the two beams are equal, 
and (b) the maximum deflection if the maximum bending stresses for 


the two beams are equal. 
(1000 kg./cm." ; 0°75 cm.) 

lt. A beam of uniform section simply supported at its ends 
carries a concentrated load of 8 ¢ at mid span. Find the concentrated 
load which the same beam will carry at mid span when its ends are 
built-in and (a) the maximum deflection remains unchanged (b) the 
maximum bending moment remains the same. | 

(32 ¢; 16 ¢) 


12. A fixed beam AB of span 6 m carries a uniformly distributed 
load of 2t per metre run over the left half and 3 ¢ per metre run 
over the right haif and a concentrated load of 4 1 at the centre of the 
span. Calculate the fixed end moments. Assume uniform flexural 


rigdity. 
( g 15 tm.; 11 a im : 


13. A beam AB 6 metres long is fixed at A and simply suppor- 
ted at B and carries a point load of 20 ¢ at 4 metres from A. Find the 
fixing moment at 4 ard the reactions at the two supports. Draw 
S.F. and B.M. diagrams. 

(Me=17°78 tm. Max. Sagging moment =20'74 tm. 
Vo=9°63 t and Vo=10'37 1) 

14. A beam AB 6 metres long is fixed at A and simply 
supported at B and carfies a uniformly distributed load of 41 per 
metre over the whole span and a point load of 10 ¢ at mid span. Find 
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the fixing moment at 4 and the reactions at the two supports. Draw 
sF, and B.M. diagrams. 
|Ma= 29°25 tm. Max. Sagging moment = 18375 tm. 
Va==2! 875 t, Ve =12'125 2] 
15. Accontinuous beam ABC 8 metres long consists of two 
spans AB=3 m and BC=5m. The span AB carries a load of 5 t/m 
while the span AC carries a load of 3 t/m. Find the support moment 
at B and the reactions at the supports. 
[Mi = 10°625 wn. ; Vo=3°96 0: Vo==20'66 ¢ ; V-=5'38 t] 
16. A-continuous beam ABCDE 12? metres long consists of four 
spans cf 3 metres each. The beam carries a distributed load of 4 t/m 
over the whole span. Find the moments and reactions at the 
supports 


Mo=Me=0 Mo=Msz 4 tm. ; Me=t? tm. 
33 96 78 
Var Ve= i Vie om 1; Ve=~ a I ] 


17. A continuous beam AC has two spans AB = i, and BC=/. 
The beam simply rests on the end supports and it carries a unif or 
distributed load of w per unit length on its whole length. If the 
support # sinks an amount & below the level of the supports A and 
C, show that the reaction at B is 
Rw Chath! w (7j8--13) 367 Oh +k) 
2 bh 1? }8 


(London University) 


18. A continuous beam ABC consists of two spans AB of Jength 
4mand BC of length 3m. The span AS carries a point load 
of 10 tat its middle point. The span Bi" carries a point load of 
l2 tat im from C. Find the moments at the support, and the 
maximem positive moment for each spay Find also the reactions 
at the supports. 


+ 


| ax=M.=0; Mn- thy). 


a> 
a 


~2 


; 47 
Max.+ ve Moment tor AR: - 7 tm. 


122 
= 94 L794. 


47 100 6} | 


Max.+ rc Moment for 8C=- 


Vora eS ae t; Vex 14° 
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Torsion of Shafts 


§92. Pure torsion 


A shaft of circular section is said to be in pure torsion when 
it is subjected to equal and opposite end couples whose axes Coincide 
with the axis of the shaft. While a beam bends as an effect of bending 
moment, a shaft twists as an effect of torsion. At any pornt in the 
section of the shaft, a shear stress is induced or more exactly, the 
state of stress at any point in the cross-section of the shaft 1 one of 
pure-shear. By the principle of complementary shear stresses, we 
know that in a state of simple shear there are two planes © arrying 
the shear stress of the same intensity. These planes mu.t be pei pendi- 
cular to each other. 


In the cuse of the shaft in torsion, the planes of shear af a point 
are (i) the cross-section itself and (ii) the plane containing the point 
and the axis of the shaft. 


§93. Theory of pure torsion 


Fig. 531 shows a solid 
cylindrical shaft of radius Rand = ~—~—~-ewr—r~<- 
length / subjected to a couple .’ ‘ \ 
or a twisting moment 7 at one 
end, while its other end is held 
or fixed by the application of a 
balancing couple of the same 
magnitude. 





~-_—we 





Fig. 532 
Let AB be a line on the surface of the shalt and parallel to 
the axis of the shaft before the deformation of the .hift. Asan 
effect of torsion this line, after the deformation of the shaft, take: 
the form AC. 


582 
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The angle CAB=¢ represents the shear strain of the shaft 
material at the surface. This angle being small, we have, 


BC=I¢ 
$= = mm) 


Let the angle BOC be the angular movement of the radius OB 
due to the strain in the length of the shaft. Let BOC=0. Let fs be 
the shear stress intensity at the surface of the shaft. 


We know, fs=¢C (i) 
where C=Modulus of rigidity of the shaft 
material. 
iu-( BC Je 
l 
But BC-= RO 
t.  R8 
sy CC 
i. C8 
po iii) 


The shaft may be taken to consist of infinite number of ele- 
mental hollow shafts, one surrounding the other. 


If the deformation of a line on the surface of any such interior 
cylinder, at a radius rbe considered it can be similarly visualized 
that the shear stress intensity q at the radius r is given by the 
relation, 


q_ CB 
poo af 
I. q ce 
Roop 7 


Since C, 6 and /are constants, it follows that at any section 
of the shaft, the shear stress intensity at any point is proportional to 
the distance of the point from the axis of the shaft. Hence the shear 
Stress is maximum at the surface and the shear stress is zero at the 
axis of the shaft. 


$94. Moment of resistance 

Fig. 533 shows the section of a shaft 
of radius R subjected to pure torsion. Let fs 
be the maximum shear stress which occurs a 
the surface. ' 


Consider an elemental area da at a 
distance r from the axis of the shaf?. 


Shear stress offered by the elemental 





Ba ee 
OIC Ae Re Fig. 533 
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.. Shear resistance offered by the elemental area 
q.da= =a s.da 


.. Moment of resistance offered by the elemental area 


=p fda. r 
I 2 
=p da . r 


ise Total moment of resistance offered by the cross-section of 
the shaft 





fi 2 
== T= R Uda. 


sut Zda.r* represents the moment of inertia of the section of 
the shaft about the axis of the shaft, i.c., the quantity 2du.r* is the 
polar moment of inertia /, of the section of the shaft. 


Fi 
T= Re 
Tid ae ee 
7 —p » AEV) 
But from eq. (iii), 
f, C8 
R- I 
T OS 8 
Slee oR Tapes 


§95. Assumptions in the theory of pure torsion 
The theory of pure torsion is based on the following assump- 
" tions : 
(i) The material of the shaft is uniform throughout. 
(ii) The twist along the shaft is uniform. 
(ili) The shaft is of uniform circular section throughout. 


“iy) Cross-sections of the shaft, which are plane before twist 
remain plane after twist. 


(v) All radii which are straight before twist remain straight 
after twist. 


§96. Polar modulus 


Let 7 be the moment of torsional resistance of the section of a 
shaft of radius R and J, the polar moment of inertia of the shaft 
section. 


The shear stress intensity q at any point on the section distant 
ry from the axis of the shaft is given by 


rT 
q=-—. 8 


Is 
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The maximum shear stress“; occurs at the greatest radius R 


fede 
5 I,’ R 
asf ty 
or ye “PR 
or Ta), ° Zi 
iF 
wh 3 ay) 
ere Ze R 


Polar moment of inertia of the shaft section 
maximum radius 


This ratio is called polar modulus of the shaft section. The 
greatest twisting moment which a given shaft section can resist 
=Maximum permissible shear stress < polar 
modulus. 
Hence for a shaft of a given material the magnitude of the polar 
modulus is a measure of its strength in resisting torsion. 


Given a number of shafts of the same length and material, the 
shait which can resist the greatest twisting moment is the one whose 
polar modulus is greatest. Shafts of the same material and length 
having the same polar modulus have the same strength. 


For a solid circular shaft of diameter d 


xd! 
et 
_d 
a 
nd? 
7 5 [A 
Moment of resistance 
=f, . 7, 


Moment of resistance 
af nd? 
" 16 
For 1a ‘“ollow shaft whose external and internal diameters are 
qd, and do, 





a (di4— dy") 
ath 
gaa 
Zo") Sd; (d;*—dg*) 
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Moment of resistance 


=f, . Zp 
= Tae 
tae 16a, “3 do*) 


Torsional rigidity 

Let a twisting moment 7 produce a twist of 8 radians in g 
Jength 1 

We know the relation, 


foe 

lin C4 
G— i 
wtp 


For a given shaft the twist is therefore proportional to the 


twisting moment T. In a beam the bending moment produces a 
bend or deflection; in the same manner a torque produces a twist 
in wu shaft. The expression C7. corresponds to a similar quantity 
EI* in the expression for deflection of beams. The quantity C/, 
i called JSursional rigidity. Obviously the quantity C/, stands for 
the torque required to produce a twist of 1 radian per unit length of 
the shaft. 


$97. Horse power transmitted by a shaft 


Let a shaft turning at NV rpm transmit P horse power. Let the 
mean torque to which the shaft is subjected be JT kg. m. 


“. Work done per second 
-~ Mean Torque X angle turned per second 
N 


T 6U 2% kg. m. per second. 


H.P. Transmitted 
ee } 


— — te 


60, 


aeons 


5 


_ InNT 
4500 


Problem 325. /n a tensile test. atest piece 25 mm. in diameter, 
200 mm. gauge length stretched 0'0975 mm. under a pull of S500 kg. 
In a torsion test, the same rod twisted 0025 radian over a length of 
200 mm., when a torque of 4000 kg. cm. was applied. Evaluate the 


Poisson's ratio and the three clastic moduli for the material. 
(A.M.1.E., Winter 1975) 


EM Re RC SNR AUREL HORAN ES 


*The quantity E/ in expressions for beam deflections is called flexural rigidity. 
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Solution. 
d=25cem, I=20cm,  P=5000 kg. 

: 5000 : 

Tensile stress = = f= ——-— =1018°59 kg./cm2 
4 (2°5)? 

‘ 0°0975 

Tensile strain 3 =e= 500 


Elastic Modulus 


_ f _101859x 200, ; 
—— [i = Si: sy ’ ; 2 
=E ie 0 0975 O89 10° kg.Jem. 
c 


tT _¢ 
| | 
Tl 40x20 
Cees Sa 0834 xX 108 hg fem2 
39 “0025 


We know, 


E-2C{ ]-- ) 
\ ‘Nn 
1 E 2 89 x 198 
[+ ars 


m  2C 2. G834x 108 
| 


J}! = 21259 
mn 
} 9292 
Mm 


Poisson's Ratio =20°25. 


We know, 
£=3K{ ae ) 
He 


K= 3 
(i) 
2089 « 108 ee 
; 3(1—2 x (°252) ke./om. 
= 1°404 > 10% kg.jem.® 
Problem 326. A steel shaft transmits 140 horse power at 
150 rpm. If the shaft is 100 mm. diameter, find the Torque on the 
shaft and the maximum shear stress induced. Find also the twist of the 


shaft in a length of 6 metres. Take C=0 x 10° kg.jom. 
Solution. 


__2nNT 
H.P.= 4500 
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_2n Xx 160 XT 
10-7500 
__ 140 x 4500 
T= on xt60 * 
=-626'6 kg. m. 
= 62660 kg. cm. 
_f =D? 
T=f,. re 
_167 _16X62660, , 4 
f= ys an mx 103 kg.lem. 
= 3191 kg.fom2 


T _cé 
as l 
@ = = ; 2 radians 


62660 600 : 
ts co -, rads 
e. Int\ Bx 108 adian 
oo 
-(VO4786 radian 
: 2 4s 
Problem 327. Find thx HP. that can be transmitted by a shaft 
60 mm. diameter, at (80 1 per if the permissiéle shear stress is 


&50 kg./em.* 


Solution. 
= 3 
Poe eee tom? 
ifs 16 
- 2ONGR Age CM, , 
=~3u 0 hg m, 
_, 2s\s . 2nX180x 360'6 
H.P. transmitted sn) 4300 
= ued HP 
Problem 328. A solid circuiar shaft transmits 100 hp at 200 rpm. 
Ealculate the shafi diameter if ih owist im ihe shaft is not to exceed 
1° in 2 metres length of stat and the shearing stress is limited to 
500 kg.fem*. Take C: § Ch leo m? (4.M.LE , Summer 1979) 
Solution. 
an NE 
H.P. of shaft recy, = 100 Ap. 
42 0U 
4500 x 100 
SS een ST ° m= 0 k 
T 92X00 358°10 kg.m.=35810 Ke, om, 
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(i) Twist consideration 


Tr _c 
I, I! 
> Co 32. «C8 
27! 
4.24! 
: «C8 
32 x 35810 « 200 x 180 
PN en es ee 
d ‘xx 1x 1lO8xx = 4119°8 
d=8°04 cm. 


(ii) Shear stress consideration 
3 
T=h a ~-35810 


_ 1635810... 
a= -- 5007 = 364°76 
om d=1T14 cm 
Hence we should provide at least a diameter of 8°04 cm. 
Problem 329. A shaft has to transmit 140 HP. at 160 r.p.m. 


If the shear stress is not to exceed 650 kg./em.* and the twist in a 


length of 350 cms. must not exceed I°, find a suitable diameter. Take 


C=8x 105 kg Jom? 


Solation. 
_2nNT 
HP= 4500 


_2nx160XT 
140= 4500 
p= l40 * 4200 
2x x 160 
== 626'6 kg. m. 
= 62,660 kg. cm. 


From shear stress consideration, 


ay 


kg.m 


167 
Dim 


16x 62660 
650 x % 
ND=7°89 cm. 
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From stiffness consideration, 





Tee 
pal 
sua 
ipo Ci 
Diet 
a2 - EU 
32s Th 
Pea eee 
D = 8 CB 
pitt $2660. 350 x 180 
me 8x 10°xx 
x D-=11'25 cm. 
Hence the required diameter 
~ ff 25 cm. 


Problem 330. 4 solid shaft is of 100 mm. diameter. It trans- 
mits 160 HP at 200 rpm. Find the maximum intensity of shear stress 
induced and the angle of twist for a length of 6 metres. Take 
C=8x 10° kg com? 


Solation. 
: 2nNT 
H.P. transmitted — 605098 
2n ~ 200T 
Ss 60 x 75 
160 x 60 x 75 
a In X200- kg. m 
== 572'8 kg. in. 
=-§7280 kg. cm. 
Polar moment of inertia 
). Fdé 
e332 
d 
R= a 
fe is 
I, R 
T _ 167 
fiaj-. R= Sap 
6 X 57280 9 
" ! nx if : kg.fom.“ 


291°7 kg.fem.? 
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7 ee 
let 
7 
§ ——— 
Log 28 
57289 « 32 600 ; 
= x10! ge 13 radians. 


= ()'04375 radians. 
= 2° 30°. 
Problem 331. 


Find the diameter of the shaft required to trans- 
mit 80 horsepower at 150 r.p.m. if the maximum torque is likely to 
erceed the mean torque by 25% for amax 


imum permissible shear 
stress of 600 kg.[cm? Find also the angle 


of twist for a length of 
25 metres. 
Take C=8 xX 108 kg.Jem.? 
Solution 
QnNT 
H.P.= Fey 60 
Qn x 150 XT 
a0 4500 
80 x 4500, 


="onx150 “8 
==381°9 kg. m. 
= 38190 kg. cm. 


The torque calculated above is the mean torque. 


Max. torque == Tmar = 1°25 X mean torque. 


= 1°25 X 38190 kg. cm. 
== 477375 kg. cm. 
To _ndtx2 _ nd 
Polar modulus == 390 16 
Tmaz=f: X Polar modulus 
xd? 
47737 5=600 x —)— 





16 
pa ATBTSX16 
600% 
d=:7 40 cms. 
To 
ee 
pact it 


[so GC. 
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__ 477375 X32 3 250 dj 
== e742 ™ Bscjos "adian 
=0'0507 radian 
= 2° 54’, 
Problem 332. A hollow shaft is to transmit 400 hp at 80 rpm. 
If the shear stress is not to exceed 600 xg./cm.* and the internal 
diameter is 0 6 of the external diameter, find the external and internal 


diameters, assuming that the maximum torque is 1'4 times the mean 
torque. (A.M.LE. Winter 1976) 


Solution. 
InN Time an 
4500 400 


4800 x 400 
Tine ane=: In X80 == 34580 98 kg. m. 
Timur = 14 Tinean = 1°4 X 3580°98 =5013'37 ky. m. 
== 501337 kg. cm. 








H.P. of the shaft = 





Sow , 

Sas _ 4 74 

Polar modulus  Z>p=- D 16D °P d*) 
2 

eee 4_-44n—0° 8 

= jgp [Pt-0'64D4]=0'1709 D 


Tmaz =fsZ»=501 337 
600 X0°1709 D3=- 501337 
501337 
ee ~ 600 0°1709 
D==16°97 cm. 

ey d=0°6 x 16°97 == 10°18 cm. 

Problem 333. A hollow shaft with diameter ratio ¢ is required to 
transmit 600 horse power at 120 rpm with a uniform - twisting moment. 
The shearing stress in the shaft must not excecd 600 kg./cm.* and 
the twist in a length of 2°5 m must not exceed I’. Calculate the 
minimum external diameter of the shaft satisfying these conditions. 
Take the modulus of rigidity C=8 x 10° kg.Jcm.2.. (London University) 

Solution. Let the internal and external diameters of the shaft 
be d and D respectively. 


= 4889'18 


a@i3 
D~ 5 

2nNT 
H.P.:= 4500 
600- 2nX120xXT 





4500 
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: we OG 
re 7 wT. trex | Sa Lgttis 


a= 
« 


nag Cant eos 
oer. oT Eis 
A 


ms 358100 he, om. 
Polar moment of inert, 


wfy= (Dt "1 
rh 3 ( 
/, 2/- 
. modulus == soot == 
Polar modulus ( D D 
2 
aie 8 
-  --  -{DA—d4) 
ap 
2: "i p4— ga 
6D ) 
Te ( $i 
: Dia ee De | 
lf D\. §2§ ; 
nD? | 554 
16 625 
709 DP? en! 
athe ouecimiemn shear sitest is GOD Agstc sy 
Ty fax norar modulus 
Polar modulus 6 
qe  358,00- 
QpTog pt out 
600 
De \* U7 cn 
Wher the mist via lenath of oS mix f 
% % 2) 
=e es ize i 
= itedh= (Dt gay 
2 Dae ppl 
32 x 633 
fi OCR 
feo nk 
0. ee 7 
Cf. 
T 250 358 FOU X35 x 625 
x0 ™ 8x10°™ Sddn pi 


D4 == 7500u 
D=16°S5 cm. 


In order that the shear stress should not exceed 600 kg/cm® and 
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that the twist ina length of 25 m should not exceed 1° the outside 
diameter of the shaft must be at least 16°55 cm. 


Problem 334. A solid aluminium shaft 100 cm. long and of 5 cm. 
diameter is to be replaced by a tubular steel shaft of the same length 
andthe same outside diameter (i.e., 5 .cm.), such that each of the two 
shafts could have the same angle of twist per unit torsional moment 
over the total length. What must the inner diameter of the tubular 
steel shaft be ? Modulus of rigidity of steel is three times that of 
aluminium. (A.M.LE., Nov. 1966) 


Solstion. If a_ torsional - 
moment J be applied to a shaft <% 
of length /, the twist @ for the & 

{| 


length /is given by 


at 2% 
Ip 
where J»=polar moment acm 
of inertia — 5A) -~5 CM} —- —» 
and ‘C= Modulus of rigidity SOLIO ALLIAMMLM TUBULAR STEEL 
_.". Angle of twist per unit SHAFT ae! 
torsional moment Fig. 534 
a. 
me Eee 
Since the angle fof twist pee unit torsional moment is the same 
for the two shalts, we have Te should have the same value for 


the two shafts. Since the two shafts have the sare Nength, (/;C) 
should be the same for the two shafts. 


Let fa and J. be the polar moments of inertia of the aluminium 
and stece! shafts. 


Let Ca and Cs be the modulus of rigidity of aluminium and 
steel. Let d be the internal diameter of the steel shaft. 


Hence we have 


Ta Co LCs 
But Crm3Cso 
fe laCa=Is.3fo 
me lo==3] 
nx 54 % 
a gee es 4.44 
39 3x 29 [ s d ] 
54 
4 74 
3 —d 3 
54 


. hus {4-2 — 
e°@ d 5 3 
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625 
=625-- > 


1250 
6225S 
3 3 


ad=4°518 cm, 


Problem 335. The shaft shown in Fig. 535 rotates at 200 r.p.m. 
with 40 hp. and 20 hp taken off at A and B respectively and 60 hp. 
applied at C. Find the maximum shear stress developed in the shaft 
and the angle of ¢ ist (degree) of the gear A relative to C. Assume 
G=0°85 x 108 kg./cm?. 

Solution. 

Shaft between B and C 

H.P. of the she*™ 

= 60 Ap. 5CM. OIA, 


Let the torque in 
this part of the shaft be 


7-5 CM. OWA, 





Toc. 
2eNT 
H.P.= 75% & : 
gaz 28 X 200 ae an, 
~ 4500 ‘ Fig. 535 
60 x 4500 
Too = 4007 keg. m 
=214°8 kg. m. 


em 21480 Kg. cm. 
Let /, be the maximum shear stress in this part of the shaft. 
fee 


TE >Te 
167 
[te nd® 
16 x 21480 9 
e753 kg./em*. 


= 259°2 kg./cm.® 
Shaft between B and A 
H.P. of the shaft =60—20=40 hp. 
Let the torque in this part of the shaft be Toa» 
2% X 200 X Tap 
40 = —~7500 
40 x 4500 k 
anon *8: ™- 


an 1442 kg. m. 
oni eM ky cm, 


Ta= 
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Let J,’ be the maximum shear stréss in this part of the shaft 


3 
I, -< <a Tay 


fil btoo 
8 nds 
16 x 14320 
oe ee 2 
a 58 kg./cm 
= 583'3 kg.jcm?. 
Hence the greatest shear stress ocgurs in the 5 om diameter 
shafr. 


Max. shear stress= 583 3 kz./cm.* 


Twist of the shaft 
Let %. be the twist of the shaft BC. 
l Toe 
0 Cen os 
Eon 8) oi 


200, 2148032 
0°85 x 108 nx 7°54 
=:'01626 radian. 
Let 8a be twist of the shaft 4B 
[' Tao 
Co hs 
__ 400) 14320x32_ 
085 x 106 RX 5! radian. 
= ()°1098 radian. 
Angle of twist of A with respect to C 
== an-+-9o- 
==()° 1098 +0°01626 
== ()° 12606 radian. 
a 7° 13’ 
Problem 336. Show that for a given maximum shear stress the 


minimum diameter required for a solid circular shaft to transmit P 
horse power at Nr.p.m. can be expresed as 


d=constant xa/ P 
N 


What value of the maximum shear stress has been used if the 
constant equals 7°70, d being in centimetres. 


Solation. 
H.P.=P= 


radian 


Bar = 


4 


2nNT 
4500 
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AR g es 
T = - r ty i kg. nt. 


a 4 


- 450,000P 
AGN g. cM. 


fs. zdo 


d rs ———— 


16 


16f 
3 us J, 1 e 
450,000P 
hye ~ 
16X InN 
16% 480,000 + 


eon 
ee Sen Ae Aan aa NT 
qemenarnere so 


aatf, ON 


~~ oe 


ee ee 
VV N 
2 [16x 4500 
anes 
Reta reeeS 59,006 
K =] [s=> yp one” 
Yo anf, 


i 


where Kw 


a 


Ie “get (PTS 
- 806 ke fem’. 

Probiest 337. 4 hollow marine propeller shaft camming @t TIE 
rpm is required to proper vessel af Li msetres per SEC. far the exper 
diture of 8450 shaft norse power, the efficiency “J the prcpeller being 

> aad che direct 


S& percent. The diameter ratio of the shaft is ta ve 4 | 
ro exceed 5 kg.icm’. Cale: late (a) the 
é. 


stress due to thrust is mot 
shaft diameters (b) the manimurm shearing suress due to torgu ; 
(London University 5 AM.LE) 


Solution. 
Let the thrust exerted be F kg. 
Useful work done per second 
=-thrust * distance MCV 
<= FX 12, kg. m. per sec 


Seatate. ‘Useful work dont _.: 
Efficiency = “Energy of the shaft ee 


Fxi\2 _4; 
sake oe 


ed per second 
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; r=. x — X75 ke. 
== 35910 kg. 
Let the external diameter be D cm. 
Interna! diamcter 


2 
=O aae D cm. 
- Area of the section 
= 4g nae »\ 
== A 4 (p 5 D ) 
7 5 2 
ie 
- 2" pp 
a6 
Stress due to direct load 
a. thrust —s_on,,),,2 
Area of shaft °° ks-/em". 
35910, 80 
5* pe 
36 
D=32°07 em. 


internal diameter do - x 32°07 em. 


me 21°38 cm. 
Polar moment of inertia 
==], “35 [ 32°074— 21°384 Jemm.* 
== $3300 crm‘, 
QnNT 
ar P= 4500 
4500 x P 
— 2nN 
4500 x 8450 
9ex110 x 100 kg. cm. 
= 5501000 kg. cm. 
tf 


Ip 
z 
fas R 
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_ 5501000, 3207 po jongt 
=~ $3300 Ba BENS: 


= 1060 kg.jem?. 


Problem 338. Two shafts of the same meterial are subjected te 
the same torque. If the first shaft is of solid circular section and the 
second shaft is of hollow section whose internal diamcter is 4 of the 
outside diameter, compare the weights of the two shafts. 

(AMIE, May 1974; 
Selutiog, The maximum torque a shaft section can safely 
resist is given: by 
T=ft ° LY 
f =penmssible shear stress 
Zp polar modulus of shaft ection 
in order the two shafts may have the same strengt; to vesist 
: torque, the polar moduli of the shafis rust be ocaal. 
Let D be the dimeter of the solid shaft. 
Polar modulus of the solid shaft section 
we 
ene 
16 
Let Dy be the external diameter of tne bullow shaft. 


where 


interna) diameter= ~ Dy 


Poiar modulus of the ho'low shaft ssction 


ha 
Aol A 
o( o8— ay Pe | 
*¢ 16D), 
_, 85, BD 
~ SL 16 
Equating the polar moduli of the two shaft sections, we have, 
65 xDi_ xD® 
$1 16 °° #16 
Dy 3 We 
Dp is == 1°075 


Since the two shafts are of the same material and are of the 
same length. 


Weight of hollow shaft 
Weight of solid shaft 


___Area of hollow a section 
~~ Area of solid shaft on 
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. ay 
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am. find Me ela. 


Profiler 33."2, 
Pas Ee sotto exceed 8 he 


POG p pun Mf fue smear 


¥ 
3 < 


mMever of he shay. 
Whar per entas; S20 In weleh? would he Oot fi 
shaft ie repluced Aya fellow one Wrose mntertcal damtwerer eyuals Ob |: 
the externa’ diet 1, ie lengthy the material ai the maxienue sie e- 
sess bemeg th arp, CAEL Sumner f Mo 
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o ”~ fe he 


a mye Vea one i ve wy - soted “ee 
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" 
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pep! “e EET ey 
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awete 3 wa be rs , eda Nae oe 
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* t te “4 
4 x i ae ae A SE 
¥, , of Bi if by 
When a trilow chatt is pray of 3 
Exierna! damete i>, 
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Internal cians 
Polar mecubas % : 
me tous got Hg ee ee Freel 
ti 16D 


of kellow shai 
~f9,3 
=Og7g 7 
is 


Polar modulus z - 
of solid shaft "fra = Fe 
Zhotkow s- sola 


7074 Tat DF 
08704 FE a 
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D1 : 
@ == 1°1489 


a 


: D1 2 4s 
io D = 1047 


Percentage saving iD weight 
-( Asors-— 4 Wyo \ 100° 
Aaa J 


Artin ; 
a Oe au, 
oo J i 


2 .. eS = 
ie ren Pa? 


ex ING, 


Bees 340. 4 sold steel shaft has to iransmit HOO bp at 
200 7 pum. Taking allowabh ee gress ae FOO kg fom! find sre yell 
aile : hank wor of the staft, if the maximum lirque jrersnitied im eaten 
revolucion execcds the mean by He Also find the outer Glameter of 
ahottow shaft 1 replace tie wohed shaft if the diameter ratio Pee 


CAMtE, Winter 19? 7) 


ution. 
ri te My hi: t Fe NF ean - iW) 
i sean & shlece ° 4s00 be : 
4500 LUN eg: 
Timeout = = ASLO ke m 
mY LOU 


en $5210 AB. CM. 
ue Inari 3 Tach a 388th = 46353 ky. cm. 
Case G). When a solid shaft is provided 
nd? 
Prue 45 “Te =a 4655) 


A652 >» 
g> i 465: e 16 — YR 7 
FUOR 


i da20°9/ crm. 
Caye (ii). When a hollow shaft of diameter ratio O'7 is provided 


External diameter = D 
{nternal diameter= 9 7D 


3 
Polar modulus= pl = 0'7599——-— n 


Lholtow ws 294 da 


3 
a nce 7\3 
0°7599 ie ~, (697) 


ae D=7°638 cm. 
Internal diameter =0'7D =0.7 X 7638 5347 cm. 
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Problem 341. A hollow shaft huving an inside diameter 60° 
of its outer diumeter is to replace a solid shaft transmitting the same 
power at the same speed. Calculate the percentage saving tn 


material, if the material to be used is also the same. 
(AMIE, Summer 1975) 


Solution. 
Let the diameter of the solid shaft be D 
Let the outer diameter of the hollow shaft be Dy 
Inner diameter of the hollow shaft =0 6D; 
Polar modulus of the solid shaft 
: nD> 
--ZDanrd a 16 

Polar modulus of the hollow shaft 

om [Dy?—0 §4D;4] 
7D, 

16 
Since both the shafts should have the same polar modulus, 

Lhottou =a Jarod 


a 
Lites ° 


-70 8704 


DA xp 
0°8704 ig = 16 
DOE NE ay he pele 
( D ) = gy 970g 1 1489 
DA. nso 8s 
D = 1°047 


Percentage saving in weight, 
| Ag Aton ] x 100% 


Asolsd 


= | poeoae | x 100% 


Asowd 
Di? —0'36D,2 
[ }— Pee eRe x 100% 


=| 1-064 PE] x 100% 
==(1—0°64 x 1°0472) x 100% 
= 29°84%, 

Problem 342. A solid shaft is to tranmit 450 H.P. at 120 


r.p.m. If the shear stress of the material must not exceed 800 kg./cm*. 
find the diameter required. 


What percentage saving in weight would be obtained if this shaft 
is replaced by a hollow ome whose internal diameter equals 0'6 x exter- 
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nal diameter the length, material and maximum shearing stress remain- 
ing unchanged. 


Solution. 
2uNT 
MP et 
P 4300 
450 QE e120 T 
4500 
450% 35000, 
T= aex ino “8 ™ 
sz 2085 kg. m. 
=.2,68 506 ke. cot. 
np 
Bua Sg 
fee ah 
p2-: 167 
ft 
pa. 16% 268,500 
SOU X x 
D-=:71°95 em. 


Let Dz be the external diameter of hollow shaft 
Internal diameter of the bollow shaft =0°6D: 


Since the solid and the hollow shafts have to transmit the same 
torque at the same maximum shear stress their polar moduli must be 
equal. 


Polar modulus of the solid shaft section 
_ 7D 
16 

Polar modulus of the hollow shaft section 





_ 3p at -c600" J 


aera 


5 
=0'8704 ce y 
Equating the polar moduli of the two shafts, we have, 
3 
078704521" .. SD” 
< Di 5761 
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Problem 341. A hollow shaft huving an inside dlameter 60° 
of its outer diameter is to replace a solid shaft transmitting the same 
Power at the same speed. Calculate the percentage saving in 
material, if the material to be used is also the same. 

(AMTE, Summer 1975) 


Solution. 
Let the diameter of the sohd shaft be D 
Let the outer diameter «of the hollow shaft be D, 
Inner diameter of the hollow shaft -0 6D, 
Polar modulus of the solid shaft 
nD? 
16 
Polar medulus of the hollow shaft 
= ae [Dyt~-0 54)4] 
aD? 
16 
Since both the shafts should have the same polar modulus, 
Lroiiou = Leroi 


. 24 Rigd o 


2 
ic faar 


“718704 


9794 72 _ 7D 
08704 
dD, A, ] ee 
( D } = ggg ~! 1489 
Dy. 
a = 1047 


Percentage saving in weight, 
| sostd ~~ Anotiow | x 100% 


Asotsa 


soird 
Di2—0'36D;? 
| 1— PES PN" |x 10% 
: D,* 
=| 064 o 
| 1 0°64 D? | x 100% 
==(1—0°64 x 1°0474) x 100% 
= 29°84%,. 
Problem 342. A solid shaft is to trammit 450 H.P. at 120 


r.p.m. If the shear stress of the material must not exceed 800 kg.{/cm*. 
find the diameter required. 


What percentage saving in weight would be obtained if this shaft 
is replaced by a hollow one whose intert.al diameter equals 0°6 x exter- 


-| 1— Delos | x 100% 
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nal diameter the length, material and maximum shvaring stress remain- 
ing unchanged. 


Solution. 
2uNT 
eo 4506 
POLL. 
ff, — 
4SQ 45000 
45044506, 
T= mx 120 AR. Mm. 
= 2585 hye im, 
-- 2 G&, 506 Ag. COR. 
2 
Bia fo f5 
p?- 16? 
fs 
mS 4 
my e 16 * 2,68.500 
SOU X x 
De 17°98 cm. 


Let Dy, be the external diameter of hollow shaft. 
Interna! diameter of the hollow shaft:=0'6D: 


Since the solid and the hollow shafts have to transmit the same 
torque at the same maximum shear stress their polar moduli must be 
equal. 

Polar modulus of the solid shaft section 

16 
Polar modulus of the hollow shaft section 


Tt 
_ 32 [ bat Cony : 


} 


en oe 


ae 





2 
DP 
=0'8704 —, 16 
Equating the polar moduli of the two shafts, we have, 
3 
0'8704- SOE. BE 
14 
: D3 
e © 3 am —.- Se ee 
Di O8704 
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PAC 95)o 
Di 6.8704 
ios D, a l2'ST cm. 
Since both the shafts are of the same matezial and length, per- 
centage saving in weight 
=}: Area of solid shaft~area of hollow shaft x 100 


ne — ——o nen ee en eee Re ek ere AO Seen coe 


Area of solid shaft 


area of hollow shaft 2 |, 
area of solid-saaft eige 


{ 212 512° -- (06 » J 4 a 
a E195 4% 100 


an JY Nd 7 

Problen: 34300 The propeller shaft af a steam ship fas fo iranys- 
mit (0,000 HP. at 240 rpm. The shaft has an internal diameter of 
Som. Caleuiate the mininnun vaternal hameter ifthe shearing stress 


én the shaft is tobe limited to 1870 harlom?, (Fashion 7 Inver sty) 
Solution 
2mNI 
H.P 2 so 
os ”Y 
Qe BOS 
TO; OU) eres ee 
, 430 
~_ 16.00% 4500 
a= 2n xX 240— “RS, 


=. 29843 Ke. m 
“DBI Ae con. 
Let the external diaineter be di: cm, 


Internal d:ameter = d= TS cn, 
Polar moment of inertia 
5 = 
ax fy as 39 (4t— j o i | cm.4 


wf for 


r : 
oe 78 S625 “pp A 
., Polar modulus 

ta ;a-~ 50625) 


3 
€3 cm. 
2 
= ™ (dit 50625) os 
T=fiZo 


% 
= Py - ne 
92 
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~ 50625 


} 


tT ; 4 
2984000—1570% 7 / 4% 
IG \ aj 
Rearranging, 
2984000 x 146 
4_ = * 
dy*— 50625 1S70n 
J. Ay4—9679dy — 50625 =0 
Solving by trial and error, we get 
dy2> 25 cnt, 

Problem 244. 4 hollow stee? heft 24 om rterarl aad 1A ern, 
internal diameter is to be replaced by a yolid alloy Shalt. If both the 
shafts should have the same polar pradulus, find the diameter of the 
latter and the ratio of the torsional rigidities. fake © for steel 
=2 4% C for alloy. 


If alternatively, the two shafts should have the same torsional 
rigidity, find the ratio of their poiar moduli. 

Solution. Case (i). When the polar moduli of the two shafts 
are equal. 

2.é. Zteet=Z Hic 

Polar modulus of the steel shaft 


— weeps d —- vf 
Zz tee; 16D, | D, Do i 


wee eet age eae | 3 
16 3g (24 16 ae 


_ LE0x e 
ee ent: 


Let the diameter of the solid alloy shaft be d cm. 

-- Polar modulus of the alioy shaft 

zd 

“16 

.. Equating the polar moduli of the two shafts, we get 
rd? 2080 


<= faty s =. 


rm 
no 


16 3 
2080 X 16 
o== 
d 3 
nn d= 2230 em. 


Ratio of torsional rigidities 
-._ Torsional rigidity of steel shaft_ 
Torsional rigidity of alloy shaft 


_ Cah 
Cals 
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But since the polar moduli are equa! 


bok 
rs Ps 
Is r, 
le ors 
Ratio of torsional rigidities 
ape: fs 
“Ge Tipe 
=oqx | 
1s 
~ 2586 
Case (ii). When the torsional rigidities of the two shafts are 
equal 
Csls== Cal 
we T 
C: . 7 (244— 164) =Cu 4? d' 
Cs 
4 = C, (244 — 164) 
==2°4 (244— 164) 
d-- 28°28 cm. 
Ratio of Polar moduli 
9 Ze df ra 
“te hh Ts 
ts re 
Seis 
Since the torsional rigidities are equa) 
Cils= Cala 
de, “Ce a1 
iE Cs 24 
La 1 14°14 
Ze 24” 12 
= 09° 4909, 
Problem 345. 


The stepped steel shaft shawn in Fig. 536 is sub- 
jected to a torque Tat the free end and a torque °T in the opposite 
direction at the junction of the two sizes. Whats the total angle of 


twist at the free end if the maximum shear stress in the shaft is limited 
to 700 kg. per cm? ? 


Assume the modulus of rigidity to be 0°84 X 108 kg.fcm ? 


(A.M.LE., May 1967) 
Solution. Torque on the shaft BC 


=T kg. cm. 


607 


Som. 


~I-6M). . 





Fig. 536 
Torque on the shaft AB 
=T—27T=—T kg. cm. 


Hence the two shafts are subjected to a torque of same magni- 
tude but of opposite sense. 


Hence the shaft BC which is of smaller diameter will be sub- 
jected to a bigger shear stress than shaft AB. 


Equating the torsional strength of the shaft BC to the external 
torque, we have 


ndé 
—— 
T=700 x aES kg. cm. 
= 17180 5 cm. 
Let the twist of the shaft BC be @. radians, 
T_ Che 
Toe ~~ Ive 
be = oui oy radian 
“mx 54 <0 84x 108 
a) 
=(0°06 radian. 
Similarly tne twist 90 of the shaft AB is given by, 
fae es x 120_ _ radian 
( mx 104 0°84 x 104 
32 


= 0°0025 radian. 


Since the directions of twists 9. and 0u» are opposite to each 
other. 


Net angle of twist of the free end 
= Ube — Ved 
=()'06— 0°0025 radian 
= ()'0575 radian 
=3° °295 
say 3° 18 
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Problem 346. 4 solid shaft 6°50 metres long is securely fixed 
at each end. A torjue of 960 kg. cm. is applied to the shaft at a section 
2°50 metres from one end. Find the fixing torques set xp at the endy 


of the shaft. 
If the shaft is 7°50 ems. diameter find the maximum shear stresses 
in the two portions. Find also the anyle of twist for the section where 


the torque is applied. 
Take C--0 84x 108 kg.Jom*. 


Solution 
y~ SS Bs 
me) aa: 
a } } 
Cc 9OOKG. Cae ; s 
fennel? 00 A OAR alts i 


Fig. 537 
Fig. 537 shows the shaft 48. Let the fixing couples at the 
ends A and B be To and T, respectively. 
Since the !4'ng couples must oppose the applied couple, 
Ta }-Tr= 900 kg. cm. colt) 
Further, the ends being fixed the angle of twist in the length 
AC of the shaft must be equal to the angle of twist in the leagth 


CB. 
The twist 8 for a length / is given by 


jee 
Cl, 


Since C and /» have the same value for the two portions 
We have Ta. AC Ty. CB 

Ta. (2°5)100= 7:4) 100 
pee Ta== VAT: (HT) 
Substituting in equation (i), we get 

1671-4 7. ~-900 

900 
Pc: ire 
Ta = 900 — 346°2 ke. cm. 
Ta~= 5538 ke. em. 


nfs x 3°53 
Polar modulus =Zr=" 16 == cm 


ke. cm. =346°2 kg. om. 


Maximum shear stress in the portion AC 
7 _ Ts 
==Gao = Ze 
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= a i kg./cm.? 
= 65°75 kg./om.? 
Maximum shear stress in the portion CB 

To 

==Jcb =~ 7; 
_ 346216 
“x13 S)° 
=4]°] kg.Jcom.2 


The angle of twist can be determined considering either the 
part AC or CB. 


kg./em.? 
\ 


pall 

CI> 
__TaAC 
oT; 
_ __553°8 X 250 x 32 dia 
= red X 108x mx (3°5)8 OP 
==0°01118 radian 
=()" °64 
==()° 38’ 24” 

Problem 347. 4 3 cm. diameter circular steel shaft is provide d 
with enlarged portions A and B as shown in Fig. 538. On to thts 
enlarged portion a steel tube 0°20 cm_ thick is shrunk. While the 
shrinking process is going on the 3 cm. diameter shaft is held twisted 
by a couple of magnitude 800 kg. cm. When the tube is firmly set on 
the shaft, this twisting couple is removed. Calculate what twisting couple 
is left on the shaft, the shaft and the tube being made of the same 
material. 


6 











“*% 


Fig. 538 
Solution. When the shaft is subjected to a couple of 800 kg. cm. 
let the angle of twist of the shaft be 4 
Polar moment of inertia of the shaft section 


8] 
a |) = = (3)4 cmt = x5 = cm? 


TI 800 7x3? 


‘Ch ” Cx8in radian. 
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800x 32 ] ‘ 
T Rik OC. radian. 


Now consider the sleeve 

External diameter =d,=6+0°4=6'4 cm. 
Internal diameter =de=6 cm. 

Moment of inertia 


l= 16'44— 64) cm! 


See 4 
=35 x 76°96 x 4°96 cm. 


Let 7; be the couple left on the shaft 
Corresponding twist of the shaft 
Tal 
=6,= 
GI 
_ TAX 32 
~ C8la 


a oes radian. 


radian. 





Corresponding twist in the sleeve 
=O— 5", 
Cr’ 
T:l X32 
“Cx X 76°96 X 4°96 
But 0.-+0,=6 
32 Td, 32 Tal __ 32800 
“Sin CC. ®mx7696X496 C ~~ Bin C 
Ts stl 800 
81 7696x496 ~ 81 
1 1 800 
Thi +3817] si 
4627, 800. 
8Ix381'7° °° 81 
800 < 381°7 
462°7 
=060 kgcm. 


Problem 348. A composite shaft consists of a stecl rod 6 cm. 
diameter surrounded by a closely fitting tube of brass fixed to it. Find 
the outside diameter of the tube so that when a torque is applied to the 
composite shaft, it will be shared equally by the two materials. Take, 

C for steel=0°84 x 108 kg./cm?. and C for brass=0'42 x 108 kg.jem’, 


radian. 


3s Ag. cm. 
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If the torque is 100,000 kg. cm. find the maximum shearing 
stress in each material and the angle of twist in a length of 4 metres. 
Solution. Let the twist of each shaft 
be 9 
Polar moment of inertia of steel! shaft 
rx 64 
32 -com.4 


Polar moment of inertia of the brass 
shaft 


fp | pases . 
To =(p 64) ) om. 


If Ts and 7» be the torques in the stee] 
aod brass shafts, 





We have 
fs C8 
Ee ene 
Ts x0 
I l 
But Is== Th 
: ee 
le G 0°42 
lb =21s 
% Te 
Ty (D4—d4)=2~x 32 d‘ 
D4—d4—=2x d4 
Di 3x dt=3 x 64 
D=7°898 cm. 


T. To 100,000 | 50,000 Ag. cm. 


For the steel shaft, maximum shear stress 


Ts 
= Ys== Sharer 
3 


50,000 x 16 
Xx 63 
= 1179 kg./cm.” 
For the brassishaft, maximum shearing stress 
To 


2 Jy == 


Ld 
a 29,000 x 16D 


ee re 


~ n(D4—d4) 


kg./om. 
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Since D4— d4=:2d4 
q=- OR fee —- kg./cnt. 
=776 kg./com.” 


{he common angle of twist 
Tsl 
aU Oe, 
__ 29,000 x 400 x 32 adi 
0'84x108xn x 64 O00" 


=(0°1871 radian 
ew: 10° 42’ 


Problem 349. A solid alloy shaft 5 cm diameter is to be coupled 
in series with a hollow steel shaft of the same external diameter. Find 
the internal diameter of the steel shaft if the angle of twist per unit 
length of the steel shaft is to be 75% of that of the alloy shaft. Deter- 
mine the speed at which the shafts are to be drivento transmit 250 H.P. 
if the limits of shearing stress are to be 560 kg./cm.* and 800 kg./cm.* 
in alloy and steel respectively. Take Cstees=2°2 Cutioy. 

(London University) 


Solation. Angle of twist per unit length of a shaft is given by 
steele 
Ll Ch 
Te On eee 
Ge Cae 
= Cs 


eo 





% 

oe & 

32*° ae 
———_——--- ==09'75 x 2’2 


4. 74 
+ 4 
54 


Be AG ae ee me . 
54#—d O7sx29 3187 


Pas d4=625—378'°8=246'3 
d= 3°962 cm. 


Ais for a shaft, we know the relation 
fs _' 


/ r I 
steel o } Sattoy 0 
Psteet cs ( I Jaton eng Palloy avs ( Pas 


s(éeée Cs 8 
fet rote = x 0°75 =2'2 X0°75 = 1°65 
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a Si aset: 1°65 Satstoy 
when Fsteat: 800 kg.fom.2 
fatoy= So: =484'9 ke./cm2 (this is less than 


the permissible stress of 560 kg./cm?.) 
Now the torque can be determined by considering any one of 
the shafts. 
3 
T=S atior = 
4" 3 
i zy) kg. cm 


= 11890 kg. cm.=118°90 kgm. 
__2nNT 
Senn 
__4500(H.P.) 
2nT 

_, 4500 X 250 

2x X 1189 
N= 1505 rpm. 


Problem 350. A steel shaft ABCD having a total length of 
240 cm. consists of three lengths having different sections as follows. 
AB iy hollow having outside and inside diameters of 8 cms. and 5 cms. 
resnectively and BC and CD are solid, BC having a diameter of & cms. 
and CD a diameter of 7 cms. If the angle of twist is the same for each 
section, determine the length of each section and the total angle of twist 
if the maximum shear stress is 500 kg.jcm.2. Take C=0'82x 108 


kg./cm.* 
ae VL LL LLL 
1 
ied i tthitillltlldsdllle 
A 


Fig. 540 
Solution. Polar moment of inertia of the shaft sections are, 





HAP 


N 





For shaft AB, hag (85+ } cm.4 
«= 340°9 cm.4 
For shaft BC h= 2 (8) om 
: 2= 35 


m 402°4 om.4 
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nr 4 
For shaft CD, —13: -B( 7) em.‘ 


==235°8 cm.4 
Since the angle of twist for each leneth is the same 
=( a) must be the same for each length. 
Since JT and C are the same throughout the shaft, 
hob 4s 
hh kh ks 
A wk Is 
340°9 402°4 235°8 
ee 1,=1°44 Is 
and lg= 1°71 Is 
But h+lo+13=240 cm. 
©. 14413g+1°7113+13=240 
4°15 lg =240 
Ig3=57°8 cm. 
as 1,==-1°44* 578 cm. 
ake Iy==83°2 cm. 
an [g==240--57'8—83'2—99 cm. 
Twist of the shaft AB 


fal 
=6,-20 


_. 500832 
0°82 x 108x 4 
=()'01269 radian 
Total angle of twist of the whole shaft 
= 3 X0°01269 radian 
=0°03807 radian 
wx 2° II’. 

Problem 351. A steel shaft ABCD has a total length of 127°5 cm.. 
made up as follows. AB= 30 cm. BC =37 5cm., and CD =60 cm. AB is 
hollow its outside diameter being 10 cm. and inside diameter dy cm. BC 
and CD are solid having diameters of 10 cm. and 8°75 cm. respectively. 
If equal opposite torques are applied at the ends of the shaft find the 
maximum permissible value of ad for the maximum shearing stress in 
AB not to exceed that in CD. If the torque applicd to the shaft is 
90 t cm. what is the total angle of twist 1? Take C=0°8 x 108 kg./em# 

(London University) 


Solution. Let the common torque on the shaft be T kg. cm. 
Let d, internal diameter of the shaft AB, 


radian 
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B, %*%em.C =—9,76-75cM. op 
0 VT 
D,=10 C71. a . 
700M. e—37:5¢M.-b 60. 


Fig. 541 
For the shaft AB, 
T=%121 
a 
™-6\ »D, 
a 104—d,4 
[= 56 r( (0 
_ 160T 
M1 74 104—d,4) 
For the shaft CD, 
T=q3Z3 
n D3 
= is 16 
nm (8°75)3 
et a 





ee ae ‘am 
Since 7 1=43 
160T __16 
m104—di4) ~ (8°75)? 
10 | 
104—dy4 ~ (8°75)8 
104—dy4== 10 (8°75)8 
d\4= 3301 
dy=--7°358 em, 
We know the twist of a shaft is given by 
Tt 
mule 


In our case, 
Tl 


=e, 

yl 

=o 2 Is 

_. 30,00,000 30 375, 6 | 


t= 


078 x 108 = “35 (108 73 588) z F104) 7 (8°75)4 
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=()°0214 radian 
wm [° 12", 


§98. Keys 

A key is a wedge-like piece inserted between two machine parts 
so as to prevent relative movement between them. For instance a 
key is a necessity for connecting a shaft and the surrounding hub 
(Fig. 542). 


Let /and b be the length and 
width of the key. 


Let Si. be the safe shearing stress 
in the key. The resistance set up by 
the key is fi, Jb. If the diameter of 
the shaft be d the moment that can 

wus be transmitted by the key 


=f tb S 





If 7%. be the maximum shearing 
Fig. 542 Stress in the shaft the maximum 
torsion on the shaft 
nd3 
aTaSs- ig 
Equating the torsion on the shaft to the moment trancmitted 
by the key, we have, 


T ‘Te Sie lb a 
$99. Coupling 


A coupling is used "to connect two shafts so that the rotary 
motion of one car be transmitted to the other. 
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Fig. 543 shows an arrangement for such a coupling. 


The coupling surrounds the two shafts to be connected. Con- 
nection between each shaft and coupling is provided by the key. The 
two parts of the coupling are held together by bolts. The bolts are 
arranged along a circle called the bolt circle. 

Let the diameter of the bolt be d. Let 2 bolts be provided on 
a bolt circle of radius R&. 

Let S, be safe shearing stress in the bolt. 

Maximum load that can be resisted by one bolt 


2 
of. x 


Moment that can be transmitted by all the bolts 
reds* 
4 x R. 


Equating the maximum torsion on the shaft to the moment 
transmitted by the bolts, 


=n xfr 


rd3 rd? 
Digs aa 
Problem 352. A 10 cm. diameter shaft transmits 140 HP at 
120 rpm. A flanged coupling is keyed to the shaft, the key being 
2°5 em. wide and 14 cm. long. Six bolts of 2 em. diameter are symme- 
trically arranged along a holt circle of 28 cm. diameter. Find the 
shear stresses induced in the shaft, the key and the bolts. 


Solution. 
2x NT 
AP. = ASG 
_ 4500 x 140° 
T= dn 120 x 100 kg. cm. 
== 83540 kg. cm. 
wd? d do 
We know T=, 16 =filb 9 =nfo a7" R 
3 
83540=f.— a =f, 14x25x5 
=6fo (2x 14 
fi f,=425 kg.Jom2 
S477 ke.jom.* 


and So=317 kg.icm2 
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$100. Shear and Torsional resilience 
Shear resilience 


¥ Fig. 544 shows a square block ABCD of 
fee on side ! whose thickness perpendicular to the plane 
1 of the drawing is unity. 





¢/ Let the faces AB and CD be subjected to 
u shear stiesses of intensity q. 
f With respect to the face CD let the face 
. AB be deformed to the position A,B,. Let the 
d angle BCBi=¢. Obviously ¢ renresents the 
Y shear strain. Let BB, =8. 
Fig. 544 


Shear force on the face AB=P=q ABX1=<ql 
Work done by P : sradually applied) 
= P 


=491.8 


But $= d=] x 4 
u Id=1x G 
4) — Galen. 
Work done =1a0( C I™,IC 
This is also the energy stored by the block. 
Volume of the block =/* x ! 
.. Strain energy stored per unit volume 


2C 


Torsional resilience 


When the cross-section of a member is subjected to a constant, 
i.c., uniform shear stress of intensity qg, wejiknow that} the energy 


stored by the member ia Xvolume.: But in case of a cylin- 


drical shaft the shear stress due to torsion varies uniformly from 
zero at the axis to a maximum value f: at the surface. 

Let the shaft be a solid shaft of diameter D and length The 
shaft may be taken to consist of an infinite number of elemental 
concentric hollow shaiss. 

Consider one such elemen:al hoilow shaft of radius r and thick- 
ness dr. The shear stress q at the radius r is given by 


r 2r¢ 
q => R f= et 


Strain energy stored by the elemental cylinder 


¢ 


: 2C X volume 
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(Es) 


Sa eudod 


Anl fos 
& Cp redr 


Strain energy stored by the whole shaft 
Dp 
a cE aie 
~ CD 
Q 
—4nif | 1 | DA 


CD? 4 16 
_ EDI. 


16 C 
np? ,, fi 
47°! 4c 





——: 
—_— 





= 


ge 
= GC xX volume of the shaf 


Similarly for a hollow shaft of interna) diameter d and external 
diameter D. 


fot” 
_ Arie” | os 
Strain energy stored= Cp? |. dr 
d/2 
oe 
~ CD2°" 4\ 16 16 
f2{ Di+d2) x _.. 
= oN es 2 2 
ot Dp? 5 rsa 
f2{ ped? ; 
—_———+ - 9 ‘ he shaft. 
a0} pe } x volume of the s 


§101. Torsion of shafts of non-circular sections 
The theory of pure torsion described in the preceding sections 
is correct only for shafts of circular sections. (See article on assump~ 
tions in the theory of pure torsion) Estimation of twisting moment 
on a shaft of non-circular sections is a highly complicated problem.* 


This is due to warping of the cross-section during the twist. 
Let on a rectangular bar of rubber. a system of small squares be 
traced. If now the bar be twisted, it will be seen that the lines which 
were originally perpendiculac to the axis of the bar will now be 
curved. The distortion of the smal! squares varies along the sides 


ad nr erent ere Renee wae = nn = eee renee 


at 








_ 


*Shafts of noncircular sections have been analysed by St. Venant. Aa 
account of this work can be seen in T dhunter and Pearson's History of the 
Theory of Elasticity, Cambridge, Vol 2, pave 311—1893. 
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of the cross-section, the distortion being a maximum at the middle 
of the side and zero at the corners. St. Venant’s investigations lead 
to the following results. 


side. 


side. 


§102. 


(i) Rectangular section. 
Torsional resistance= T= eee / 
By 18x 7 
where x=short side. 
y=long side 
The maximum shearing stress /, occurs at the middle of longer 


(if) Square section. 

Torsional resistance=T=0°208 x3 J, 

where x=side of square 

The maximum shearing stress occurs at the middle point of a 


(iti) Twist for rectangular and square sections is given by 


ga FL. A2ty 
Cc A’ 
when the ratio = is less than 3 
A=<Area of shaft section. 


Close Coiled helical Springs 
Fig. 545 shows a closely coiled helical spring carrying an axial 


load W. Let the spring consist of m coils. Let d be the ‘diameter of 
the rod of the spring and Rbe the mean radius of the coi]. Every 
section of the rod is subjected to a torsion WR. 





Fig 545 
Maximum shear stress at any section of the rod 


i= 2 
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WR 
~ Rds 
ice 
_, 16 WR 
~~ a3 
Length of the rod 9 =/=2m Rn 
Strain energy stored by the spring 


-_ 


=40 x volume 
16 WR )° 1 xd? 
(ina) ae a 2k 
W2R3n 


If 3 be the deflection of the spring, i.e., the downward move- 
ment of the load, 

Work done on the spring=4 WS 

Equating the work done to energy stored, we have, 


tyr __aq W2R*n 
4W5=32 Ci! 
a 64WR3n 
~  Cd4 


Strain energy stored by the spring 
= work done on the spring 


—} WS 


Stiffness of the spring 
s=load required to produce unit deflection 


ae Rides 
5 ~~ 64R3n 


Problem 353. A closely coiled helical spring is made out of 
10 mm. diameter steel rod, the coil consisting of 10 complete turns with 
a mean diameter of 12 cms. The spring carries an axial pull of 20 kg. 
Find the maximum shear stress induced in the section of the rod. 
If C=0°8 x 108 kg./em.?, find the deflection of the spring, the stiffness 
and the strain energy stored by the spring. 


Solution. 


s= 


f 16WR 
= nd? 
16 x 20 x6 2 
=a Xx kg.jcm. 


=611 kg.fem2 
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,. S4WRn 
Cd4 
64 x 20 x (6)3 x 10 
OB xX 1S (ys 
= 3°45 cm, 


—_— 


Stiffness $s. — 
— 3°45 
“= I'S kg. per cm. of deflection 


Energy stored = t WS 


{ 


= 


=> x 20x 3°45 kg. om. 


=34°5 kg. om, 
Problem 354. A close coiled helical 


12 kg. and the mean coil diameter is to be 
Calculate these diameters if the 


Solution. 


spring is to carry a load of 
9 times the wire diameter. 
maximum shear stress is 1000 kg./em2 


D=2R=9d 
5%, R=:4°5 d 
W=12 kg. 
I6WR 
f = nd3 
l6~12* 45d 
1000 - rd? - 


faa, 12% 12% 45 
10007 

d=0 45 em, 

a DN=(045..9 em, 
= 40'S com, 
Problem 355. of close coiled helical spring is to have a stiffness 
of Ekgfem of compression under a seaxumum loa t of 4°5 kg. and a 
. ° ow ' > . i 

maximum shearing stress of E20 hye ‘om? The solid length of the 
spring (when the coils are touchine) is ta te 45 cm. Find the dia- 
meter of the wire. the mean diane ter ef the coils and the number of 
coily required. Modulus of rigidity C--42x 701 ke fom 2 : 


(4. E., May 1965) 
Solution. 


; We’ Cd? 
Stiffness + = 64R3n 
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a 42 x 104 x d4 
ne 64K%'n 
64 
4_( ._ OF _ \ps 
a -( 42x10 )R _ 
~ 16WR 
fame md° 
16x45R 
1260 = a 
p_ 1260 x nd? 
~ 4J6ox 45 
R=55 d3 


Solid length of the spring, when the coils are touching 
=nd==4°5 cm. 





1 45 
~ a 
Substituting the values R and 7 in equation (i) we get, 
64 4°5 
4 3 thy 72. 
Bs 0b ead 
dae 42% 104 
64 x 553 x 4°5 
d=0° 3059 cm. 
R=55 (0°3059)8 
== 1°575 cm. 
D=3'150 cm. 
45 
*="0°3059 
== /¢ 7 
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.. (i) 


»a(di) 


(iti) 


Problem 356. A weight of 260 kg. is dropped on a closely cviled 
helical spring consisting of 10 cails. Find the height by which the weight 
is dropped before striking the spring so that the spring may be compres- 
sed by 22 em. The coils have a mean radius of 12 em and the diameter 


of the rod of the spring is 3. cm. Take C = 0°24. 108 kg.Jom.*. 


Solution. Let P be the gradually applied load producing the 


sume compression of 22 cm. 


22 09 10% .(3)F ke 
64(12)3 » 16 a 
=9063 kez. 


P=. 
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Equating the energy supplied by the falling load to the energy 
stored by the spring, 


Wh+8)=+- PS. 


260(h-+22)= x 906°3 x22 


h+22 =38°33 cm. 
re h= 16°33 cm. 
Problem 357. A close coiled helical spring has a stiffness of 
10 kg.[em. Its cength when fully compressed, with adjacent coils 
touching each other is 40 cm. The modulus of rigidity of the material 
of the spring is 08 X 108 kg.lem.®. 


(i) Determine the wire diameter and the mean coil diameter 
: / 
if their ratio= | 0 


(ii) If the gap between any two adjacent coils is O'2 cm., what 
maximum load can be aoplicd before the spring becomes solid, i.e., 
adiacent coils touch ? 

(iii) What is the corresponding maximum shear stress in the 
spring ? (AMIE May, 1976) 


Solution. 


=~ 10 kg./em. 


ad = 40 em. 
C=0'8 x 105 kg./em." 
d ; 
D = ()"] 
Gap between adjacent coils 
=()2 cm. 
64W Rn 
cd4 
H’ Cd! 
a SRA 
a 64> 10+ Rn 
O'S x 106 


a -| 5): ] R8n (i) 
40 


But nd =40 ot =— 
ad 


and d=0°1 D=02R 


5. 


=) 


“ 
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R=5d -- (ii) 


From (i) and (ii), 
8 40 
4 sy 
d ="jor x 125 d®°x d 


d?=4 . d=2 em. 
40 40 
n= a 9 20 turns 
R=5 d=5X2=10 cm. 
D=20 cm. 
Gap between adjacent coils 
-=02 cm. 
Max. deflection =8=02x20=4 cm. 
But 5 =10 . W=10X4=40 kg. 
hand? 16 x 40 x 10 
eR Tp Sum XS 


= 254°65 kg.jem2. 

Problem 358. Jt is required to design a close coiled helical 
spring which shall deflect 1 cm. under an axial load of 10 kg. at a 
shear stress of 900 kg./cm.*. The spring is to be made out of round 
wire having a modulus of rigidity of 8x10 kg.jcm.*. The mean 
diameter of the coils is to be 10 times the diameter of the wire. Find 


the diameter and length of the wire necesssary to form the spring. 
(AMIE Summer, 1978) 


Solution. 
8=1 cm. 
W=10 kg. 
fs=900 kg. lem? 
C=8 x 105 kg./em.* 








D=10d 
R=5d 
Sf xd3 
T= WRe= fare 
16WR 
f,_ 10% 
16x10 5d 
a= ngs 
d2=0'2829 
d=(0'532 em. 


. R=5X0°532—=2°66 em. 
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64WR'n 
Cd4 
aoe Cd48 8 X 10°(0°532)#x 1 = §°32 
~ 64WRF” 64x10 2°66 
Length of wire required 
=27.Rn 
= 2 x 2°66 X 5°32 
=88°91 cm. 
Problem 359. A vehicle weighing 2500 kg. and running at 
2 metres per second has to be brought to rest by a buffer spring. Find 
the number of springs of 15 coils each required to absorb the energy o yf 
motion during a compression of 25 cm. Each spring is made of 25 mm. 
diameter rod furming a coil of 20 cm. mean diameter. Take 
==9'°45 X 105 kg.jom2 and g=¥ 8 m./sec.?. 
Solution. The kinetic energy of the truck 
: we, 
=e g. mM. 
2500 X2? 
=~ x78 gm. 
== 510°2 kg. m. 
= 51020 kg. cm. 
Let P kg. be the gradually applied load on one spring so as to 
sompress it by 25 cm. 


$= 





64PRn 
Cd* 
_, 25X9°45 x10° x (2'5)4 
P= “6a(I0)8x15 | *% 
= 960°7 kg. 
Strain energy stored by one spring 


25= 





~ 


P8 


=F Xx 960°7 X25 kg. cm. 


== 12000 kg. cm. 
.. Number of springs required 
51020__,. 
=79000774 25 say 5 springs. 


Problem 360. The following data apply to two close-coiled 
helical springs. 
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ee a en ee ee ep es ea a ee enact sameareenene 
| 


| Number 





10 4 O'54 769 


| B 

eerste TEL EE A Ta I A 
Spring B is placed inside A and buth are compressed between a pair of 
parallel plates until the distance between the two plates measures 6°00 
cm. Calculate (i) the load applied to the plates and (ii) the maximum 
shear stress in each spring. Take C=('82 x 108 kg.fem 3, 


Diunieter Diameter Uncompressed 
Spring | of turns | — af coil of rod axial lergth 

| " | dD d (crm,) 
| | (car.) (cm.) 
ieee ! a 
| 4 8 | 0 | 0°60 7-00 

| 
| ! ! 








Solution. Spring A. Let the load ou the spring be Wy kg. 
Compression of the spring 
=8)== 700—600= 1 cm. 
64 HW, Ry8ny 
Ca;4 
_ 8 Cd! 
64 Ri8ny 
_ 10°82 x 108 (0°64) 
: 64x 53 x 8 
=1°662 kg. 


Spring B. Let the load on this spring be W2 kg. 


y 


W 


Compression of the spring 
=$3=7°50 -6°00= 1°50 cm. 
82 C24 
64 Reno 
_ 1°50 0°82 x 108(0°54)4 
64(4)8 x 10 
<= 2°554 kg. 
Total load applied on the plates 
=W,+-We 
= 1°662+2°554 kg. 
=4°216 kg. 
Shear stress for the spring A 
W, Ri 


P= ( sae) 
16 


We = 


We 
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_ 1°662.X5 x 16 
~ —-(0°6)3 
= 195°8 kg /em.” 
Shear stress for the spring B 
sf Re. 
(NG) 
16 
2°554X 4~ 16 
""n(0°54)8 
=330'4 kg./em.? 
Problem 361. Find the maximum permissible load for a closely 
coiled spring made out of 8 mm x8 mm. square rod with 10 coils of 


8 cm. mean diameter, if the maximum shearing stress is limited 
to 700 kg. percm.2. Find also the deflection of the load. Take 


C=0°9x 108 kg./em2? 
Solation. Since the rod is of square section 
==0'208 x I, 
=(0'208 (0°8)* x 700 kg. cm. 
= 74'56 kg. cnt. 
But T=WR 
. WX 4=74'56 kg. cm. 
W-=18°'64 kg. cm. 


Twist of a rod of square section 


== = Ca 
TUL T2xRn 
Cx* 

T 11x 74°56 x 2n x 4X 10 : 
=~" 9°9 x 108 x (0'8)* radian 
=(0°3616 radian 

S=R. 0 
=4 X 0°3616 cm. 
== 1°4464 cm. 
$103. Torsion of a tapering shaft 
Let a twisting moment 7 be applied to a tapering shaft of 
length | whose radius change unifoymly from r; at the left end to re 


at the right end 


kg./com.* 


kg.fem.* 





Let f.4=maximum shear stress at the left end 
feg=maximum shear stress at the right end 
and /,=maximum shear stress at a section Y 


distant x from the left end. 
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Fig. 546 


Let the radius at the section X ae r. 
mn fas af, = ar 


ee > —— = wer 
> ree 


fairy ae == fer 
Consider a short length dx of the shaft. 
For this short length the shaft may be considered as having @ 
uniform radius r. 
Angle of twist of the small length dx of the shaft 


T 
= 1) = Cl, dx 


_2T dx 

“Cr or 
But, rent 3 M y=ritkx 
where ka 

2T dx 
Cr (rit kx)4 
Total angle of twist for the whole length / o 
=0=| de 


db= 
f the shaft 


oo 


-\é 27. GX) 20x 
m (ry kx)* 
0 


2T 1 1 | 
— Cn 3k (ritkx)® 


] 1 
=-_ or (ri + kl)8 -1) 
a kl=re—r1 
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9 
ea ee 


3k Cris?” 48 


pmelel 4.4 
3k Cr ry re? 


1 


en2. L(- 5 \(Set) 
me ~ 3 Cr\re--rny JK r8r23 
8 271 ere 
—(3Cx ry3r2? 
For the particular case of the shaft of uniform radius, 
ry—fe=fP 
ee eon 
and, 8 7Cn 76 
2 TI 
~ Cxr4 
T I 
“Cl 


Examples in Chapter 10 


1. A shaft running at 140 rpm is required to transmit 50 HP 

If the maximum torque is likely to exceed the mean torqu: by 25°, 

find the diameter of the shaft, if the maximum shcar stress is ((( 

kg.{em=. Find also the angle of twist for a length of 2°25 metres 

Take C=0°8 x 108 kg /em*. (6474 omy 2 29) 

2. Find the H.P. that can be transmitted by a 60 mim. diameter 

shaft at 160 rpm if the permissible shear stress is 800 Ag./cm ? the 
maximum torque being 30%% greater than the mean torque 

(88°32 HP) 

2, Find rhe size of a squire shaft to transmit 100 A pat) 120 

rpm if shear stress is not to exceed 500 ke.fem 2 (83 mn. x &I mm) 


4 A shaft 1s 2 metres long. 6 cm, diameter at one end, and 
tapers at a uniform rate to & cm diameter at the ether end. The 
larger end is firmly fixed and a torque of 350 Ag. om. is applicd to the 
smaller end, Find the maximum shea: stress and the total angle of 
twist. Take C=0°8..10% Ag Jem? 

(S25 he fem." ; 2°16) 

Ss. A hollow shaft of diameter ratio 3: S. is required to 
transmit 800 HP. at 110 rpm the maximum torque being ; 2”. 
greater than the mean The shearing stress is not to exceed 4 tons 
per sq. in. and the twist in a length of 10 ff. is not to exceed one 
degree. Find the minimum external diameter of the shaft satisfying 
these conditions (London University) (7°68 in) 


6. A hollow shaft of circular section is to have an inside 
diameter one half the outside diameter. It is to be designed to 
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transmit 40 HP. at a speed of 480 rpm and the shear stress is not 
to exceed 850 kg./cm * 


Calculate :— 
(a) the external diameter of the hollow shaft ; 


(b) the angle of relative twist in degrees between two sections 
2 metres apart ; 


(c) percentage difference in the weight of the hollow shaft 
compared with a solid circular shaft designed for the same conditions. 
Take C=0°84 x 106 kg./cm ? (3°38 cm; 6° '8 3 21°79) 

7. A steel shaft ABCD having a total length of 120 cm is 
made up of three lengths AB, BC and CD each 40 cm long. AB and 
BC are solid having diameters of 4°5 cm. and 5 5 cm. respectively 
and CD is hollow, having outside and inside diameter of §'5 cm and 
3°5 cm. respectively. When an axial torque of 16500 kg cm. Is 
transmitted from one end of the shaft to the other, the total angle of 
twist from A to D is 2 degrevs. 


Determine :— 


(a) the maximu:r shearing stress in the shaft and state where 
this occurs ; 


(b) the angle of twist for each of the three lengths AB, BC 
and CD ; 
(c) the modulus of rigidity of the material 
( fecmazy occurs in the shaft AB. femae - 8958 kg Jem? ; 
1° OL; 0° 45; 0° 54. 9°036 X 10° ke./em?.) 
8 A hollow shaft subjected to pure torque, attains a maxt- 
mum shearing stress fs. Given that the strain energy stored per unit 


oF 
ot 
a 


3C ’ 
ratio of shaft diameters (4/3). ; 

9 A hollow steel shaft 8 ia. external diameter and 5 in. 
internal diameter transmits 1800 K.P. at a speed of 150 R.P M. 
Calculate the shearm:g stress at the joner and outer surfaces of the 
shaft and the stram energy per for length Take C12 10° 
Ibs.fin * (London University) 65550 Ipe tint: 8850) Ibs. fin 5 8406 
in. Ibs.) 

10. Compare the weight of a solid shaft with tha: of a hollow 
one to transmit a given horse-power at a given speed with a given 
maximum shearing stress, the outside diametcr of the hollow shaft 
being 14 times the internal diameter. (0°644) 

11. A sbaft tapers uniformly from a radius (r+-a) at one end 
to (r—a) at the other. If itis under the action of an axial torque T 
and a--O'lr, find the percentage error in the angle of twist for a 


ven leneth when calculated on the assumption of a constant 
aati ua r, : (London University) (3° 25%) 


volume js where C is the moduius of sigidity calculate the 
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12. A shaft AB of length! is fixed at both ends. A torque 
T is applied at a section ¥. If AX=a and BX=b and a>b, find the 
diameter of shaft in order the shear stress may not exceed fs 


( d= 3/ aT 
(at+b)nf. 
13. A shaft ABC has pulleys at A, Band C. If through pulley 
A 500 H.P. is transmitted to the shaft, and through pulleys Band C 
200 H.P. and 300 H P. are drawn off, find the ratio of the diameters 
of the shafts A4Band BC. Find also the ratio of the angles of twist 
of these two parts if AB=], and BC=h 


Ws Ea 
3° be 5 

14. A shaft AB of length / is fixed at both ends. Two like 
twisting moments M, and Mo are applied at sections C and D. If 


ae CD=6 and DB=c, find the torque in each portion of the 
sh 


(AG ot Mee Mia—Mse ._Mia+M2(a+b) 
l ; I ; I 
1§. Determine the diameter at which the angle of twist and 
not the maximum stress, is the controlling factor in the design, if 
=0°84x 108 kg./cm.?, and fs=210 kg./cem.2 and the maximum 
allowable twist is 3° per metre. 


(When the diameter is less than 11°46 cm., the angle of twist is 
the controlling factor). 


16. A close coiled helical spring is to have a stiffness of 400 
lbs. per inch and is subjected to a maximum load of 500 lbs. If 
fire mean diameter of the coils is to be 3°5 in. and the working stress 
is 14 tonsjin.*, find the number of coils and the diameter of the steel 
rod from which the spring should be made. Take the modulus of 
rigidity as 12 x 106 Ibs. /in®. (London Universit;) (5°93 ; 0°51 in.) 


17. Close-coiled helical springs having m turns are made of 
round wire such that the mean diameter of the coils D (in) is 10 
times the diameter of the wire. Show that the ‘stiffness’ in lbs per in. 


ee ch aD, : 
for any such spring is  ¥a@ constant and determine the constant 


if the modulus of rigidity of the material is 12 10° Jbs. /in®. 

Such a spring is required to support a load of 200 lbs. with an 
extension of 4 in. and a maximum shea ring :t.ess cf 50,000 Ibs. /in? 
Calculate (i) its weight, (ii) the mean diameter of the coils and. 
(ii) the number of turns. The material weighs 0°28 Jb. per cubic inch 

(London University) (2°15 Ibs. ; 3°2 in. ; 6.) 


if 


Principal Stresses and Strains 


et eee ee ee ee 
ee ee ee 


§104. Normal and tangential or shear stresses 
Case 1. Member subjected to axial load 


Fig. 547 shows a 0 
rectangular bar ABCD 
of uniform — sectional 
area A. Let the mem- p 
ber be subjected to 
an axial tensile load 
W producing a tensile 





WwW 
stress p 4 On sechions 


normal to the axis of loading. Oa such section normal to the axis 
of loading only normal stresses arc induccd and nv tangential stiesses 


are induced. 


Consider any oblique plane BSE at an angle § to the cross- 


section. On the plane BE normal and tangential stresses 
induced. 


The sectional area of the member alone the nlane BE ~A see 8, 


Normal stress on the plane BE 
Total force normal to the plane BE 


sun Sectional area along the plane BE 
p,- PA cos 9 
A sec 8 
P,,=2 pp cos” 9) 


Ta ngential stress on the plane 3f 
aap Tangential force along the plane BE 
=" Sectional atea along the plane BE 


__pA sin § 
“A sec 6 


=p sin 4 cos 8 
P= 5 sin 26 
633 
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From the expressions obtained for P. and P: it follows that p, 
is maximum when 6=Q and the maximum value of Pn p cos? 0. p 


Pp» iS a Minimum when €.. 90° 
Minimum value of Pap cos? 90°. 0 


Also, Peis @ maximum when sin 2u is a maxirvian, 


icv when sin 29--1 
20-90" 
d=: 45° 


} e 
Maximum value of Pe- ‘ sin 2u 


me P 7 eo PP. 
> sin 90 , 
vehen 0--0 or 90° 
Pr=-O 


Hence, we find that, if a member be subjected to axial tensile 
load, the plane normal to the axis of loading carries the greatest 
normal stress and the plane inclined at 45° to the plane carrying the 
greatest normal stress, carries the maximum shear stress and the 
intensity of the greatest shear stress is one half the intensity of the 
greatest normal stress. 


Suppose the tensile strength of a member is greater than double 
the shear strength. If such a member ts subjected to axial load up 
to failure, the failure of the member will occur by si.car. But if the 
tensile strength is less than twice the shear strength, the failure of 
the member will occur due to maximum normal stresp. 


For the planes corresponding to 8-:-0 and 6=90", i.e, for the 
sectional planes BA and A&C, we find there are nc shear or tangential 
stresses. Such a plane, on which no tangential stress occurs is called 
aprincipal plane Wfsat all there isa stress ona principal plane, 
it should be uormul to the piane. The only normal stresses occur- 
ling cn the principal planes are called principal stress.s In our case 
Ine poneipal stress on the principal planc BA eqnals p. But the 
Prucipal stress on the preecipal plane BC equals zero. 

Cxyse.  Mambor stdipeetod ta like principal strc sos 


Comnder oa reetangndar 
Dhock PCR whos. thickness { est 
rerpeadtcul roto othe plane 
of te paper ts unity. 





Let the .block be sub- * 
jected to principal stresses j1 \ 
aod p. as shown. ena 

Consider any oblique mee spp a 
sechonal plane BE at oan | by y | | : ol a 
angie @ with the principal b 


plane BA. Fig. 548 
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oS 
wm 


Normal stress on the plane BE 


_ Total fore: normal to the plane Bh 


—_ 
tes ee ee ete ee 


Sectional area along the plan: 
P1 B.i cos 8-}-pz EA sin t 


a 


Pua- 
BE 
- Pa-— py cos’ Ut po sin? e 
Py Jo 
: ( } jos 20 ) re ( [ cos 21 ) 
Py t ae ds f)ey 
Pu - f ;- ee cos fb 


Tangential stress on the plane BE 
Total force tangential or parallel to the plane BE 
Sectional area along the plane BE 
p,-. P BA sin * —j2 E 1 cos 8 
BE 


P:--py Cos & sin & - pg sin 9 cos 9 
(py podsin cus & 


— = 


? ? 2 
Pi i 5 Pa “35 2U 


aon 


Hence on the plane BL the te-ultant sticss pois the resultant of 
Pa and P 
2 p= (py crs? & pa sn.’ &)4 (pi - pad sin? ~ cos? 0 

This simpuifies to, 

p \ ‘mm? Coie” . pax Kine ij 

The angle that the Ine of action of the re-ultant stress make - 
with the normal to the plane is esed the obliquity 

if the obliquity be é, we have, 

P 
tan 

é Pn 

Let P. be the force on unit aren of the place BE pial} to the 
direction of the principal stress pr. 

Let Py be the force on unr arc of the plone BE p arated to the 
direction of the principal stress pe 


We have Py py cos ' 
and Pu pe soy t? 
Resultant stress 
po VS Pl py 
or p- V oP cost Boe sna” 


a result obtained earlter. 


Aid 
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Fig. 549 Fig. 550 
Let « be the inclination of the resultant stress with the principal 
Stress Pp}. 
We have 
i’y 
Pz 
Now consider the expressions obtained earlier viz. 


PitP2 , Pi— Pz 


tan « - ~ ov 


be tan 0 
Pl 


cos 26 


Pa 
Pre - Pi Pe sin 20 
For the principal planes, 2: should be cqual to zero, 


Le. pase sin 20—0 
W-0 or 180° 


Or 0--0 of 90’ 
when B=), Pu = ee + mE) =pr 


when 6---90°,  Pu-- PP a Gol De 


Further P: is maximum when 
sin 29=] 
a 26 =90° or 270° 
or 0 = 45° or 135° 
Max. shear stress 


= Pi(mas)= a Pa 
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Hence there are two mutually perpendicular planes along which 
the greatest shear siress occurs. These planes are at angles of 45° 
and 135° with the principal plane carrying the principal stress py. 

Problem 362. The pri-sipal teasile stresses at a point across 
two perpendicular pluaes are 8.0 ke lem? and 400 ke.fene. Find the 
normal, tangential stresses and the resultant stress and its obliquity 
ona plane at 20° with the maior principal plane. Find also the inten- 
sity of stress which acting alone can produce the same maximum 
strain. Take Paisson’s ratio- t. 

Solution. 


9 =400%*g/c1? 


AaaeRRGRRAN 






<2 Re BOO kg/zin? 
x at _ 

\ ~-~6r= 

\ te--or 


UTE 


fous’ 
bc 
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Fig. S51 shows the principal stresses at the point. Ona plane 
at 20° with the major principal plane 


_ Pitp2 , pi-Pe2 8 

Pra= 9 +- > cos 2 
= ae 4 oe cos 40° 
==600-+2) cos 40° 

Pu= 753'2 kg.icm.2 (tensile) 

Pu == nes sin 20° = we sin 40° 
==200 sin 40° 

Pi = 128°56 kg.fcm.” 


Resultant stress 
a P2EP 2 = 753224 128562 





= 764 kg.jcem2” 
Pp _, 128°56 
Obliquity =-$=tanl po = tan reat 
$=9° 41’ 
pi Pe 


Maximum strain 7 mE 
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of the major and minor axes of an ellipse formed as a result of the 
deformation of the circle marked. 


Take E-2< 10° kg./em.* and Es aa 
m 4 


200 gam 


KAD kg /c (Wee ae 






£ | . 
o | 
oO 
x 
o 
oS 
~? 
@ 
BOD kg/cm’ 800 kg/cm 


400 kg/cm? 





-—— > 400 kg/cm’ 


200 kg/cm? 


Fig. 552. 
Solution. 
p=800 kg./cm.* 
p' =200 kg./cm.? 
p=400 kg./cm.* 
Hence the principal stresses are given by 


ptr’, Ji ppl? . 
2 *V (5 v9 
pre — OO 200. = 500 kg. jem? 
and PoP S00 202. 300 ke.jem2 
.", The principal stresses are 500+ / 3002+ 4002 kg./cm.? 
== 5004-500 kg./cm.2 
Pi ~1000 kg./em.? and pp=0 


E~ mE~ 2x 108 ™ 2000 
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., Increase in length of diameter of the circle, 


t _ 7 l : 1 
=e, d= 2000 x 10= 5 cm. 


Pe Pt oO) ee 
CoE mE 4X2%108 8000 





. 


iy also wal 
.. Decrease in length of diameter = eod 5000 X10= sa cm. 


Thus the circle will become an ellipse whose major axis=10-+ a 


= ]0°005 cm. and minor axis 
== 9'99875 cm. 


Graphical Methods 


First Method 

Let p; and pz be the two principal stresses. Let pi be the 
major principal stress. Let it be required to find the norma) and 
tangential stresses on a plane at an angle 8 with the major principal 
plane. 

Draw two concentric circles with centre O and radii OA=p, 
and OB=p2. Mark the plane XOX at an angle ¢ with major 
principal plane. Let the normal OCD tc the plane XOX intersect 
the two circles at Cand D. Draw DE pernendicular to OA and CP 
perpendicular to DE. Join OP. OP represents the resultant stress 
on the plane YOX. Draw PG perpendicular to OD. OG represents 
the normal stress and GP the tangential stress on the plane YOX. 


The angle GOP =¢= obliquity. | 
The inclination of the resultant stress with the direction of the 


major principal stress=a==POE. 
Proof : Let CF be perpendicular to OA 
Now OE=OD cos 0=p, cos §=pz 
EP=FC=OC sin §=pge sin 9 =py 
* The resultant stress p being the resultant of Ps and Py _ 


we nave OP=p 
Hence OP represents the resultant stress. 
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Fig. 553 


The Ellipse of Stress 
In the above graphical construction the co-ordinates of P with 
O as origin, are 
spo ead cos 8 
Hence the coordiais of. P for any plane XOX are given by 
the above relation. 


Jt ¥ 
=cos* 6+-sin? 6=1 
3 i . 
yx 
pitt pat 
The above is the equation to an ellipse. 


Hence the locus of P is an ellipse whose major axis is 2 p; and 
minor axis 1s 2 pa. This ellipse is called the Ellipse of Stress. 


Two like and equal principal stresses. 
From the relations 


_Prtp2 , pie 
Pa= > 4. ae ~ cos 20 
and pe:-Pt P2 in 20 
we find that when pi =p2 


P.=Ppi and Pi am () 


EE 
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Hence all planes are principal planes without any tangential 
stresses. 


Following the above graphical 
construction we find that the two 
concentric circles coincide. Points 
P, C, G, D also coincide. 


Hence the resultant stress which 
is represented by OP is normal to the 
plane XOX 


Two equal and unlike principal stresses 


Let the major principal stress 
be p: and let the other principal 
stress be po== —p1 

we have 


1+pe2 — 





cos 20 


Fig. 554 


Py=PiSPh Purr cos 208=p, cos 26 


2 
pre! tT sin 20 


es Pitp sin 28 


2 
Pt =p, sin 20, 
Since Pn=p; cos 28 and P: 


=Pi sin 28 ‘it follows that the 
Aa Stress is at an obliquity of 


In this case the graphical 
solution may be obtained as 
follows. 

Draw acircle with centre O 
and radius pj. 


Mark the direction of the 
two principal stresses. Mark the 
plane XOX at an angle 6 with the 
major principal plane. Draw the 
normal OQ to the plane. Draw 
OP perpendicular to OA and obtain 
Fig. 555, the point P (see Fig. 555). 


The resultant stress is given by OP. Draw PG perpendicular to 
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Now OG=OP cos 28=p, cos 280=Py 

and GP=OP sin 20=p sin 28—pi. 

It is worth remembering that 

(i) When the two principal stresses are equal and like, the 
resultant stress on any plane is normal to the plane and equal in 
magnitude to either of the principal stresses. 

(ii) When the two principal stresses are equal and unlike, the 
resultant stress on any plane equals in magnitude to either of the 
principal stresses, but at an obliquity of 20 where © is the angle 
between the plane and the major principal plane. 


Second Method 
_ Let pi and pz be two unequal like principal stresses. Let it be 
required to find the resultant stress ona plane inclined at angle 6 
with the majcr principal plane. The stresses pi and po can be written 
as 
Pit pe , Pipe 
Pua y 5 


and P2 = ftp Pi—p2 


Hence the principal stresses py and pz may be split up into the 
following systems of principal stresses. 


(i) Two equal like principal stresses of intensity Pus Pe 


(ti) Two equal unlike principal stresses of intensity AB 


‘ Let XOX be the plane 
“j at 9 with the major 
principal plane. 

Draw OS _perpendi- 
cular to XOX and equal to 
Pappe - OS represents the 


resultant of the first system 
of stresses. 

Now draw SP mak- 
ing an angle 20 with the 
direction of OS. 


Let SP be equal to 
Pi— P2 
Fig. 556 2 


Now SP represents the resultant of the second, system of stress. 
Hence the resultant stress on the plane XOX is the vectorial sum of 
OS and SP and is given by OP. 


Draw PQ perpendicular to OS 
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Now OQ represents the normal stress and QP represents the 
tangential stress. 


Angle QOP=$=obliquity. 

and POA =a=0—¢ 

Even by studying the geometry of Fig. 556 

We have O09 =O0S+SQ=0S-+SP cos 26 
v= PIT Pa. 5 AAS cos 26=P,, 


and OP=SP sin 29 PIF sin 20 =D, 


Third Method 
By Mohr’s Circle 
Let pi and p2 be two unequal like principal stresses. Let it be 


required to find the resultant stress on a plane inclined at an angle 0 
with the major principal plane. 





em em @ 


——— oe oe on 
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On any axis OX set off OA =p; and OC=pg. Describe a cirtle 
with AB as diameter. Let C be the centre of this circle. This airele is 
called Mohr's circle. Set off CP at 20 with the line OX. Join OP, 
Draw PQ perpendicular to OY. 


Now, OC= CACOB 


a= PitPa 
2 


AB=QA—OB 

= DPi— pe 
-» Radius of the Mohr’s circle 
=€P= BC 
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ae FI P2. 
2 


OQ=O0C+CQ=OC+CP cos 20 
_ Pitpe 4 Pi—P2 
5 =} 5 cos 26 
= pn 
QOP=CP sin 26 


Hence OQ and QP represent the normal and tangential stresses. 
OP therefore represents the resultant stress and the angle POQ 
represents the obliquity. 


We find from the 
Mohr’s circle diagram as 
the inclination § of the 
plane with the major 
principal plane goes on 
increasing the obliquity 
also increases. But there 
is a certain plane on which 
the obliquity is a maxi- 
mum. 


For this condition, 
the line OP representing 
Fig. 558 the resultant stress should 


be tangential to the Mohr’s circle. 
The plane on which the obliquity is greatest is given by 


20 = a thmes 











% oma 
or =. lta 
: 4 + 2 
Further, 
oe 
sin ¢mes= OC = +Pa_ 
2 
. _. Pi—~P32 
s maz 
ine PitPe2 


Mohr’s circle of stress for two unequal unlike principal stresses 
_ Let the major principal stress be pi (tensile) and the other 
principal stress be pe (compressive). 
Taking pi as positive and p2 as negative, the normal and 
tangential stress on any plane at an angle with the major principa 
plane are therefore given by 
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Pa= PPh 4 Pepa cos 20 


2 
and p= Pacts sin 20. 





Maximum shear stress equals -” ee 
Hence the radius of the Mohr’s circle represents the maximum 
shear stress. — 


Along any axis set 
off OA and OB along 
opposite directions to 
represent pi and pe. 


Describe a circle 
on AB as diameter. Let 
C be the centre of this g 
circle. 


Draw CP at an 
angle 28 with CA. Join 
OP and draw PQ per- 
pendicular to OA. 


‘Radius of the 





Mohr’s circle 
= BC=PC= AC 
= Prt pa 
2 
OC = BC—BO 
= Pie —r= Pi—Ps 


0Q9=OC+CQ=OC+CP cos 28 
= PITP2_ 4 PATA ong 99 
7] 2 
=P, 
And, QP=CP sin 28 = DEP sin 28 


= Pt 
Hence QO and QP represent the normal and tangential stresses. 
OP therefore represents the resultant stress and the angle POQ re 
presents the obliquity. Further the greatest shear stress 


PSP) radius of the Mohr’s circle 
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An important note : 


When the principal stresses are unlike,in the Mohr’s circle, the normal 
and resultant stressez will be negative for points on the circle to the left of the 
vertical axis through O. 


Determination of principal planes and principal stresses 
Case I. At a point the complementary shear stresses: of intensity 


q are induced. To determine the principal planes and the principal 
StTeSSES. 


D 


‘ q 
Cc 
Fig. 560 
Fig. 560 shows a rectangular block ABCD in a state of simple 


Let the thickness of the block normal to the plane of the paper 
ee Consider any sectional plane BE at an angle 6 with the 
ne AB. 


, ae the normal and tangential stresses on the plane BE be P, 
an te 


- VAB sin 6+ gEA cos 0 


Ps BE 
we P,=q sin ® cos 8+ sin cos 9 
oe Pa=q sin 28 
Py QAB cos 0—pEA sin 0 
BE 
=q cos? 8—g sin? 6 


P:=q cos 28 


For the principal (planes, equating the tangential stress to zero 
we have 


q cos 28=0 
o% 20 az 90° or 270° 
or 0=45° or 135° 
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Hence the two principal planes are at 45° and 135° with the 
pase AB. The principal planes are also at right angles to each 
otner. 


The two principal stresses are 
Pi=q sin 28=q sin 90°=-+g 
and pe=q sin 20= sin 270°=—g 
Thus on one principal plane there will be tensile stress and 
the other principal plane will carry a compressive stress. These 


principal stresses are called diagonal tensile and diagonal compressive 
stresses. 


Further for p: to be maximum 
_ Pt=q cos 20 should be maximum. 

when 26=0, i.e., when 0==0, p:=q 

when 20 = 180° i.e., when 6=90°, Pi: =—gq 

This is so, since the planes AB and AD carry the shear stress 
of intensity q. 

Fig. 561 shows the planes carrying the maximum shear stress 
and the principal planes. Planes AB and AD carry the maximum 
shear stresses. Planes LM and MN carry the principal stresses. 


0 caer eee ga 





A 
f° oa 
Rs! 
' 
° “P 
Gy 
+ (Y 
\ 
8 » 


o——— 
Fig. 561 
It is worthy to note that 
(i) The two principal planes are normal to each ether. 

(it) The planes carrying the maximum shear stress are normal 
to each other. 

(iii) The planes carrying the maximum shear stress are at 45° 
with the principal planes. 

Case Il. Ata point in a strained material the normal and 
tangential stresses are given. To locate the principal planes and to 
determine the principal stresses. 

Fig. 562 shows a rectangular block ABCD whose thickness 
normal to the plane of the paper is unity. Let it be subjected to the 
normal stresses p and p’ and the tangential stresses g as shown. 


Consider a sectional plane BE at an angle 9 with the plane (AB 
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pt 
if 


pt ttt to 


oO 
> 


F 
eek ek kk ated 
Qeo°UltT Sere 
TC 


C ie Te eT oer 


Pp 
Fig. 562 


Normal stress on the plane BE 


_ pAB cos 6+-p’AE sin 6+@AE cos 9+qAB sin 


Se rarer rag er ge ae 


’. Pa=p cos* @-+p’ sin? 6-++-q sin 8 cos 9+-q cos 8 sin 8 
.. P,=p cos? 6+-p’ sin? 6+-2 q sin 6 cos 8 


== 5 (1+cos 26)+ os (1—cos 20)+4q sin 20 





Pe =ote +PP cos 20+qsin 286 





Tengential stress on the plane BE 
a= Dy = pAB sin §—p'AE cos otaAE sin 9—gABcos9 _ 


*. Pt=p cos @ sin 8—p’ sin @ cos 9+-9 sin? 8—q cos? 6 








7; Pimi—? sin 20—@ cos 28 





In order a plane may be a principal plane, the tangential stress 
on the plane must be zero. LEquating the tangential stress P: to zero, 
we have 


a sin 20—q cos 20=0 


aa tan 20= ——~ 2q 
Pp. : 
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There are thus two values of 
26 differing by 180° satisfying the 
above relation. Let 20; and 20, 
be the solutions to the equation 





tan 20= ede 
pp 
we have, Fig. 563 
2q 
sin 20,=-—— — 
Unies Vv (p—p' +44? 
cos 26;= PP 
Vv (p—p'P+4¢? 
—2q 
and sin 209: : 
J (p—py+4q? 
and cos 26.=— -— P—P 


V (p—p')?-+49? 
Obviously 91 and 9 differ by 90°. Hence the principal planes 
which are at 9; and 6 with the plane AB are normal to each other. 


To determine the principal stresses p; and pz we should substi- 
tute the values of 20; and 262 for 20 in the expression for the normal 


stress Pn. 


a= iF i ” 008 28;-+q sin 26; 


ee GPeeRe eR eR ad po eg = 
208 2 WV p—pP+4q? | -V (pp + 4g? 


PtP I | (p—p’)?+4q? | 
2 "2Vip- pyPrag| 2 0 
PtP. 


+-Vib=P —pP+4q? 








pr=PEP 4 ai (? a \+e 





cos 202+ sin 282 





_ PtP’ .p-P 
pe > ir > 


—Pt+P__Pp—P (p—p')  __ a? 
2 2 Vv (p—p')?+4q? V (p—p +4? 


a Pee: eg ee ee Cane "2-+4-4q" 
2 2 eral _o : 
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+p ol 6, + 
Bae yA a (p—p'P+4q3 


ee ee eye eee ae a OnEnaEnanedmenete 





Ree en me me espat epee tna Py rane none 


ptP'_. (oP Pa 
re EF) +8 | 


RR TU 











These principal stresses may be like or unlike. Once the 
principal stresses and the principal planes are known, the planes of 
maximum shear stress are easily determined. The planes of maxi- 
mum shear stress will be at 6,-+45° and 0,+-135° with the plane AB. 


Fig. 564 shows the principal planes. 


 ealhsaclneatbredhanLanaretimathastReahecnalgmataedendertHematmeclasdavnrcmhewnahenedrorfercde-d.. ood A 


I 





©¢ TivyIitTtift) TTTIITIrLciIiIiiriiy 8 
+ 


7? 
Fig. 564 
Greatest shear stress =Ymaz 


_, Pi=pe , 


Problem 368. A rectangular block of material is subjected to a 
tensile stress of 1100 kg./cm.2 on one plane and a tensile stress of 470 
kg./cm." on a plane at right angles, together with shear stresses of 
630 kg./cm.? on the same planes. Find : 

(i) The direction of the principal planes. 

(ii) The magnitudes of the principal stresses. 

(iii) The magnitude of the greatest shear stress. 

Solution. Let p: and pa be the principal stresses. 

The inclination of the principal planes with the piane AB 


carrying the tensile stress of o>=1100 kg./cm.® is given by 
“EP ae 
2x630 
1100-470 "~" 
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b's 470 Kqcat* 
neeemacmeemaeerenmcnsewesseamany (Ml 
@ 2680 xg/cm* 
Penoa ag fem! 
stea 





P'ne70 Ka/cw* 


Fig 565 
28 =(3° 26’ or 243° 26’ 
aes @=31° 43’ or 121° 43’ 
Major principal stress 


ne PtP’ I(o—p'\2 
=i 9 ty ( 5) +. gq 


1100+-470 = a), 
te ; hee a +630 


kg.icm.4 
=785+704 kg.fem.2 
= 1489 ke.Jem.* (tensile) 
Minor principal stress 
PED ! ( PPV sa 
= a= seer em apm es eee a 
= 785—704 kg./cm.? 
=8] kg.fcm.? (tensile) 
Maximum shear stress 
Pi-p2 1489-81 
ee 
= 704 kg./cm.? 

This will occur at planes at 31° 43'+45°=76° 43’ 
and 76° 43'+90°=166° 43’ with the plane AB carrying the normal 
stress of 1100 kg./cm.* 

Problem 369 (SI). A rectangular block of material is subjected 
to a tensile stress of 100 MN/m* on one plane and a tensile stress 
of 50 MN/m? on a plane at right angles, together with shear stresses 
of 60 MN/m® on the same planes. Find: 

(i) The direction of the principal planes. 
(ii) The magnitudes of the principal stresses. 
(iii) The magnitude of the greatest shear stress. 


ke.fom* 


me 
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Solation. Let pi and pe be the principal stresses. 


Let AB represent the plane carrying the normal tensile stress 
of 100 MN/m.? 


Let 6 be the inclination of a principal plane with the plane AB. 
24 2x 60 


tan a 100—50 ==9°40 
28 =67° 22’ or 247° 22’ 
6 = 33° 41’ or 123° 41’ 


Major principal stresses 


=n Pte +al (252) +¢ 


_ 100450 |. /(100—-50 : 
=e Wi v(? - |'+60 


=75+65=140 MN/m (tensile) 
Minor principal stress 


: (?> "\2 
=75— aed ve (tensile) 
Maximum shear stress 


pi—P2 
2 


=Qmez = 
ee 10 


== 65 MN/m?. 
The maximum shear stress will occur on planes at 33° 41°+-45° 
= 78° 41’, and 78° 41’+-90°=168° 41’ with the plane AB carrying 
the normal stress of 100 MN/[m?. 


Problem 370. When a certain thin-walled tube is subjected 
to internal pressure and torque the stresses in the tube wall are 


(a) 600 kg. per cm." tensile. 
(b) 300 kg. per cm.3 tensile in a direction at right angles to (a). 


(c) Complementary shear stress of 450 kg./cm.? in the directions 
of (a) and (6). 

Calculate the normal and tangential stresses on the two planes 
which are equally inclined to (a) and (6). 


What are the results = to an end thrust, (b) is compressive, 
(a) and (c) being unchanged ? 


_  Selatien. The normal and tangential stresses on any plane are 
given by 


pan PtP {PoP cos 20-++q sin 20 ...d) 
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and pa sin 28—q cos 28 .. (ii) 
In our case p=600 kg./cm.*, 

p’=300 kg./em. 
and q=450 kg /em.” 


The planes equally inclined to the directions of (a) and (5) are 
corresponding to 


G= 45° 
and 6= 135° 
when 6= 45°, 


pea eee cos 90° 


+450 sin 90°==450+ 450 


= 900 kg./em.” (tensile) 
and p, 000-300 in 90°—450 cos 90° 
150 kg.jem.* 
Similarly, 
when = 135’, 
P= 450+ 150 cos 270°-+-450 sin 270° 
= 450—450 =0 
and P,== 150 sin 270—450 cos 270 
= — [50 kg.jom.? 
In the case with end thrust, 
p=600 kg./em.? 


p' ==—300 kg.Jcm.” 
q= 450 kg./em.” 
when 0=45°, 


pe cos 90°-+450 sin 90° 


== 150-+450 
=600 kg./cm.2 (tensile) 
and pre sin 90°— 459 cos 90° 
= +450 kg./cm.” 
when 6 = 135°, 
Pa=150+450 cos 270° +450 sin 270 
= —300 kg./cm.2 (compressive) 
and P:=450 sin 270°— 450 cos 270 
a= — 450 kg.lom.” 
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Problem 371 (SI). in a stress element, the normal stresses in 
two mutually perpenaicular directions are 600 MN/m* and 300 MN/m? 
both tensile. The complementary shear stresses in these directions 
are of intensity 450 MN/m?. Find the normal and tangential stresses 
on the two planes which are equally inclined to the planes carrying 
the normal stresses mentioned above. 

Solution. p=600 MN/m?: p'=300 MN/m? ; ¢=450 MN/m= 
corresponding to the planes equally inclined to the planes which 


carry the above normal stresses, 
6—45° and 135° 


Normal stress s=PaaP VP ae cos 26-+q sin 26 


When 0=45° Paeeee raed ON ou cos 90°-+450 sin 90 
= 450+ 450=900 MN/m? 
00 600— 

When §=/35° Pav OTS 9 oe cos 270° 

+450 sin 270° 
= 450—450=0 

Tangential stress P yee Cae sin 28—g cos 26 

When 0=45°, Paz ©0203 sin 90°—450 cos 90° 

=150 MN/m? 
O—300 . ss 

When 8=135", pa sin 270° -450 cos 270° 

=: —150 MN/m?. 

Problem 372. At a certain point in @ Strained material the 
principal stresses are 1000 kg./em.2 and 400 kg. per cm.2 both tensile. 
Find the normal tangential and resultant stresses across a plane through 
the point at 48° to the major principal plane, using Mohr’s circle of 


Stress. 
Solution. Draw OA and OB to represent the two principal 


stresses. 


OA=pi= 1000 kg./cem 2 
OB=p2==400 kg./cm.* 


OA p1=1000 kg.Jem.2 
OB=pe=400 kg./cem.? 
, Pa= OQ =668'6 kg./com.* 
Pi= QOP=298'3 kg./em.* 
$= POB= 24° 2’ 
a== OPB=23° 58’ 
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On AB as diameter describe a circle. 
’ Draw BP so that PBA =86 = 48° 
Draw PQ perpendicular to OA. 
Now OQ represents normal stress on the given plane. By 


measurement, OQ==668'6 kg./cm.? QP represents the tangential 
stress on the given plane. By measurement, OP=298°3 ig.j/cm*. 


Obliquity =¢=POQ = 24° 2’ by measurement. 

Resultant stress is given by OP. 

By measurement OP=732°3 kg./cm.? (tesile) 

Inclination of the resultant stress with the direction of the major 
principal stress 

a=OPB 
=§=¢ 
= 48°—24° 9’ 
237° SS. 

Problem 373. Draw “Mohr’s stress circle’ for principal 
sresses of 800 kg.fem.2 tensile and 500 kg./cm.* compressive, and 
tind the resultant stresses on planes making 22° and 64° with the major 
principal plane. End also the normal and tangential stresses on these 
planes. 

Solution. Fig. 567 shows the Mobhr’'s circle corresponding to 
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the given principal stresses. Since pi and po are unlike OA and (x 
have been 
OA = =800 kg./em.2 (tensile) 
OB = p2=500 kg.{em.* (compressive) 
O01 =P =617'5 kg./om.? (tensile) 
PiQi=Py=451'5 kg.fom* 
OQ2=Png = 2502 kg/cm.” (compressive) 
Po@2=Pie2=512'2 ke.fom? 
BP|}O=4,= 14° il’ 
BP9O -=297=52° 2 
draw.: oo opposite sides of O. P; and Pe correspond to the 22’ and 
64" rlanes. The results are given in the figure. 


<roblem 374. Ata puintina bracket the stresses on two mutu- 
ally perpendicular planes are 1200 kg.fem.? tensile and 600 kg [em + 
tensile, The shear stress across these planes is 300 keJem* Find 
using the’ Mohr’s stress circle; the principal stresses and maximum 
shear stress at the point. 





H 
ei a 0 
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\ 
Y ve 

Qe 
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] 
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| 
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if 
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( 

COU eS. ae 
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L. 


‘ pe Bae gee 
Aer Sauer NNN Dp Cukaigice | Aba ey On, aware es 
ee MW ee Gaereee P an BST et eee cee 
; Fig. 568 
Solation. Mark OF and OD to represent the normal stresses of 
1250 kg./em.* (tensile) and 600 kg. fem? (iene) respectively. Draw 
DF= EG= shear stress of 300 kg./em? With C, the intidle point of 
PE as centre, describe a circle with CF or CG as radius and obtain 
the points A and B. 
Major principal stress 
= ==OA=1324 kg.jem.”, tensil (by measurement) 
po= OB = 424 ke.fom.*, tensile (mivasircment) 
Problem 375. At a point the principal stresses are 1200 AR: 
cm.® and 800 kg./cm.” both tensile. Find by the ellipse of stress tic 
resultant stress on a plane inclined at 30° to the major principal stress. 
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Solution. The given plane is at 30° to the major principal 
stress or at 60° to the major principal plane. 


See Fig. 569. With centre O, draw circles of radii OA=p1= 
1200 kg./em.? and OB- p2=800 kg./cnr.* 


Mark the plane CD at 69° with the major principal plane. Set 
off the perpendicular offset OEF intersecting the two circles at E 
and F. Draw EP and FP respectively parallel to OA and OB and 
obiain the point P. Resultant stress=p=OP=9166 kg./cm.? by 


, 


measurement. Obliquity ¢= OP =10° 54’ ; a=POA=49" 6. 





Bas, 569 


Problem 376. 4 rectaneular block of material is subjected to 
stresses on perpendicular faces as shown. Using Mohr’s circle of 
stress find 


(:) the normal and sivar stresses on a plane for which @== 30° 


(ii) the magnitudes of the principal stresses and the inclination of 
the plane on which each prinerpal stress acts. 


Solution. Mark off OD--p’--900 kg fem.2 and OE=p=- 
1400 kg./em.2 Step of perpendicular offsets EF=DG=q= 
500 kg./com.2 From Cthe middle point of DE, draw a circle of 
radius CF or CG, and cbhtain the points A and B. Principal stress 
71-- OA=1709 kg./cm.* by measurement. Principal stress pp=OB= 
591 kg.fem.? by measurement. Position of the first principal plane is 
given by 0,=FBA=3/" 48’ by measurement 
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For the plane on which the normal and tangential stresses are 


4 
required, draw CJ so that JCF= 2x 30=60°. Draw JK perpendicular 
to OC. 


Now the normal stress on the plane 
'  =OK=850 kg./cm.? (by measurement). 
Tangential stress on the plane 
= KJ=472 kg./cm.? (by measurement). 





OE==p=1400 kg./em.* 
J OD=p'=900 kg [em?* 


s keg |em.* 
> 
S 
uy 
ee 


| 


fre nenennn Pm mney 
an Serta 1400 ka, ale 
spec lara ge ae canes p res 
Fig. 570 
$105. Combined bending and Torsion 


Let a shaft of diameter d be subjected to a bending moment 
M and a twisting moment TJ at a section. 


At any point in the section at a radius r and ata distance y 
from the neutral axis the bending stress is given by 


_M 
PT ys 


_ IT being the moment of inertia of the section about the neutral 
axis 
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The shear stress at the point is given by 


i Te Pr 
I, being the polar moment of inertia. 
The location of the principal planes through the point is 


given by, 
tab 29=-79 zs 
p 


and the principal stresses are given by, 


2 
iS ata +q* 


ae 
and Po= + | E98 


The effect of bending moment and torsion will be most pre- 
dominant at the points A and B 
At these points, the maximum bending stress is given by 









pee M A 
— ZZ” m3 : 
32 ‘ 
xX 
SE (Compressive : co Ix 
nd P NEUTRAL Axis 


at A and tensile at B) 
At these points the shear stress 
is given by 


SECTION 


T 
Go 
A aAalon 
ie rq3 rq? 
16 


Hence the position of the princi- 
pal planes through any of these two 
points is given by 





tan 26 = 2q_ 
P PLAN 
tan 20 = <5 
Fig. 57] 


The principal stresses are given by 
el p 
rag tala te 


16 en 
-75} M+4/uipT 
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payee Oe re gis 
and P2= 4 ~4/ = +q- 


16 Peon 
ra unt M—/ MEF 


The maximum shear stress is given by 
piv pe 
2 


Yman= 
(ee eee 
cee qinaz = nd? J M2+ T2 


Problem 377. Ata certain section ofa shaft 80 mm. in dia- 
meter there isa bending moment of 35 tonne cm. and a twsiting 
moment of 50 zonne cm. Find the maximum dircct stress induced in 
the section and specify the position of the plane on which it acts. 
Taking Poission’s ratio as 0°28, find what stress acting alone can 
produce the same maximum strain. 

Solution. M=35000 kg. cm. 

T = 50000 kg. crm. 
d=80 mm.=8 cm. 


The principal stresses are given by 


16 Pees 
n=75. M+/ M2+72 


16 ae esa 
and Pao | M—VM24-T? 

16 -135000-4-V 35-0002 50,000 

y= mx ee | 5000-1 V 3500024 50,0002 

kg./om.* 
= 955 kg./em2 

16 : 

r= 16, 35000— V’350002++500002 

kg./cm.? 


= — 260 kg./cm.? 
The position of the principa] planes is given by 
T 50,000 


tan 28= Ve 35,700 =) 4286 
26=55° 
6=27° 30’ 


Maximum strain 


peer les p2 ae y 
=F Pa = ( 955-+028x260 ] 


-” 


EE 
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P 
10278 
em ao oe 
If f be the stress producing the same maximum strain, 
f _ 10278 
E~ E- 


=: 1027°8 kg./em? 


m 378 (S.L). A shaft section 100 mmin diameter is sub- 

omeni of 4000 Nm and a torque of 6000 Nm. Find 

the maximum direct Stress induced on the section, and specify the 

position of the plane on which it acts. Find also, what stress acting 

alone can produce the same maximum strain. Take Poisson's ratio 
0°25. 


Solution. 


Probie 
iected to a bending m 


M=4000 Nim= 400,000 N cr. 
T= 6000 Nm== 600,000 N cm. 
d=100 mm=10 cm. 


The principal stresses are given by 
16 po! 
n= 28, M+ Vv M2+T? } 


Sma 
16 (a1 vier" ) 


ind eS 
prix 16 (400 000+ V 400,0002-+600 avo) 
rex” yin 


16 eo 
eee gi 40% 109 }-1G4y 402 [60# 


= 5710 Nicm?. 
Pet =e 40 x 104 - 10447402 + 602 
om — 1635 Nicm?. 
Position of the major principal planes 
T 6000 _,. 
tan 28= ar = 4000 | 
20= 56° 18’ 
ae 6=28° 9’ 
Maximum strain 


= PL _ _P2_ = (5710 +-0'25 x 1635) 


I 
=A" E mE E 
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Let f be the stress acting alone to produce the same maximun, 
Strain. 


J _ 6118°75 
E CE 
f=6118'75 N jem.” 


Problem 379. A crankshaft 20 cm. in diameter is subjected to q 
bending moment of 185000 kg. cm. and a twisting moment of 277500 
kg. cm. Find the greatest shear stress. Find also the plane of the 
maximum shear stress with respect to the axis of the shaft. 


Solution. M = 185000 kg. cm. 
T= 277500 kg. cm. 
Maximum shear stress 


16 
== maz = "aa V M?2+ 72 


LO dette ane eee eta 
= Fx 203 V (185000)?-+ (277500) kg. fem.” 


= 2123 kg./em2 
The position of the principal planes is given by 
tan 20= 7 = oe =1'5 
ae 26==56° 18’ 
os 8 = 28° 9’ 
.. Angle made by the principal plane with respect to the axis 
of the shaft = 90 —2%° 9’==60° 51’ 
Angle made by the planes of maximum stress 
= 6151’ +45° 


= /06° 5!’ with the axis of the shaft and 
16° Sl’ withthe axis of the shatt 


$106. Strain Energy in terms of the principal stresses 


; Let a strained element be subjected to the principal stress pi 
ang p2. 


The strains in the directions of the principal stresses are 


PI 2 
ey= — =-" 
I E mE 
P2 P1 
and eg== 
E mE 


ke x 2 : 
where aE is Poisson’s ratio 
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Per unit volume the strain encrgy stored 


FA il 
gi Pi C1 oar oats 


2A ( Pm pe Pa 
2\E” mE 2\E °° mE 


l és 2 
ee a, .,2_. “P1 P2 
="On \ Pt pe mi 

Problem 380. A cross-section of a shaft 90 nm. diameter iv sub- 
jected to a bending moment of 60 tonne cm. and a twisting moment of 
90 tonne cm. Find the direct stress which acting alone will make the 
shaft store the same maximum Strain energy per unit volume. Take 

| 
-~~=f)'3. 
m 

M= 60000 Ag. cm, 
T =90000 Ag. ci. 


d=90 nun.=9 cm. 


Solution. 


The principal stresses are given by 
16 
r=8-( Mt+V/M?+T2 


16 i 
Pyar ( M—V Af? 7?) 


and 
(OE Fay | 
Pi= = 5a( 60000+ v 60000? + 0000?) 
271174 kg./em.? 
16 
and De 1S, 60000— Vv co000?-+ 90000" ] 


=: —134 kg.fom? 


Maximum strain energy per unit volume 


[Ay o 2p Pe 

— 2 OA seems ~ ~-m ve 

QE pit pe m } 
Let f be the direct stress acting alone to store the same energy 

per unit volume. 

feo ( 24. 2 2712) 
zs 2B = 2E\ PE PE yy 

9 2p1 pe 

& os 2 Aa -— 

frt=m*+pe = 


- f2=11742+ 134242 x 1174(— 134)0°3 
f=1221 kg.jem2 
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Problem 381. {na circular shaft subjected to an axial twistin 
monient T and a bending moment M show that when M=I'2 7 ae 
ratio of maximum shearing stress to the greater principal stress 5 
approximately 0566. ae 


Solution. Let 7- be the equivalent twisting mo 
. " : ment to prod 
the maximum shearing stress Qnaz PiOguce 


=T7.= Vv M?2.-:- 2 Ginna Zo 


where Zo polar modulus of the shaft section 
D cae — VMP+7? 
Lo 


Let M- be the equivalent bending moment to produce the 
maximum bending stress equal to the greater principal stress py 
Me~} | M+} V MEF 7? = py “e 


Qmax s/ M2+-T? = V(L27TP+T? Bee 


Pro Mf M24-72 PV 2T+ V (P27) +7? 
See Le 
12+ 2°44 
1°56 
so = 0 56 
Problem 382. A beam 3 metres long, oj IT section is frecly 
supported at its ends with the web vertical. It carries concentrated 
loads of 10 tornes at 0°6 metre from each end. The flanges are cach 
15 cm. wide and 2°5 cm. thick, the overall depth being 40 cm. The 
thickness of the web is 1:25. cm. Calculate the principal stresses and 
the maximum shearing stress in a section of the beam where the bending 
moment and shearing force, both have maximum values. 
Solution. Moment of Inertia of the section about the neutral 





axis 
_ 15x 408__ 13°75 x 358 
12 12 
= 30870 cm.4 
Max.B.M. =M=10X0°6=6 tm. 
= 600 ¢ cm. 
Max. S.F. =S=10¢ 
Max. bending stress in the 


web=p= -y 
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00 x 17° 
= ieee 5 =('34 tiem? (compressive) 


Max. shearing stress in the web 


_ Sa _10 15% 25 x 16°25 
I tb 30870 x 1°35 


=0'16 tiem. 


The principal stresses are given by 2 =e V - .g° 


10 Ot 
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= —0'174+/0'172+0°162 

- Pix=+006 tiem? 

and p2=—0 40 tiem 

Problem 383. A steel shaft ABCD of circular section is 180 
cm. long and is supported in bearings at the ends Aand D. AB 
=67°'5 cm., BC=45 cm. and CD=67'5 cm. The shaft is horizontal 
and two horizontal arms, rigidly connected to the shaft at B and C 
project from {t at right angles on opposite sides. The arm B carries a 
vertical load of 1600 kg at 30cm. from the shaft axis and the arm at 
C carries a vertical balancing load at 37°5 cm. from the axis. 


If the shearing stress is not to exceed 800 kg |cm.? determine the 
minimum permissible diameter of the shaft. Assume the bearings give 
simple point support to the shaft. 


Solution. Fig. 573 shows the centre line of the shaft and the 
loads applied on it. 
For rotational equilibrium, 
W X37°5=1600 x 30 
ies W= 1280 kg. 
The shaft is subjected to uniform torque between B and C. 
This torque 
= 1600 x 30 
= 48000 kg. cmt. 





oe kg 


i 
w. 


me 










r 61 % cm 
Vv use™ a 
i j mn m a 
a 180° 
Fig. 573 


Taking moments about 4, 
Vax 180=(1600 x 67°5)-+(1280 x 112'5) 
Va=1400 kg. 
: Va=1600-+1280—1400 
= 1480 kg. 
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Max. B.M. for the shaft occurs at B 


B.M. at B = M=1480 X 67'5=99900 kg. cm. 
Just on RHS of the section B, 

We have, 

B.M. = M=99900 kg. cm. 

Torque =: T= 48000 kg. cm. 


Let 7s be the equivalent torque to produce the same max. shear 
stress 
Te= J M?--T? = (99900)? + (48000)? 


1600 kg 1280 kg 


67-Sem | | _ 65cm 67 Sem 
| 


Va = 1480 kg Vg= 1400 ka 

| 99900 kgcm 94500 kgem 

| 

1 | 

; | 
B C : 
68M Diagram 
Fig. 574 


== 110830 Kg. cm. 
Permissible shear stress /:=800 kg./cm.” 
fd 
* 16 


3 
110830800 na z 


6 
3 {110830 x 16 
800+ 


<3 8°90 cm. 


Problem 384. A flywheel weighing 600 kg. is mounted ona 
shaft 8cem. in diameter and midway between bearings 60 cm. apart 
in which the shaft may be assumed to be directionally free. If the 
shaft is transmitting 40 horse power at 360 rpm, calculate the 
principal stresses and the maximum sheating stress-< in the shaft at the 


qv 


cM. 


670 STRENGTH OF MATERIALS 


ends ofa vertical and horizontal diameter in a plane close to that of the 
flywheel. 
2xNT 
Solution. H.P. Seen 
T= 40 x 4500 





=79°58 kz m. 
= 7958 kg. cm. 
=7°958 t cm. 





W=600 kg 
Fig. 575 
Max. shear stress due to torque 
feels 164-7958 
= ads EX 83 =0°079 t/em?. 
16 
Max. B.M.-=M=300 x 30 =9000 ke. cm. 
=Y9 tom. 
Max. bending stress at the extre- A 
mities of the vertical diameter, (/.e., at the ia 
points 1 and 2). (See Fig. 576) | a 
M i 32X9 2 @) coeur) ee ) Rom 
= pss wil? mx 33 tiem. | 
2) 
017 2 G 
Cer Section of Shaft 
At the points | or 2 Fig 576 
py P+ Ve 4" 
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= 0° 209 t/em? compressive at J and tensile 
at 2 


2 
a 5 = / ‘ i yt O03 tlem.* tensile 


ia a at 1 and compressive at 2 
At these points 


p 


la gy" 


=i { ae y+ 00793 


2 
=O 119 thom, 


Now consider the points 3 and 4, fe. at the ends of the 
iorizontal diameter. 


At these points, 

Stress due to bending is zero, 

ae p--0 

Shear stress due to torsien <q’ -- 0079 t/em?. 
Shear force at the section: S —=300 kg 
Shear stress due to shear force 


F maz a 


¢ 4 
oF q a ce (,. ae 


3 
4 300 0 
oe A “( XK? kefon* =7 96 ke.fom.? 
4 


say 0007 rem? 
Total shear stress 


t=O tq" 
-—(¥O79 4 0007 
= UO ONG them.” 


. e x Oy 7. e 
Since at these points only these shear sfresses exist the principal 
Stresses at these points are also (086 t/om.* (compressive as well as 
tensile). 


Problem 385. A solid shaft of 15 em. diameter transmits 2400 
hop. at 600 rpm and is also subjected ti an axial thrust of 25000 kg. 
if the maximum principal strcss is nat to exceed 800 kg. /em*, jind 
what additronal bending riomint may be safely carried. What will be 
the direction of the meine: principal stress 7 

Selatan, Let the st be subjected tu a torque 7 


apty? 
sd ¢: ra ane ! 
ta A 


4500 
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_ 4500 x 2400 k 
2nx600 “8” 
=2864 kgm. =286400 kg. cm. 
= 286°4 t cm. 
Shear stress due to torque 


_.—«16T 
i nd3 


S& he 
. : “Bending 
: Moment ,M 


T 









™~ 


lh Siena ad a a8, 
“Usp. Torque,1 OF 9 





Q-432tjem? 





7 
ss Mm Om 
~ 


CosO8 OO 


areg= 


a 


Stress etement 
C ee 8B 
; 0 432%t/cm2 


Fig. 577 
_ 16% 2864 
wm x 153 
=0°432 t/em? 
Compressive stress due to thrust 


=—- ns OOO a 142°0 kg./cm.? 


(= 15 ) 
4 
~0°142 t/em.* 


Consider a rectangular stress element at the upper end of the vertical 
diameter. Let fz be the total compressive stress due to direct stress 
caused by the thrust and due to bending moment. 


.. S2=direct stress due to thrust + bending stress. 


We will now determine the value of f; in combination with the 
shear stress of 0°432 ft/cm.* so as to produce a principal stress of 
800 kg./em.? (0°8 tiem). 

Consider the wedge 4C #8 of the stress element (aken such that 
the face AC is in the princinal pline Let the area of this princi gal 
plane AC be ualip. 





them? 
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Area of face BC=1 Xsin §=sin 6 


Area of face AB=1 Xcos @ cos 6 
where 4 is the inclination of the principa’ strosy with the axis 


of the shaft. 
Resolving vertically, 08 sin U-- O'432 cos & 
tan §—('54 
B=: 2° 3)" 


Kesolving horizontally, 
Q'S cos 6= f, cos 9 +0432 sin € 


fz cos 8--0°8 cos 8— 1432 sin 
Jz==0'8 - 0432 tan 6 
= 01-0432 054 
O'567 tle? 


But the compressive stress due to thrust alone = 0142 t/cemA 
Compressive stress due to bending moment 
=f (1567-0142 0425 tom? 


Let the B.M. producing the above bending stress f be V4 em. 


Me JL 
} 


end'f 
32 
_ (15) » 0425 
ky: 
= 1409 ft om, 


(Pr 


3107. Equivalent bending moment and equivalent torque 
Let u shaft of diameter d be subjected to a maximum bending 
moment Af and a torque T. We know principal stresses are : 


c 16 r% «poh 
PL Te. fig 1 yi Mf-+ 7 - 


1h ere 
and pre os btm re | 


and the muximurn shearing stress 
16 ae 
=-Ymng sq 3 AE ETE 


andy 
Let M- be the equivalent herd ne incinett whch acting alone 


produces the maximnum tensile stress equal wt ry 
Me 32 
then DiS cans) bas MM. 


32 
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32 16 ora 
eas Me= x3 (+ viterT > ) 


Me = (art vy M24-72 - } 


Similarly let 7- be the equivalent torque which acting alone 
produces the maximum shearing stress qmuz 


peaceeeltn sO 
ee caeeags mJ? 
16 
Gere iG pee 
Fas eg AE 


wee oe 


Problen: 386. Two views of an overhung crank ure shown in 
Fig. 378 a force of 2000 ky. being appited tu the crank pin in the 
threction shown and at a distance of {5 cm from the centre of the 
adjacent bearing. The cranksha/ft ts of solid seczion of 7°5 cm. diame ter. 
Caleulure the maximum principal stress and maximum sheur stress in 
the section of the shaft at the centre of the bearing 


2 | 

Se eae 

ee B 
eA ene \ < 





2000} kg : 
. fe oe 
fim Sere Hea oe Sissies ah 4 7 
{ ' 
Bina , Ne 


i } ; 
: ae . 
~-—— Wem -  - -—~oy 


To centres c* bearings © 


Spe a eres ee 
a 
t 
t 
‘ 
ae a Ae ar A RR RI Om Nip math re ne GANT SD 


Solution. 

Torque on the shaft T=:2000 x OA 
= ZOHO 15 sin GO" -25u8O ke em. 
==25°98 tem. 


Mex. B.M. = M==2000 x 1$ =: 30009 At. em, 
#230 6 cm. 
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Equivalent bending moment M 


1 f eae 
=F M+ Me+TR 


=| 30+4/ 30? +259884 fom. 


==34°85 t em. 
", Maximum principal stress 
Me 32M. 
PI gl = ed 
32 
30841 ticm®. 


= 841 kg/cm? 
Equivalent torque J. =4/ M2-+T? 


~=4/ 30? +-25°98" 
= 39°70 t cm. 
Maximum shear stress 
= Jina 2 Te 16 Te 
ee a3 nas 
16 
10% 0479 tlom2 


=479 kelem.? 

108. Principal Strains 

These are the greatest and least direct strains in a material 
subjected to complex stresses. These strains are produced in the 
direction of the principal stresses. 

In general. if there exist at a point three like principal stresses 
my, ps and pz acting on three principal planes, the principal strains 
are piven by 


Pt fiz + Pa 


E mE 

Ps Pat 

E mE 
 _P3 | Pit Pa 
and (3 Fo mE 


where -: Poisson's ratio 
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Problem 387. Tests on a brass plate subjected to principal] 
stresses gave the following results : 


Principal strain ey=7'1x 10-4 
Principal strain eg=1'67x 10-4 
Find the principal stresses Find also the plane on which the 


normal stress is 06 ticm.2 Take E=0'8 x 10° t)cem.2 and = =3 


Solution. a=t( Ma } 
pi- “3 =0'568 -@) 


e ~ I ] 
AS ee me 
eee =e xin | P2 | 


pa—* 0°] 34 . (ii) 
Solving equations (i) and (ii) we get pr=0°70 t/om. and pe 
=0°35 t/em.2 


Let §be the inclination of the plane on which the normal 
stress is 0°6 t/cm.? 


Py= Pi Pe ef ee cos 28=06 


Pig fee BACT O SS 


=(} Z 
But 9 0°525 t/em. 
~ 0°70--0" 

and oe ae O92 Saas tiene 

Pa=0°525+0 175 cos 280=0°6 
39 = 9075 
ae cos 0175 

28 =64° 36’ 


6 = 32°/8' with the major principal plane. 
§109. Strain energy in terms of principal stresses 
Let pi and pe be the principal stresses at a point in a strained 
material. 


.". The principal strains are given by 
oy Pl _ PP 
te E mE 
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_P2 pr 
E mE 
Hence strain energy stored per unit volume 
=p. e1+4pa v2 


l Pr pr 
=e ( E - .)4 


I »~ (£2. PI 
22 E mE ) 
=pivs.) 

m 


and Co: 


| ”) 
= ve pir+ po? 


Similarly it can be shown. if three principal stresses p;, p2, ps 
exist then the sirain energy stored per unit volume 


2 
= AEN pi“ t pe? + ps? 
—_ 2pipei pint lads 
m 
§11@. Criterion for failure 
While designing a member various theories are adopted. These 


are given below : 

(i) The maximum principal stress theory of Rankine. According 
to this theory the maximum principal stress shall not exceed the 
safe stress for the material. 

Gi) The maximum strain theory of St. Venant. According to 
this theory the equivalent direct stress acting alone which can 
produce a strain equal to the greater principal strain shall not exceed 
the safe limit. 

Let p; and pz be the principal stresses. Greater principal 
Strain 
een 2.) 
=e=( E mE 
Let f be the stress acting alone producing the strain e1 


so APY Pe 
GE iE ne 


: _ pe 
I ( Ps 
This stress f should not 2xceed the safe limit. 
(iii) The maximum shear stress theory due to Sir J.J. Guest. 
Let pi and pe be the principal strains. 
“. Max. shear stress=gmuz= tne 


This shear stress should not exceed the safe shear stress for 
"he material. 
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(iv) Maximum Strain energy theory due to Beltrami and Haigh: 
Let pi and pe be the principal stresses. 
’. Strain energy stored per unit volume 
] 2P1 P2 
= ih ( nese 
Let f be the stress acting alone to store the same energy ner 
unit volume 


yi et aE ( 2e.t2) 
ies 9E~ 2E Py" + p2?— m 


o  2P1 P2 
ae 24 np? J 
f es pi*+pe 


this stress should not exceed the safe limit. 


$111. To determine the strain in any direction in terms of the 
principal strains 


Fig. 579 shows a rectangular plate ABCD subjected to a stress 


system so that the principal strains are e; and eo. After the deform- 
ation the rectangle ABCD takes the shape A,B) Ci D1. 
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Fig. 579 
The strain in OA due to the principal strains c, and ee 
AA, AI+JA, GF+JA, 


— — 
~~ oor 


~ “8= OA OA OA 
AF cos §+ AjF sin 9 
? OA 
_ DA e; cos 89+4 AB eg sin 9 
44C 
€y = e1 cos* 6+ e2 sin® 8 


The strain in a perpendicular direction (shear strain) is given by 
AH 
OA 
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, _AG-HG_ AG—JE 


6” OA ~~ OA 
_ AF sin $--AyF cos 8 


ee 


e 


a OA 
_ §DAey Sin &-- 4A Bee cos 6 
i LAC 
C4 &9 . 
aa sin 28 
§412. Ellipse of strain 


If cy and e2 are the principal strains. the strain in the direction 
making an angle © with e; . 
==ey=ey cos’ Ob ey sin? 0 (i) 


The strain in a direction nerpeadicular to the above direction 


Cpe eo 


Cg a7 Sin 20 
In Fig 580 ch represents the ae 
strain In the direction at 0 eS 
~ 
} Sy 
with the direction of e, and | 7 
Ad represenis the strain at nmght pe eh 
ie eee Maia per en ‘ Apse 
gogles to the above direction. €, = ee, ys er eto 
. « ‘ t 
: Rewltant strain 3s given be 
by cd 
Let oa =x and ad ~} 


oa =x=e, cos § 
and ad=:y= eg sin 8 





x” ye ee eee ; ate 
ea? -{ Pat I this is the equation to an ellipse having a 


major axis of length 2e; and a minor axis of length Zee. This ellipse 
is the locus of the point d. This ellipse is cailed the ellipse of 
strain 

Problem 388. A rosette of three main gaugcs on the surface of 
a metal plate under stress gave the follewing readings : 

No. lat O°: +0°000592 

io. 2 at 45° : +0°000308 

No. 3 at 90° : +-0°000432 
the angles being measured anticlockwise from gauge No. 1. Determine 
the magnitude of the principal strains and their directions relative to 
the axis of gauge No. 1. 


If E=2°1X 108 kg./cm.? and m= 3 find the principal stresses. 
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1 and ee. Let the axis of 
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Solution Let the principal strains be e 


gauge No. | be at « with ¢ 
For gauge No 1, 9--z 
For gative No 2, 0= 45 -- x 
For gauze No 3, 9=90?-by 
J iy the stram in the direction inclined at ¢ with the direction 


Het 
of fF} 
Then pe ee) Creede cor 21) 
ee 2 s 
when Lx a -(VCN Sg? 
UN Ve a AU atte = -\ 
5 a 0 “CON EE AT} 
when v 45 ve Q (AOS 
e’} woh aryrm ga 
pete en amt os eee oe se { 7-9 
When #-4) ¢ x, Cy 1110432 
Cl ! t e'¢ ce 
er COG CL Rie oe) lt} 
Adding equations 47) and (,)) 
Crud at ee 
substitutirg in equation (i 
OEOGIOS Oduegeg . Hes sin 2% 
2 
CL el we , pe wh 
“Tan Jee - GUU0L28 Ly, 


Similarly substituting for ( , * a) in equation (7) 


0000592 GravAngO-t °! i cos 29 


...{¥) 


Cy <2 
Pe Cae est) CO0ST2 


Dividin2 equation (jv) by equation (¥) 
0 600228 . 
tan 2% == ~- 0-u00s12 > — 0446 
2a — 156 
a = 78° 
being In equation (iv) 
* sin 156° =—(' 000228 


te meee 
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ey eg = —O'OOTI2 


but eyte. (000016 
Solving the above equations we get e,— - -0 00048 
and e2=0'00064 


Thus the principal strains are 0. 00048 anc | 0°00064 the first 
being at 78° measured clockwise from the direction of gauge No. |. 


Let py and po be the principal stresses 


~ 
A ¢ 
a 


a 
Cy= e[PIm is 


m | 
’ | [ Po: A) 
—WOON4S aa ez | oA) 
te 1 plo - Pt : 
BoP otf bates Th | 
| [" pr 
‘g ) te eee . { ea ere a os B 
000064 =. Fy qn PET OF (3) 
From equations (.4) and (B) we get i 
py 680 he jem.? (con. oressive) 
and po= 1134 he jeni? Gensii.) 


J xamples in Chapter 11 


|. The plate of a boiler is subjected to principal stresses of 

bad Ae fom and 600 Ag Jom" both tensile Find the intensity of 
stress which acting alone will produce the same maximum strain. 
Take Poisson’s ratio= 0 3 (1020 Ag.fcnt-) 
2. The principal stresses at a certain point in a strained 
material are 1200 kg fem." and 480 Ag jem? both tensile. Find the 
normal and tangential stresses on a plane inclined at 20° with the 
malor principal plane. (Pa =VEIST he iom.*; Po 234 kg./em *) 
3. Atapoint the principal stresses are 1400 Ag /em.? and 

780 kg /em.? both tensile Find the norma! and tangential stresses 
ona plane inclined at 60° to the axis of the major principal stress. ; 
(pn 12375 ke fom? s Pe = 2805 Ap.fem “) 

4. A rectangular steel bar is subjected to a tensile stress of 800 
Ag.'em®, as well asa shear stress of 300 Ag./om?. Determine the 
Principal stresses and the principal planes. Find also what stress 

; ee | 

acting alone can produce the same maximum Strain Take a =2()' 3. 


(900 kg.fem.” tensile. 109 Ay/em ? compressive 

0, —18° 26’ : ¥o=108° 26' ; 930 kg./cm.") 

S. Ata point ina strained material the principal stresses are 

600 ke.jem* and 400 Ag.jem ®. Find the position of the plane across 
which the resultant stress is most inclined to the normal and deter- 


mine the value of this stress. 
(50° 4°’ with the major principal plane ; 490 kg /cm.’) 
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6. Ata point in a beam section there is a longitudinal bend- 
ang stress of 1200 Ag /cm.* tensile and a transverse shear stress of 
500 ke /em.*. Find the resultant stress on a plane inclined at 30° to 
the longitudinal] axis. (1060 kg./cm.? at 13° 40° to longitudinal axis) 

7. %Inacircular shaft subjected to an axial twisting moment 
7 and a bending moment M, show that when M-=1'2 T the ratio 
of the maximum shearing stress to the greater principal stress is 
nearly 0'566. (London University) 

8. At acertain point in a piece of elastic material there are 
normal stresses of 480 kg./em.* tensile and 320 kg /cm.2_ compressive 
on two planes at right angles to one another, together with shearing 
stresses Of 240 kg /cm.2 on the same planes. If the loading on the 
material is increased so that the stresses reach A times those given, 
find the maximum value of K if the maximum direct stress in the 
material is not to exceed 1280 Ag /om.* and the maximum shearing 
stress 1s not to exceed 800 ke.f/em.* (London University) 

(K =2 342 for direct stress condition : 
K-—1°715 for shear stress condition) 


9. A solid circular shaft is subjected to an axial torque T and 
to a bending moment M4. If M:= KT, determine in terms of K the 
ratio of the maximum principal stress to the maximum shear stress. 

( tv pg 
Vi Ke 
10. At acertain section of a shaft 100 mm. diameter there is 
bending moment of 40000 kg. cm. and a twisting moment of 60,008 
kg. cm. Find the maximum direct stress induced in the section. If 
Poisson's ratio =0°25, find what stress acting alone can produce the 
saine maximum strain. (5709 ke fom? ; 6 =28°9 : 6113 ke./em.) 

11. A horizontal circujar shaft of diameter d and diametral 
moment of inertia / is subjected to a bending moment M cos @ in a 
vertical plane and to an axial twisting moment M sin 0. Show that 
the principal stresses at ends of a vertical diameter are 

4 MK (cos 9+1), 


where K-. g 
21 
If strain energy is t e criterion of failure, show that, 
s ap: Sov 2 
V cos? 0 (1—s)+(4+9) 
where S= maxinium shcaring stress 


So - maximum shearing stress in the special 

case where §=0 
3 -=Poisson’s ratio (London University) 
12. A circular shaft of external radius r and diametra! 
moment of inertia / is subjected to a bending moment M cos a and 
a twisting moment M sin ¢. Show that the magnitude of the 
maximum shearing stress has a constant value 4 MK for all values 


r : cytes 
of « where K= rT Show clearly on a diagram the planes on waich 


the maximum shearing stresses occur when «= 45". 


12 


Thin Cylinders and Spheres 


$113. Thin Cylinders 

Fig. 581 shows a thin cylindrical shell whose internal diameter 
is d, the thickness of the shell being ¢. Let the Jength of the shell he 
|. Let the shell be subjected to an internal pressure of intensity p. 





‘ 


| 
we 
en does sepebsh cect 





. 
Fig. 58! Fig, S82 
___ Let us consider a longitudinal section \Y through the axis, 
dividing the shell into two halves A and B. Now Jet us consider two 
clementary strips subtending an angle 98 at the centre at an angle § 
on either side of the vertical through the centre. 


Normal force on each strip 
SP, = pr 86 1, 
where r=radius of the shell. 


The resultant of the two normal forces on the two elemental 
strips =5P = 2prl 88 cos 8 acting vertically, i.e., normal to XY. 


-. Tota! force normat to XX on one side of XX 
= total bursting force 
/2 
ade | 2prl cos 0 db 
G 
= 2prl=pdl 


=Intensity of radial pressure X projected 
area 
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Let fi be the intensity of tensile stress induced in the metal 
across the section XX. 


Resisting force offered by the section XX 
=fy 2/t 
Equating the resisting force to the bursting force 
; Ki 2lt= pdl 
_ pd 
fh ” 


Just like the section XX. 1f we had considered any other longi- 
tudinal section, the intensity of tensile stress would be found to be the 
same. Hence the direction of this tensile stress is along the 
circumference of the shell A stress so induced is called a hoop or 
circumferential stress. 


Let us now consider a section YY normal to the axis of the 
shell. Let the section divide the shell into two parts C and D. 
Force acting on tie end of the shell 
nd? 
= Pn. po 


_ In order the shell may not be split up at the section YY, this 
section will offer a resistance Let fo be the tensile stress on the 
section YY. 


Equating the resistance offcred by the section YY to the tota) 
force on one of the shell 


5 


fs nat = p= 


_hd 
fe=4, 


This stress is called the /ungitudinal stress. 


Hence at any point in the metal of the shell there are two 


Sept rd E 2 
principal stresses, namely a hoop stress of os acting circumferentially 


‘nd a longitudinal stress of A acting parallel to the axis of the shell. 


Greatest shear stress 


220g de fh-h pd 
—T Maar -— = 
2 82 
Circumferential strain 
==] = fi — Se 
E mE 


: ; 1. . : 
where E is Young’s modulus and m Poisson’s ratio 
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ed ord. 
2tE = =64tEm 


e = et {— =~} 
UE 2m 


Longitudinal strain 


e} 


fo fi _ pd _pd 


Circumferential strain 


change of circumference 
~ original circumference 
ndd 
“rd 
od 


ee 
d 


8 : 
But “ =astrain of the diameter 


Change in diameter = c1 x original diameter. 
Longitudinal strain 
change in jiength _ 
 originallength — 
6] 
=e 
Change in length -- cg x original length 
Capacity of the shel! 


=V= 7d" 
Change in capacity of the shell 
spi ge sp. . Wd Bd! 
=$V= i d? 3]+ 4 2d 
SV Bl dd 
Vr eg 
= e24+2¢) 


From this relation it is possible to find the change in the 
capacity of the shell under the radial pressure p. 

Let f be the permissible tensile stress for the shell material. 
Hence for the shell to be safe the maior princ‘pal stress f7 shall not 
exceed f 
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pd | 

es — 
aS 
~ pd 
tt" _- 
2f 

From the above relation, for a given radial pressure, the thick- 
ness of the shell mav he determined for a given diameter for a given 
permissible stress. 

Problem 389. 4 seamles; pipe 80 crt. diameter contains a fluid 
under a pressure of £0 kg.Jem.” If the permissible tcnsile stress be 1000 
kg fem.*, find the minimum thickness of the pipe. 

Solution p= 20 kg./cm." : d==80 cnr. diameter 

and =1000 kg.fem? 

egies 20 x 80 
im cm. 
2f. 2x10 
= (3 om. 

Problem 390 (SI). A 90 em. diumeter pipe cuntains a fluid ata 
pressure of 250 Nicm*. If the safe stress in tension iy 10,000 Nfem.’, 
Jind the minimum thickness of the pipe. 


Solution. p=250 N/em * ; d=90 em., fy = 10,000 Njcm* 


d 
fi se 


Pd 25090 

2f, 2% 10,006 

Problem 398. 4 cylindrical thin drum 80 cm. in diameter and 

3 metrics long has a shell thickness af | cr. If the drum is subjected to 
an internal pressure of 25 kg.sem.*, determine U1) the change in diameter 
(ii) change in length. and \in) change in volume. Take E=2x ! (6 


yor 2.2 CM. 


kg.Jem 2 ; Poisson's ratio -- — (4.MLE., Swnmer 1978) 
Solution. 
Hoop stress =f: ie 2 ‘ = fOO0 Ar fom 2 
Longitudinal stress 


“= fo aie 
a 


Circumferential strain 


1) ’ 2 
fi aoe It (M S00 he sem 
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I . 
= 5x 196 (1000 —0'25 x 500) 


==0)'0004375 
Longitudinal strain 


ead 


= Fx 106 {(S00- (28 4 PO) 
=(0'000125u 
eos=2ey-+ eo = 2(0' 0004375) - 0°00: | 
=O°GO)] 
Increase in length =81-=eol —O'UOU1250 340 
==0°0375 em. 
lucrease in diameter 
Sq =eyd=N 0005575 x BU 


= (0035 em, 
Increase in the volume 


hee 


ae 


=$V=e,V=0°001:. (30)2 300 
=: 1507968 ce. 


Problem 392. The air vesvel of a torpeda is"53 cm. external 
diameter and 1 com. thick, the length being 183 om. Find the change in 
the external diameter and the length when charecd to 105 kg./em ? 
internal pressure. Take E== 71] X 108 hy.tem * and Poisson's ratio= O03. 


CLALTL. Navember 1965) 
Solution. Internal diameter=53- 2 4S] ce 
Circumferential stress 
_ pd _105.- 5! 
St a Fe 


- 2878 Ag fom - 
Longitudinal stres. =f: 


ketem? 


Is es {$34 ke pom.* 
Circumferential strata 
ct ges fi jt 
“  -& mE 
: tf ‘ 
I “ Z 
eifin7 | 


rf 
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] : 
+7 5 4096 (2678 --0°3 x 1339) = aaa 
=()'001084 

Change in external diameter 
--¢; “original externa! diameter 
= ()'001084 x 53 cm. 
= () 05742 cm. 


Longitudinal strain = ¢2 


fh 

BE mE 

al -. | 

(he m 
] 


= 51 48 (1339-03 x 2678) 


= (0002551 
Change in length ~ ee x original length 
-~('0002551 XK 183 cm. 
-=() 04669 cm. 
Problem 393. A shell 3°25 metres long, ] metre in diameter is 
subjected to an internal pressure of 10 kg fem? If the thickness of 


the shell is 10 inm., find the circumferential and longitudinal stresses 
Find also the maximum shear stress and the changes in the dimenstoins 


of the shell. Take E= 2x 108 ke Jom. and _ —9°3. 
Solution. p=10 kg.fem” 


[= 325 cm. 
d= 100 cm. 


t= 1 cm. 
Circumferential stress 
__f,- Pd 
fi 2t 
10™ {ue 
Perens e blg aay E 2 
ax] ke /em. 


= 500 kg /com* 


Longitudinal stress = fe 
apd ff 
At 2 
—250 kg.fert.? 


aE 
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Maximum shear stress 


— Si—fo _ 500-250 
=the 5 ke.fom: 


= 125 kg./cm.2 
Circumferential strain 


a 2 z( 4 ae 


== (500—0°3 x 250) 


E 
Longitudinal strain 
se ee de IE 
= E mE 

1 

“Fla-3) 

=+ (259—0 3 x 500) 

_. 100 


E 
Strain of the capacity 


V 
um @y= s 2 as Ce 1-2e 
V 2 Ll 


_. 100 ee 850 
EE 
__950 
BE 
Change in diameter =e; x original diameter 
= 2 dcm.= Soins X 100 cm. 
==0'902125 cm. 
Change in length =e original length 


aN lem 
E : 


= eos X325 cm. 


=~ (01625 cm. 


Change in the capacity 
=¢v X Original capacity 
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rd 
eu. I 


= tg « ©. (00) x 325 
-=1213 em3 


Problem 394. <A water main 80 cm. diameter contains water at ¢ 
pressure head of 115 metres. If the weight of water is 1000 kg. per 
cubic metre, find the thickness of the metal requiredif the permissible 
stress is 250 kg./cem.” 


Solution, Pressure intensity inside the pipe 
=-wH 
= 1000 x 115 kg./metre* 
_ 1000 x 115 
~ (100)? 
=11°5 kg.fem.* 
.. Thickness required for the pipe 


ke./em.” 





=1'S4 em. 


Problem 395. A cylindrica! shell 90 em. long, 15 om. internal 
diameter, having a thickness of metal=8 mm., is filled with a fluid 
at atmospheric pressure. If an additional 20 cm3 of fluid is pumped 
into the cylinder find (i) the pressure exerted by the fluid on the cylinder, 
and (ii) the hoop stress induced. Take E--2* 108 kg. Jeom2 and 


I 


as =0°3 (A.ALLE., Summer 1977) 
Solution. Let the internal pressure be p kg./cm.” 
d x15 
H t —- -,Pa@ — PAI ® - 2 
oop stress 1 OF OKO 9°375 p ke.fom. 
Longitudinal stress : 


== fo= f =4°6875 p kg./cm2 
ee, 
Circumferential strain 
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Longitudinal strain 


i 
ty by] 


Volumetric strain 
=¢y=2e)-+e2 


=(2% 796875+1'875) 2 


= : Ee 
17°8125 E 


Increase in volume 
=$V=e,V=20 cm.3 
ne PL yy B52 on = 
17°8125 ac 108 A (15)* 90 =20 
p=141'2k¢.Jem2 
fen Pd em M4215 
BD 2x0'8 
== 1323°75 kg./cm.* 
Problem 396. A cylindrical shell 100 cm. long, 18 cm. internal 
diameter, thickness of metal 8 mm. is filled with a fluid at atmospheric 
pressure. If an additional 20 cm. of the fluid is pumped into the 


cylinder find the pressure exerted by the fluid on the wall! of the 
cylinder. Find also the hoop stress induced. Take E=2% 108 kg./em8 


and = ==0)°3. 
m 
Solution. Let the pressure on the walls of the cylinder be p 
kg.jem® 
Circumferential stress=/f1 
_.Pd 
Ot 
_. px 18 
2x0°8 
= 11°25 p kg.Jom.® 
Longitudinal stress ™f2 " 


= fi. 5°625 p kg./cm.* 


kg./om.? 
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Circumferential strain 
siete pie oe 
- : mE 
- (6-4) 
= (1 1°25 p—0°3 X 5°625) p 
_ 95625 p 
E 
Longitudinal strain 
= ¢o= fe a 
E mE 


Il 


le. A 
pre 
F-(5°625 p—0'3x 11°25 p) 
"25 p 
SE 
*, Strain of the capacity 
=@y=e2+2¢1 
225 p , 2%9'5625 p 
pre 
__ 21°375 p 
Sa 


But oe A 
V 


l 


No 


But 8 V=20 cm.3 
AV OE 
RV 24375 
‘ 20x2x 10% 


1320 ——~ kg./em? 
TX ase 100 x 21° 375 
= 73°52 kg./cm.” 
Hoop stress ==fy 
_ bd 
a 
= "aieig Oe - kg/.cm. 


=827°] kg.Jem2 
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6114. Riveted cylindrical boilers 


A boiler of the desired capacity can be made by bending 
plates to the required diameter and connecting them, usually by a 
butt joint. The desired length of 
the boiler can be obtained by 
connecting individually fabricated 
shells by usually a lap joint. These 
a are shown in Figs, 583 and 

4, 

In the case of riveted shells 
the circumferential and longitudinal 
Stresses are greater than what are 
given inthe previous articles. This 
is due to weakening of the plates 
due to rivet holes. 

If is the efficiency of the 
longitudinal joints, hoop _ stress 

Fig. 583 = A=Ze on the section through 
rivet holes. Similarly if yo is the efficiency of the circumferential 
joint, the longitudinal stress 





==f9: fo on the section through rivet holes. 





Fig, 584 
The thickness of the shell in order the hoop stress may not 
exceed the permissible stress is given by 
pd 
2f1 
Problem 397. A riveted boiler is made out of 2 cm. thick plates, 
10 a diameter of 200 cms. If the efficiency of the longitudinal and 
circumferential joints be 757%, and 60% find the safe pressure in the 
oiler if the maximum tensile stress on the plate section thr ough rivets 
may not exceed 1200 kg./cm.2_ Find also the longitudinal stress on the 
Section through the rivets. 


{= 
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Solation. Circumferential stress 
pd 
=fi= tn. 
a fi2t Ls 
d 
2 1200 x2 X2x 0°75 
200 
=18 kg.fem.2 
Longitudinal stress 
f _ pd __ 18x200_ 
a ino 4x2x0'6 
=:750 kg.J/om.* 


Problem 398. A boiler is subjected to an internal pressure of 
20 kg.fem®. The thickness of the boiler plate is 2cm and the permissi- 
ble tensile stress is 1200 kg.{cm?. Find the maximum permissible dia- 
meter when the efficiency to the longitudinal joint is 90% and that of the 
circumferential joint is 40%. (AMIE, Winter 1976) 


Solution. Limiting the hoop stress to 1200 kg./cm.* 


kg./om.” 


kg jem? 


_ 1200x2% 2x09. 


d= = ¢ 
>) 216 cm 
Limiting the longitudinal stress to 1200 kg./em.* 
= pd == 
jo din 1200 
120 
pe 2 eran ee 192 em. 


Maximum permissible diameter= 192 ci. 


_ Problem 399. A riveted boiler 225 cm. in diameter has to sustain 
an internal pressure of 5°6 kg.[em*. The efficiency of the riveted joints 
is 70% and a safe stress of 600 kg/em.2 is allowed in the material. 
Find the thickness of the shell and the necessary pitch of rivets for the 

_ longitudinal joints, which is a single rivetted butt joint. Take diameter 
of rivet d=I1'9/ t where t=thickness of plate in cm. 
(AMIE, May 1976) 


Solation. 
oop stress on 
fc tan? 56 x 225 = 1°5 em. 


2:7 2X660X0°7 
Diameter of rivets=i 9 t=1°9y/ 1'5=2°33 cm. say {4 um. 
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Efficiency of the joint 
= Pitch —diameter of rivet 
pitch 
pitch —2°4 =0°7 X pitch 
0°3 x pitch =2°4 
pitch=8 cm. 
§115. Wire bound thin pipes 


=0'°7 


Suppose a wire under tension is wound round a pipe at a close 
pitch, compressive stresses will be initially developed in the pipe 
section. If now a fluid under pressure be admitted into the pipe, the 
bursting force wil} be resisted by the pipe as well as the wires, offer- 
ing tensile stresses. A pipe closely bound by wires can therefore with- 
stand a higher fluid pressure than an unbound pipe. The following 
problem explains the analysis of such a pipe. 


Problem 400. (SI). A 20 cm. diameter cast iron pipe has a thick- 
ness of [2 mm. and is closely wound with a layer of 5 mm. diameter 
steel wire under a tensile stress of 60 N/mm. If now water under a 
pressure of 3.3 Nimm* is admitted into the pipe, find the stresses 
induced in the pipe and the steel wire. For cast iron take Ee=1 x 10° 
N/mm.3 and Poisson’s ratio=0°3. For sicel take Ex=2% 10° Nimm.* 


Solution. Consider one centimetre run of the pipe. For this 
length number of sections of steel wire! 


a=: 2X ae 4 (two on each side) 
Crushing force for 1 cm. run of the pipe 
=Py= 4x". x5%?xX60=4712 N. 


Let J. be the intensity of compressive stress induced in the pip; 
section. 
Resisting force=/ 21X10 N 
S.2t x 10==4712 
4712. 
f= a 12x16 
Hence before the water is admitted into the pipe, the stresses are 
as follows : 
In the wices : 60 N/mm." (tensile) 
In the pipe : 19°63 N/mm.? (compressive) 


Stresses due to fluid pressure alone 


Let/> and fw be the stresses in the pipe and wires due to the 
independent effect of fluid pressure of 3°5 N/mm.? 


Consider 1 cm. length of the pipe. 


= 19°63 Nimm.2 
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Bursting force =pdl=3'5 X200 x 10=7000 N 
Resisting force  =/ » 2lt+SwX4x < (5)? 


= fyX2X10X 12+ So 2(5)® 
=240 fr +78'54 Sw 
Equating the resisting force to the bursting force 





240 f,+78°54 f= 7000 ...(i) 
Circumferential strain in the pipe 
ot pd 

Ec Mm 4tEc 

ey 7a 

Ec fe m 4t 

3°5 x 200 
=E } f-03x 4x12 \ 


Circumferential strain in the steel wire 
Ey 
Equating the circumferential strains of the wire and pipe 

So _So--4:375 

Es Ec 

Su=2U fo—4375) ...(ii) 
Substituting in equation (Z), 
240 fo+78°54 x2 (So —4°375)= 7000 

39708 /,= 7687 225 

Sv=19 36 N/inmm.2 

fo== 219 36~ 4375) =29°97 Nimm.2 
The stresses in the pipe and wire are as follows: 


Pt 
ores 











| Pipe Steel wire 
Initial stresses 19°63 N/mm* (compressive)| 60 Njmm.* ( tensile) 


tn Rees Oe COLON ot whe! ds SOY 











eines 


tseasses due to fluid {| 19°36 N/mm. (tensile) 29°97 Nimm.? ( tensile) 
pressure alone 


. Final stresses | 27 N/mm? (compressive) | 89°97 Nimm.? (ténsiie) 
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Problem 401. A 20cm diameter cast iron pipe has a thickness 
of 12 mm. and is closely wound with a layer 5 mm. diameter steel 
wire under a tensile stress of 600 kg./cm®. If now water under a pres- 
sure of 35 kg./cm*. is admitted into the pipe, find the stresses induced 
in the pipe and steel wire. For cast iron, take Ec=1 108 kg./cem®. 
and Poisson’s ratio=0°3. For steel take Ex=2X10° kg./cm?. 

Solation. Initial stresses. 

Consider one centimetre run of the pipe. For this length 
number of sections of steel wire 

l 
0°5 
Crushing force for 1 cm. run of the pipe 

=Pe=4 x, (0'5)8x 600 


=471°2 kg. 
Let. be the intensity of compressive stress induced in the 
pipe section. 
Resisting force=Jc 2t 


= 2x = 4 (two on each side) 





fe 2t=471'2 
Si= a 2 kg./om.” 


=196°3 kg./cm.” 
Hence before the water is admitted into the pipe the stresses 
are as follows. 
In the wires : 600 kg./cm.? (tensile) 
In the pipe : 196°3 kg./cm. (compressive) 
Stresses due to fluid pressure alone 


‘Let f, and fu be the stresses in the pipe and wires due to the 
independent effect of fiuid pressure of 35 kg./cm.® 


Consider one cm. length of the pipe. 


Bursting force = pal 
=35X20X1 kg. 


=700 kg. 
Resisting force = = S52 t+ Sux 4x 7 Os) 

=f, X2x 1 2+Fon x0'25 

=2°4 f.+0'7854S. 
Equating the resisting force to the bursting force 

2°4 fr+-0°7854 fo=700 (i) 
Circumferential strain in the pipe 


fe _1/ pd 
Ec. m\ 4tE. 
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tf 1 a 
Ee f°? oy 4 
oe mee 35x 20 
Pate or a} 
_Sr—43°75 
7 E. 
Circumferential strain in the stecl wire 
ake 
Equating the circumferential strains of the wire and pipe 
fe _ fr-4375 
“Es Es 
= (2) ( 4—43°75) 
fx fo—43'75) (ii) 


Supstituiting.| in eq. (i), 
2°4 fo-+0°7854 x 2( f>— 43°75) = 700 
3°9708 Sp=768'7 


f= 1936 kg /cm.? (tensile) 
fig =2(193°6—43°75) kg./em.2 
fw=299°7 kg./em.* (tensile) 
The stresses in the pipe and wire are as follows : 














Pipe Steel wire 
Initial stresses 1963 kg./em.2‘compressi a 600 kz./cm.2 (tensile) 
Stresses due to fluid 193°6 hg [em.? tensile | 299°7 kg.Jem.* (tensile) 
pressure alone 
Final s‘resses 7 kg lem? (compressive) | 899°7 kg,!cm.* (tensile) 
116. Thin spherical shells. Y 
Fig. 585 shows a seamless spheri- 
cal shell of internal diameter d and = 


thickness t and subjected to an internal 


\ 7 
pressure of intensity p. , p 
Let us consider a section XX es f 
through the centre of the shell. Vee te d 
Bursting force P-=p x projected ei We 
area 
nd ‘ 
= DX 4 Se } 


Let fi be the tensile stress induc- 
ed on the section of the metal at the ! 
section XX. Fig. 585 
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Resisting force=/, xdt 
Equating the resisting force to the bursting force 


fi tat =D a 


f= 2 


Similarly if any other section through the centre of the shell 
had been considered, it can be similarly shown that the tensile stress 


for the section would be re 


In the case of the thin spherical shell, the principal stresses /1 
and fg at any point are equal and like. Hence, every plane through 


the point is a principal plane with an intensity of stress equal to 


Obviously, no shear stress exists anywhere in the shell. 
The strain in any direction 


oleae) We eee) 
oo EO RE 
eee Lee 
E mE 
-A( sone \ 
E m 


= Z| I =e s) 
4tE m 


The increase in diameter due to internal pressure is given by 
the relation 





bd gee p—-—. 
ad ° AE : m 
Original volume —- = V = = mrs 
dP 
6 
spo 8a 
6 
oV Sd 
aU =3 d = 3¢ 
8V _ 3pd z( aoe ) 
V  4tE m 


From the above relation, the change in volume can be 
determined. 
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_ If the shell had been riveted, the stress in the plate would 
given by 
. pd 
f 4ty, 
where 7 is the efficiency of joint. 

_ Problem 402. A vessel in the shape of a spherical shell 40 cm in 
diametcr and 1 cm. shell thickness is compl tely filled with a fluid at 
atmospheric pressure. Additional fluid is then pumped in till the 
pressure increases by 50 kg./em*. Find the volume of this additional 
fluid given that w=0'°25 and F=1x 108 kg.f/cem.2 for the shell 
material. (AMIE, Winter 1978) 

Solution. 
fd _. 50x80 _ : 2 
A=h="7, 4xcq = 1000 kg Jem. 


o:— fi — _f2__ 1000 _ 0°25x1000_ 
DE mE £E E 
pueden 3X 750 750 
meh 2x 108 2x 108 
; 750 4 
ai : (= Cg Va= x-- : 
Increase in volume 5V¥=e.V= .— "1g 5 (40) 
= 603°19 ec. 
Volume of additional fluid=603'19 cc. 


Problem 403. A thin seamless spherical shell of I'5 metres 
diameter is § mm. thick. It is filled with a liquid so that the internal 
pressure is 15 kg./cm®. Determine the increase in diameter and 


capacity of the shell. Take — =(0'3and E=2~x 108 kg.jem*. 


Solution. fap ra 


we SX 150 | 2 
4x0'8 kg./om. 
= 703 kg.fem.2 . 


Strain of the diameter 


epee aaa 
E mE 
E m 
703 : 
= sei ( 1-0'3 ] 
== ("00246 


.. Increase in diameter 
« ¢ X original diameter 
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=(0°000246 x 150 om 
==0°0369 cm, 

Strain cf capacity 
=€o 3e 
=3 x 0°000246 
==0°000738 

Change in volume 

=é€r X Original volume 


=(0°000738 X nx) cms 
= 1304 cm}. 
Problem 404. A thin spherical shell 140 cm. diameter is sub- 


jected to an internal pressure of 18 kz.jom*®. If the permissible stress 
in the plate material is 1400 kg./cm.*, and the joint efficiency is 75%, 
find the minimum thickness. 


Solution. p=18 kg./em2 
f=1400 kg./cm.2 
n=157% 
po Pa 

Af 
18 x 140 
~ 4x 1400 x 0°75 °™ 
=0°6 cm. 


§117. Biaxial stresses in doubly curved walls of pressure vessels 


Consider a closed thin walled vessel whose form is a surface 
of revolution. Let the vessel be 
subjected to an internal pressure of 
intensity p. Let ¢ be the thickness 
of the wall of the vessel. This 
thickness is so small compared with 
the principal radii of curvature and 
hence the wall may be taken to be 
incapable of offering any resistance 
against bending. Hence the wall 
acts as a thin membrane. The 
stresses in the membrane are taken- 
to be uniform and acting tangen- 
tial to the middle surface of the 
wall. These stresses are called the 
membrane stresses. Fig. 586 


These can be determined by the conditions of equilibrium. 


Consider an elemental part of wall bounded by two meridias 
and two circumferential arcs. 
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0, 1,ds;t 





“4 


Fig. 587 


Let fi be the stress intensity in the circumferential direction. 
This is the hoop stress. Let fe be the stress intensity along the meri- 
dian. This stress is called the meridional stress. Let r, be the radius 
of curvature of the circumferential arc. Let re be the radius of the 
meridional arc. 

Let d6, =angle subtended by the circumferential elemental arc. 
d0o= angle subtended by the meridional elemental arc. 
ds,=Jength of the circumferential elemental atc. 
ds =length of the meridional] elemental arc. 

The forces acting on the edges of the elemental part of the wall 

are, fi dset in the circumferential direction and fodsit in the meridio- 
nal direction. 


Resolving the forces on the elemental part along the normal to 
the elemental part, 


fi dsqtd?1+-fo dsytd0e= pdsidsq 


But do, = — a and df,g=—* as 
i. fedndos = 
fi 7 at es pdsids2 
A_+t en 
ry t 


This is the most tee equation giving the relation between 
the circumferential and hoop stresses and the internal pressure in the 
. Vessel. 


Particular cases 
(i) If the vessel is spherical 
fu=fa=f and ri=re=r 


_* 
oe 
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PE) 
~ Ot 
(ii) 1f the vessel is cylindrical reco 
i , fa Pe 
ri ete t 


A= a (Hoop stress) 


In this case the longitudinal stress is due to the presste-orrfie 
ends of the cylinder 
p wry? 


Longitudinal stress=fo= 
i 3 2m, t 


Stresses in a conical water tank 


Fig. 588 shows an open 4 
conical tank uniformly suspended 
arcund its upperrim. Leth be 
the depth of water. Consider any 
level XX distant y from. the 
apex O. 





At this level r22= 00 
fi 2 PP 
ry . co ft 
or 
where r,=radius of the circum- 0 
ferential curvature. Fig. 588 
But ytane 
p=w (h—y) and n= Bao g 
where w=weight per unit volume of water. 
w(h-y) ytana 
fa f COs « 
This is the hoop stress at the level XX. 
Maximum hoop stress 
For the hoop stress to be maximum, 
df w tan « a 
dy t cos @ (h—2y)=0 
h 


yr a 
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Putting y= is in the general expression for the hoop stress, 


we get 
wh* tan « 
filmas)= At cos « 

We can also calculate the stress fo in the meridional direction. 
The total weight of the shaded volume of water must be resisted by 
the vertical component of the induced meridional tension on the 
circumference XX. 


.. For this condition 


fe 2ny tan % t cos 2=w(h—y) ny? tan? a+-wnry? tan? « a 





ie wtang / h Das 
2? cos « J 3 7 


Maximum meridional stress 
For the meridional stress to be maximum, 








Ua w tan « ( i 4 a 
dy ~ 2tcos« ha 3 )=0 
3 
y=rgh 
Puttiag y= i hin the general expression for the 
meridional stress we get, 

f a 3wh? tan « 

Mae 16 t cos & 


Examples in Chapter 12 


I. A seamless pipe 100 cm. diameter contains a fluid under 
a pressure of 15 kg percm.* If the permissible tensile stress be 
1000 kg cm. find the minimum thickness of the pipe. (0°75 cm) 


2. Acylindrical shell is 4 cm. internal diameter and 0°8 cm. 
thick and 100 cm. long. Find the change in the internal diameter 
and the length, when the cylinder is charged with an internal 
pressure of 80 kg./cm?. 

Take E=2 X 108 kg./cm.? and Poisson’s ratio=0'3. 

(0'034 cm., 0°02 cm.) 


3. A cylindrical shell is 3 metres long, 1 metre in diameter and 
is subjected to an internal pressure of 10 kg,/cm2 If the thickness 
of the shell is 12 mm. find the citcsumferential and longitudinal 
stresses. Find also the max. shear stress and the changes in the 
dimensions of the shell. 
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Take F=2X108 kgJem2 and ae 


(416°7 kg.jcm.? ; 208°4 kg./cm.2 
104°4 kg. /em.2 
&d=0°018 cm 
§1-0°012 cm. 
’v= 931 em), 

4, A water main 60 cm. diameter contains water at a pressure 
head of 100 metres. If the weight of water is 1000 kg. per cubic 
metre find the thickness of the metal required if the permissible 
stress is 300 kg. /em?. (1 cm.) 

§. Accylindrical shell 120 cm. long, 2° em. internal diameter 
and 10 mm. thick 1s filled with a fluid at atmospheve pressure. If 
an additional 30 cm.? of the fluid be pumped int> the cylinder, 
find the pressure exerted by the fluid on the wall of the cylinder. 
Fird also the hoop stress induced 


Take i -=2* 148 kg.fcom 2 and - =()'3 


(83°75 ky. ‘cm. : 837'5 ke jem.?) 
6. Arriveted botler is made out of 15 nim. thick plates to a 
diameter of 180 cm. If the efficiency of the longitudinal and 
circumferential joints be 75% and 66", respectively, find the safe 
pressure in the boiler if the maximum tensile stress on the plate 
section through rivets may not exceed 1200 Ag.’cm*. Find also the 
longitudinal stress on the section through the rivets. 
(ISAg fom? ; 750 kg.Jem.?} 
7. A thin spherical shell of Us0 metres diameter is 10 mm. 
thick. It is filled with aliquid so that the internal pressure is 
10 kg./em.* Find the increase in diameter and capacity of the 
shell. 


‘ ] 
Take £-=2 ~:08 kg Jem and sos 


(0.028 cnt. > 1443 em.3) 


8. A thin special shell 150 em. diameter is subjected to an 
internal pressure of 20 ke.fem.* If the permissible stress in the 
plate material is 1400 kg /cm.? and the joint efficiency is 80% find 
the maximum thickness. (0°7 em.) 
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$118. Thick Cylinders 


In the case of thin cylinders, the hoop stress was Edetermined 
assuming it to be uniform across the thickness of the cylinder. But 


actually, the hoop stress will not 
be uniform across the thickness 
and it will be seen that the hoop 
stress will vary from a maximum 
value at the inner circumference 
to a minimum value at the outer 
circumference. 


Fig. 589 shows a thick 
cylinder of external radius r; and 
internal radius re and length /. Let 
the cylinder be subjected to an 
internal pressure of intensity Po 
The thick cylinder may be taken to 
consist of a number of concentric 
elemental rings. Consider one such 
elemental ring of radius x and 





Fig, 589 


thickness dx. Let the radial pressure intensities be pz and (pz+-dpz) 
at the inner and outer circumference of the elemental ring. Let the 
hoop stress intensity induccd in the elemental ring be fe. Consider 


a longitudinal section XX. 


Bursting force -=P-(2x1)—(P2+-dP«)2(x+dx) I 


Resisting force == fr Idx | 


Equating the resisting force to the bursting force, we have, 
Fe2dx] = 2Pexl—2(P2+dPa)(x+dx)l 
fedx= —P2dx—xdPz— dP .dx 
Ignoring products of very small quantities, we have, 


2=—P,—-x 


aps : 
dx aU 





Now we will obtain another relation between the radial pressure 
and hoop stress by using the condition that the longitudinal strain at 


any point in the section is the same. 
706 
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Fig, 590 
The longitudinal stress 
PPM os pie 
x(r1?-- re?) ryt — ret 


Hence at any point in the section of the elemental ring 
considered above, the following three principle stresses exist : 

(i) The radial pressure P. 

(ii) The hoop stress fs 

(iii) The longitudinal tensile stress Po 

Since the longitudinal strain is constant, we have, 


ie ee le rail 








E = mE mE = constant 
where — is the Poisson’s ratio. 
But stance Po, m and E are constants 
fe—Pa=constant 
a et Se—Pe=2a ..(tf) 
Putting fe=(Pe+2a) in equation (i), we get 
__p._. + 4x 
(Pe+-2a)= Pz—-x ee 
aPe __ 2(psta), 
ax x 
dP 2dx 
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Integrating, we get, 
loge (Pzt-a)=—2 loge x+loge b 
where, log. 5 1s a constant 


loge (p.+a)=loge 3 


Pe +. a=-,- 
Pe= 25 “a 
Substituting, in equation (ii) we have 
b 
ie = “x2 +a 


Then, the radial pressure Px and the hoop stress f, at any radius 
x ure given by, 
»- (iii) 







Pees eag 
r me 
} ? 
and —— +a iy) 
S 
So 
- we 
‘ 
Boe No 
¢ oF “ 
oe 
t. 
ae | 
ie RADIAL PRESSURE 
oe K DISTRIFUTION 
oe ibe 





HOOP STRESS 
DISTRIBUTION 


Fig. £91 
The above two equations are called Lame’s equations. Krom the 
known conditions, namely at x=re, Ps=Po and at x=r, Px=0 the 
constants a and b may be evaluated. 
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After finding the constants a and b the hoop stress at any radius 
can be easily determined. 


Fig. 592 shows the radial pressure distribution and hoop stress 
distribution across. the 
thickness of the shell. 


Fig. 592 also shows 
the radial pressure and 
hoop-stress vartation. 


In this representation 
the two curves are parallel 
distant 2u apart vertically. 





aa’, 592 


Problem 405. A pipe of 40 cm. internal diameter and 10 cm. 
thickness contains a fluid at a pressure of 80 kg.Jom* Find the maxi- 
mum and minimum hoop stress across the section Also, sketch the 
radial pressure distribution and hoop stress distribution across the 
section 

Solution. Let the radia! pressure intensity and the hoop stress 
at any radius x be given by 


Pps wo 


and f.= L la 
: 
At x= 20 em., 
Pr=80 Ag fom? and at x=30 em. 


P2220. 
h 


-g--$0 
Se 


b 
ve So fee _ ) 
ind Gon a -=( 


Solvine the above equations 
we get bh =§7600 





Fig. 593 


and. a> 64 


Hence the hoop stress at any radius \ 1s given by 


f 57600 
= » - 
pS tag 
$7600 ee Baer 
At == 70 cm., Joy, mn “400 7 C4 —- 2} , ke a Ole 
57600 


At x= 230 cnn., Saqem= Wein 64S 2s 2 ns 
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Fig. 594 (a) and 594 (b) show the distribution of radial pressure 
and hoop stress across the section. 








loakgfem? 
sine | | 
30 
cm 
RADIUS CIR 
Fig. 594 (6) 


Problem 406 (SI). A pipe of 400 mm. internal diameter and 100 
mm, thickness contains a fluld ata pressure of 8 Nimm?. Find the 
maximum and the minimum hoop stress across the section. 


Solution. Let the radial pressure intensity and the hoop stress 
at any radius x be given by, 


Pa= =a 


and fae +a 


At x=200 mm., Pz =8 N/mm? 
and At x=300 mm, ~:=0 


wy 
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: 5 a = $ 
40000 
b 
and goo00 9 
Solving the above equations, we get § = 576,000 


and a= 64 
Hence the hoop stress at any radius x is given by 
(a 576,000 | ,. 
io -+-6°4 


57 
SOU +6'4=20°8 N/mni* 


At x=200 mm., f200= 390x300 
$7000 

ree eee Sete e = 2 2 

At x=300 mm., f300*= 306 x 300 +64 = 1°28 Nimm 


Problem 407. Find the thickness of metal necessary for a steel 
cylindrical shell of internal diameter 15 cm. to withstand an internal 
pressure of 500 kg.{em®. The maximum hoop stress in the section is 
not to exceed 1500 kg.fcm®. 


Let the external radius be ry ci. 


Solution. 
Let the radial pressure and hoop stress at any radius x be 
given by 
b 
Pes "oO aa 
Ae 
n 
and fr=-3 ta 
x 
At x= 75 cn. 
P,=- 500 kg.Jom" 
500 = 56°25 =i 
. A) 
At x= 7 3 em, 


f= 1500 he fem. 


f 
1 S00- a: +a 





.. (ii) 
Subtracting equetion (7) from 
equation (27) 
1000Q= 2a 
a-- 50 | —— 


Substituting in equation (7) Fig. 595 


b 
500 = 56°25 — 500 
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b 


5675 1000 
ee b== 56250 
We also know that at x=r), pe=0 
b 
Care =a 
b 56250 
2a Bee 5 - = ods 
a 509 tI? 
r1=10°60 cm. 


Thickness of metal =t=10°60--7 50=3'/ cm. 


Problem 408. (S.1.} Find the thickness of metal necessary 
for a steel cylindrical shell of internal diameter 150 mm. to with- 
Stand an internal pressure of 5Q N/mm?. The maximum hoop stress 
in the section is not to exceed 150 N{mm*. 


Solation. Let the external radius be r; mm. Let the radial 
pressure and hoop stress at any radius x be given by, 


b 
Pr= see 
and foe ae 
x 


At x= 75 mm., pe= 50 N/mm.2 


50 = 56952 ... (0) 
Atx-75 mm. f,2-150 N/mm2 
b | 

50 =: 5623 +a ... a) 


Solving equations (i) and (ii), we get, 
a=-50 and b= 562,500 
We also know that-at 
x=r1, P2=0 
b 


= =a 
ry? 


panna 582309 _ 11950 
r1 = 106 mun. 
Thickness of metal 
== [==7y-— ro 


=]06—75=31 m.,.. 


THiCK CYLINDERS AND SPUERLS 713 
€1{9. Compound Cylinders 


In the examples shown above we find that when the cylindrica] 
shell is subjected to internal pressure the hoop stress across the'section 
is not umform ‘rhe maxin.um 
hoop stress occurs at the inner 
circumference and the hocp Stress 
decreases towards the cuter circum- 
ference. Hence the maximum 
pressure inside the shel! is limited 
corresponding to the condition that 
the hoop stress at the inner circum- 
ference reaches the permissible 
value. 


But, suppose the shell is made 
by shrinking one tube over the 
other. This will initially introduce 
hoop compressive stresses in the 
inner tube and hoop tensile stresses Fig. 596 
in the outer tube. 


If now the compound tube is subjected to internal perssure, both 
the inner and outer tubes will be subjected to hoop tensile stress, due 
to the internal pressure alone. Adding the internal stresses caused 
while shrinking and the stresses due to internal pressure alone, the 
final hoop stresses in both the tubcs can be determined. By this 
arrangement the hcop stresses throughout the metal will be more or 
less uniform. 


Let r) andre be the outer and inner radu of the compound 
tube. Let the radius at the junction of the two tubes be rz. 


Let ?; be the radial pressure intensity at the junction of the 
two tubes after shrinking the outer tube over the inner tube. 


Let Lamme’s relation for the outer tube be 


given by, 
by 
P= ive. —-@Q@] 
and peg 
ie 
At X=TVTi;5 Pa =(0 
by 
py —~ QI (E) 
and at x=Fs, 
. Pye eG ii) 
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The constants a, and bi can be determined from equations (j) 
and (ii) 
Let Lamme’s relations for the inner tube be given by 
b 








2 
P= x2 —-Q2 
be 
and = 2 + a2 
At xX=fa, P3=0 
b 
0= opt ne (iii) 
and at x=Pr3, Pa =P 
be 
Myo — 42 .. (iy) 


The constants az and bz can be determined from equations (iii) 
and (iv). 

Now the hoop stresses for the outer and the inner tube can be 
easily determined. 


Suppose the compound tube is subjected to an internal fluid 
pressure Po. For this analysis, the inner and the outer tubes will 
together be considered as one thick shell. The stresses due to internal 
fluid pressure alone can now be determined. For this condition 
let Lamme’s relations be, 


pry 
x- 
and, pee +A 
PD oa 
At A=]; P,=0 
BO, 
‘ 0= neo ere 
At VP, Pi=P, 
B ; 
Pos re 4 .-.(vi) 


The constants A and B can now be evaluatcd. The ]vop stresses 
across the section can now be easily determined. 

By algebraically adding, the hoop stresses cauced due to 
shrinking to the hoop stresses caused by internal fluid pressure, the 
final hoop stresses may be determincd. 
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Problem 409. 4 
compound tube is com- 
posed of a tube 25 cm. 
internal diameter end 25 
cm. thick shrunk on a tube 
of 25 cm. external diameter 
and 2.5 cm. thick. The 


radial pressure at the 
junction is 80 kg./em?. 
The compound tube is 


subjected to an interal fluid 
pressure of 845 kg./cm?. 
Find the variation of the 
hoop stress over the wall 
of the compound tube. 


Solution. Stress due 
to shrinking the outer 
tube on the inner tube. 


Outer tube 


715 


en 


Yo 
Pia\, 


Fig. 597 


Let Lamme’s relations for the outer tube be given by 


by 
Pr= x2 —@\ 
by 
and fies x ay 
At x=15 cm., Pe=0 
b 
0= 55 —ay (i) 
At x=12°5 cm., Px =80 Kg./em. 
b bes 
80= 5 am ii) 


Solving equations (7) 


and (zi), we get 


a,=181°8 and by= 40910 
Hoop stresses for the outer tube are given by, 


125°" 156°25 
Sis 


Inner tube 


_, 40910 +181°8=443°6 kg/cm.” (tensile) 


__ 40910 
~ 225 


+181°8 = 363°6 ke.Jem.2 (tensile) 


Let Lamme’s relations for the inner tube be given by 


® 


and 


fi 


be 


€ a2 
x? 


be 
=—, +a 
xt 2 
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At x-=12'5 0m, P.=80 kg./cm.? 
D> @ae 
S0O- 156 25 + a9 .. (iii) 
At d= 10 ent., Pe=0 
hy : 
Q == 1g @ oe (iv) 
Solving equation, (4) and Gy) we eet ag==— 222 and 
bo = — 22720 
lience thc hoop stresses for the inner tube are given by, 
222} 
Siy5 -— jsp pe 7222 


= — 3642 kg ‘com.* (compressive) 
22220 
Jig — * 












If 7t ale m / ae HY 2? 
FIRES d j Sag gS eat he ‘lin 


ee ae 


ere cmap ae 


ice a eee 


Fig, 598 
Stresses duc to internal fluid pressure alone 
For this condition both the tubes together will be considered as 
acting as one cylinder. 


Let Lamme’s relations for this condition be 


B 
Pe 3 —A 
and f= -} 


At x= 10 cm, P2==845 kg./om? 


fHICK ORLINDERS AND SPIIERES 717 


B 
845 iGo” 4 Ay) 
At v=:})50¢m,Pr- O 
be 
C “aa5 4 .. (v7) 


Solving equations (¥) and G7), we get, 
A-~ o'@'} and B= 152200 


Hence the hoop stressc. Jue to internal fluid pressure alone are 
given by, 
ao CU A a 
fis ‘00 7 S761 =2198 | ke./cm.? (tensile) 


Pe IOQ oe _ 
firs S625" O76 1-2 1680 t Ag fom.” (tensile) 


_ 182200 , ; P , 
fis aye 7 6761 = 135 °2 ke /cm.? (tensile) 
Hence duc to the com ned effect of shrinking the outer tube 
on the inner tube and intern..! fluid pressure the final hoop stresses 
will be as follows : 


Outer tubc 
Fyy. > 44264 1650°1--2093°7 hg./cm.* (tensile) 
Fy3 %63 6- 1352°2 -1715 8 ke.Jom* (tensile) 
Inner tubk 


Fyas- - 3642 + 16501 = 12859 ke.lom *(tensilc) 
Fy - 44424-2198 1-- 1753 9 ke. fem Atensiley 


£920. Initial difference in rad? at the junction of a compound cylinder 


In order to shrink on the outer 
tube over the inner tube, it 1s neces- 
sary that the radius of the inner face 
of the outer tube should be slightly 
less than the radius of the outer face 
ofthe inner tube, so that after the 
tubes are fitted the required radial 
pressure at the unction of the tubes 
may be reach .! 

Pites «+. .jus of tucction after 

‘ooking on. 

dr’ = difference between the 
radius of the outer 
face of the inner tube 

and rg. 
= 5r’’=difference between the 
radius of the inner 
face of the outer tube 

Fig, 599 and rg. 
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Original difference of the radii of the two tubes at the 
junction 
= Org=dy' +57” 


Now, for the outer tube let Lamme’s relations be 


pai 5 ay 
and f, tte 
Circumferential tensile strain for the outer tube at the 
junction 
te - FE rl (2 bia) cs (3) 
where p =radial pressure at the junction. 
and + =Poisson’s ratio. 
Similarly, for the inner tube, let Lamme’s relations be 
bo 
Pe x2 a2 
b 
and 2 = +a2 


Circumferential compressive strain for the inner tube at the 


HAL) 2] 09 


Subtracting equation (i/) from equation (i), we get 


wt! a 2 AT ( bas) |B 
r3 rs E eta) rat an) | 


junction 


(iil) 
Algebraic difference between the hoop stresses 
rs Pe ____in the tubes at the junction 
r3 E 


Problem 410. For the compound tube of problem 409 find the 
original difference in diameter of the two tubes before shrinking-on, so 
that after shrinking on the radial pressure at the junction may be 
80 kg./cm?. Find also the minimum temperature to which the outer 
tube should be heated in order it can be slipped on the inner tube. 
Take E=2xX 108 kg./cm.* 


Solution. Due to the radial pressure of 80 kg./cm.* at junction 
the hoop stresses for the two tubes at the junction are as follows : 


Outer tube: hoop stress at the junction 
= +443°6 kg./cm.* (tensile) 


mn come 
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Inner tube - hoop stress at the junction 
= —364°2 kg./em.* (compressive) 
8r3__ 443°6+3642 _ 807'°8 
3 2x 108 2x 108 
= (0004039 
5r3=0°0004039 x 12°5=0'°005 cm. 
original difference in diameter=2 x 0005=0'010 em. 
Let T be the temperature by which the outer tube is to be 
heated in order to slip it on the inner tube. 
aT (xd)=ndd 
Sd 
~ od 
_ 0010 
~ (12x 1078)25 
== 33° 34C, 
Problem 411. A steel tube of 20 cm. external diameter is to be 
shrunk on to another steel tube of 6 cm. internal diameter. After 
shrinking the diameter at the junction is 12 cm. Before shrinking on 


the difference of diameter at the junction is 0°008 cm. Find_ the hoop 
stresses developed in the two tubes after shrinking-on, and the radiul 


pressure at the junction. Take E= 2x 108 kg.Jem®. 
Solution. Let Lamme’s relations for the outer tube be given by 


Let Pi be the radial pressure 
at the junction. 


At x=1l0cm.,P,=0 
5 


O= 5997 ...(i) 

At x=6cm., P.=P% 
b2 “f 
Py= 36 7 41 -. (ii) 





Now let Lamme’s relation 
for the inner tube be given by, 


be 
r paar ‘x2 ome ag 


b 
and fe=— +a 
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= . b 
At x=3 cem., Pz=0 oO. 0S ee 


9 
E : bg 
At Le 6 CIH., P, Py oe he -—-@ 
36 
From equations (ii) and (iv), we get, 
Oot Ut 
eee! ageiees 


Finally, 


ér3 _,0°0 008 _ ; ("5 : 
es re =11(2 2 ta a; (23), az | 


From equations (i) and (ii), we have. 


hy- -100ay 
and bo = Suz 
Substituting for hb; and by in equations (1) and (vi) 
10a, Yan 
63 9 36° 7 
ees. 
ayo. 4 go 
lar ~ (322 \ 0008 Oa ice 
and ( 36 Gp tics {ag | é x2 10 
34.0=~C(“‘S UBL 
9 at 4 22> 3 x10 
34S 8000, 
SO ae aS 


Solving equations (vii) and (viii), we get 
ao-= -9378 and a)--395'°7 


by = --927 8X9 

~ —8440°2 
and hy = 395'7 X 100 

- 39570 
Hence, Lamme's relations for the two tubes are as follows. 
Outer tube 

xe 
and Sav ae 43957 
Inner tube 
_ 8440°2 


(tii) 


..-(iv) 


w(¥) 


.. (vi) 


(Vii) 


Citi) 
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721 
and fa=— ea ~937°8 
At the junction, i.e., at x=6 cm. be radial pressure 
_p,.. 39570 
=P y= 36 9395'°7 
or alternatively a a +9378 


= 7034 kg.Jem2 
Now the hoop stresses can be calculated as follows 


Outer tube 
39570 
‘hoe ao 4+395°T—=79i°4 kg.jom (tensile) 
39570 . » 
fu= 36 +398 T= 1494°9 kg.fem2 (tensile) 


Inner tube 


440° 
fo= s ae —9378- —1172°2 kg.Jcm.* (compressive) 


8440° 
fau— ~- a —937°8- -1877°6 kg./cm.2 (compressive) 


6121. Thick Spherical Shells 


Consider a. spherical shell of 
external radius r, and internal 
radius rg subjected to an internal 
fluid pressure p. 


Consider an elemental disc 
of the spherical shell at a radius x, 
having a thickness dx. Let this 
elemental part subtend an angle 
dd at the centre. 





‘ Consequent to the internal 
Ne pressure, let the radius increase 
ree from x to (x tu) 
Fig. 601 Circumferential strain 
ae (x-}-u)d8—xd8 
in 
xd9 
u 
€g52 oA 
ws (i) 


A(x+-u)—dx 


The radial strain = es: ae 
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du 
rie -+.(ii) 


The above strains are tensile if positive. 

Now consider an element spherical shell at the radius x having 
a thickness dx Let the radial pressure at the radii x and (x+dx) 
_ be Ps and (Ps+-dPs) respectively. 

Let fe be the circumferential stress which is equal in al} 
directions since this is a spherical shell. 


The bursting force on any 
diametral plane on the section p+dp 
of the elemental shell 

== Dar xX — (P et dPz)r(x + dx)? 
Resisting force 
= f:X2nx dx 


Equating the resisting force 
and bursting force, we have, 


SA 2nxdx) = P 2TXx2 
—(Pz-+ dP2)x(x-+dx)?* 


Neglecting squares and pro- 
dacts of very small quantities, 
2fa=—2Pa—x F _Aiil) 
At any point at a radius x the three principal stresses are 
(i) The radial pressure Ps (compressive) 
(ii) The hoop stress fz (tensile) 
(iii) The hoop stress fe on a plane at right angles (tensile) 


Radial strain 





Fig. 602 


» Ps 4 2h 
ez E ae ly 
(contpressive) 
fy 
enh 4 2S; h, 
Cz E pz a 
(tensile) .. (iv) 
Circumferential strain £ 
_ fe _ fey Pe | ' 
=Cys Eo mE| mE f, 
(tensile) Fige 603 


ev ( mt Se+ = ) (tensile) 


From equations (i) aud (ii) 
ake 
J ( xX ey ) 


Re. 
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Cx=eyt+Xx ae 


..( vd) 


Substituting for es and ey from equations (iv) and (v) in 
equation (vi), we have, 


He a (see) (8) 
diay dP2 | 


dx m 4dx 








on simplification, 


(p.+f: }( m+1)— ( m -1)x2 ele o: =0 (vii) 
But from equation (iii) 
f2=—Pa-t ~ a 


Differentiating the above relation, 


df: _ az d*De dPs 
dx dx —4 |» oe a ee | 








Substituting for /. and oe in equation (vii) and on simpli- 


fication 
we get, 
2 a 
~ Oe +4 oe =) (viii) 
2 dP, 
putting i. =y, 
we get, 
du 
xX. ae +4u0= 0 
do aoe dx 
uv x 


Integrating, we get 
logev=- —4 loge x-+loge Cy 
where loge C; is a constant of integration. 


loge v=loge ( oy 
Ci 


v= —,- 


x4 


Qa 1 
“dx xé 


724 STAENUTH OF MATERIALS 


a: ax 
dPz=C, j 
Integrating we get, 
Pe= 33+ Co 


where Co is a constant of integration. 
But we know 


Spe x APs 


a de 
. BCI GQ 
ee Jeg Cl 93 
ON 
Jenn Gye 8 
Yow consider the two expressions obtained for Pz and f: namely 
Eee i 
Pz 3,5 1 C2 
eee Ol 
and Tem yz Cs 
putting Ci1=—6b and Co=—a 
we get, 
_ 2b , 
Pe x3 a (ix) 
and PE eG os 
x3 eee 


The above two relations will be found very useful. From the 
known initial conditions the constants a and 6 can be evaluated. 


For instance corresponding to the external radius. 
xX=/j and P.=0 


2b 
= aS 5A) 
But at x=re (internal radius) ps =P 
25 
one 4 ...(B) 
Solving equations (A) and (B) 
we get, 
a= pro? 
pri®ry® 


= °= 2r8— rs) 
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Problem 412. A thick spherical shell of 10 cm. internal diameter 
is subjected to an internal fluid pressure of 300 kg./cm®. If the per- 
missible tensile stress is 800 kg./cm?, find the thickness of the shell. 

Solution. Let the radial pressure and the hoop stress at any 
radius be given by, 


At x=5cm., Ps=300 kg./em.* AD 
2b 
: 300 —- 95774 
At x=S5cm., f;=800 ke /om.2 


Rote 
800 = (95+ 2 (Ed) 


Solving equations (i) and (ii), 
we get, 
1300 
a= 7a! 
3 
3 
and b= = 
Let the external raaius be r; 
'. Atx=ry, Pa=0 
pax 2%137500 _ 1300 
3r18 3 
rp =5°96 cm. 
Thickness of the shell=5°96—5==0°96 cm. 
Problem 413 (SI). A thick spherical shell of 100 mm. interna 
diameter is subjected to an internal fluid pressure of 30 Nimm*. If 
the pernzissible tensile stress is 80 N/mm.?, find the thickness of the 
sheil. 
Solution. Let the radial pressure and the hoop stress at any 
radius be given by, 


p= —a 
“x8 
and - sata 


At x=50 mm., Ps mod ial 
ok 30= 125,000 72 (I) 
Atx=50mm.  f,.=80 Nimo? 

80= 125,000 4 (ft) 
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Solving equations (/) and (ii), we get, 


130 
a=— 
aes pel a 


Let the external radius be r1 
At x=Pi, P,.=0 
‘ Om 2 x 13750000 130 
_ 3r18 3 
3__ 2 x 13750000 
hy SF 
- 130 
ry2®=2 11538'46 
ae ry = 59°6 mm. 
.. Thickness of the shell 
7 =r1—he 
= 59°6— 50 
=9°6 mm. 


Examples in chapter 13 
1. A pipe of 50cm. internal diameter and 10 cm. thickness 
contains a fluid at a pressure of 60 kg./cm*. Find the maximum and 
minimum hoop stresses across the section. Also sketch the radial 
pressure distribution across this section. 
(Hoop stresses : 152°4 kg./cm.?, 59'8 kg /cm.”) 
2. Find the thickness of metal necessary for a steel cylindrical 
shell of internal diameter 20 cm to withstand an internal pressure of 
400 kg./cm®. The maximum hoop stress in the section is not to exceed 
1500 kg./cm? (3°15 cm.) 
3. A compound tube is composed of a tube 20 cm. internal 
diameter and 2 cm. thick shrunk on a tube of 20cm. external dia- 
meter and 2 cm. thick. The radial pressure at the junction is 60 
kg./cm*. The compound tube is subjected to an internal pressure 
of 800 kg./em*. Find the variation of the hoop stress over the wall 
of the compound tube. 
Initial stresses: Inner tube fg=233°3 kg /cm.* (compressive) 
fio=273'3 kg./cm.* (compressive) 
outer tube f19=732°7 kg.]/com.? (tensile) 
fig=222'3 kg [cm.* (tensile) 


Final stresses: = Inner tube fg=1721°7 kg./cm.? tensile) 
fio= 12877 kg./em.* (tensile) 
outer tube fig = 1893°7 kg./cm * tensile) 
fiz=1602°3 kg./em.* (tensile) 
4. A thick spherical shell of 16 cm. internal diameter is subjec- 
ted to an internal fluid pressure of 400 kg./em®. If the permissible 
tensile stress is 800 kg./cm.? find the thickness of the shell. (21 cm-) 


14 


Columns and Struts 


Introdaction 


We come across various instances of members subjected to 
compressive loads. These members are given different names depend- 
ing on the particular situation in which they are placed. 


Columns and stanchions are vertical members used in building 
frames. 
A post is a general term applied to a compression member. 
A strut is a compression member of a truss. 
A boom is the principal compression member in a crane. 


$122. Axially loaded compressio: members 


Fig. 604 shows a short column of uniform 
sectional area A, subjected to an axial load P. 
The stress intensity p induced on the section 
of the column is obyiously 


Let the load on the member be gradually 
increased till the member fails by crushing. 
Let P. be the crushing load. Let f. be the 
ultimate crushing stress. 


”. Crushing load=P.=f.A. 

A very short column wil) fail at the 
above load by crushing. By dividing the crush- 
ing load by a suitable factor of safety the safe 
load for the member can be computed. Fig. 604 


_ But the compression members which we come across do not 
fail entirely by crushing. These members are considerably long in 
| Comparison with their lateral dimensions. Hence, these members 
Start bending, i.e., buckling when the axial load reaches a certain 
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critical value, Once a member shows signs of buckling it will lead 
to the failure of the member. This load at which the member just 
buckles is called the buckling load or critical Ica i or crippling load. 
The buckling load is less than the crushing load. The value of 
the buckling load is low for long members and relatively high for 
short members. The value of the buckling load for a given member 
depends upon the length of the member and the least lateral dimen- 
sion. When an axially loaded compression member just buckles, it 
Is said to develop an elastic instability. 


__ Fig. 605 shows a column loaded axially, 
which has just buckled, due to the applied load 
P Let | be the length of the column 
and A the sectional area. The maximum 
lateral deflection e has occurred at the middle 
point of the column. 

The extreme stresses on the mid section 
are piven by 
r P 
AtzZ 
where Z~ section modulus of the 
section about the axis of 
bending 


Sept 


o=Stress due to direct load 





Po=extreme stress due to bending. 


Fig. 5 
a Pmas=Po+P yp 
and Pmia=P,—Ps 


When Pman reaches the crushing stress J. for the column 
material the member will fail. Thus it should be realized that the 
failure of the member is not caused by Po alone but duc to the 
combined effect of Po and Po. 


$123. Euler’s Theory of long columns 


We will now discuss the case of very long columns having low 
crippling leads. In this case the stress Po due to direct load is very 
small in comparison with the stress Po due to buckling. We will 
therefore regard that the failures of these members are entirely due 
to bending. The following four cases arise : 


Case 1. When both ends of the merrber are pinned. 
Case 2. When one end is fixed and the other is free. 
Case 3. When both ends are fixed. 

Case 4. When one end fixed and the other is pinned. 


Sign conventions for bending moments. 

A bending moment which bends the column so as to present 
convexity towards the initial centre line of the member will be 
regarded as positive. 
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AA A 
In Fig. 600, BA represents the initial sh 
centre line of a member. Whether the 2) 
member bends taking the shape BA’ or 


LIA 


wae” 


mig = 


BA” the bending moment producing this 
type of curvature is positive. 


A 


B 


I 606 


=~ 


In lag. 607, BA represents the 
initial centre line of a column... If 
the member bends taking the shape 


: ACK ot AC’B presenting concavity 
Cele towards the mitial centre line of the 
> member, the bending moment pro- 


ducing this type of curvature 1s re- 
garded as negative. 


ae 


B 


Fix. 607 

Case 1. When both ends of the column are pinned or hinged. 

Fig. 608 shows a column A&B of Iength 
fand uniform sectional area A, hinged at both 


the ends A and B. Let P be the crippling 
load at which the column has just buckled. 


Consider any section at a distance 1 from 
the end B. Let y be the deflection (lateral 
displacement) at the section. 


The bending moment at the section is 
fiven by. 


d*\ 


El dx? Sot 
2 d*y 
ve El dy? 
5 d*y P 

i dxt t+ py Y~° 


+Py=0 


}--~------. 
, 
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The solution to the above differential equation is 


y=C, cos (x 4/2) +x sin ( =. +) 


where C; and C2 are constants of integration. 
At B, the deflection is zero. 
At x=0, y=l 


: C;=0 
At A also, the deflection is zero. 
ie. at x=, y=0 


0=Co sin ( I V 2;) 
El 


Since C,:==0, we conclude that Cz cannot be zero. 


This is because if both C1 and Ce are zero the column will not 
bend at all. 


Hence sin( l eS )~0 
\ EI 


I a/ P 0, , Im, 3m, Am... 
EI 


Considering the least practical value, 


P 
ta/ =T 
El 


nF 
— a 

Case 2. When one end is fixed and the other is free. 

Hig, 609 shows a column AB of length i F 
whose lower end Bis fixed, the upper end A : 
being free. Let due to the crippling load /P the eA 
column just buckle Let a be the deflection at 
the top end. | 

At anv section distant x from the fixed | , 
end B, the tendirg m»meii* is given by { | 

rex 
d*y ~ 
El 2 ~ -Pla-—y) | "| 
Xv zl 
= { 
where y is the deflection at X. | ' 
ert) +Py=Pa | 
dx? ‘ 
dy P Pa B 


dx2* EI ¥~ EIT Fig. 609 
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The solution to the above differential equation is 


a F . P 
y=C1 cos ( x / EI )4+C2 sin x 4/ a )+e 
where C, and C2 are constants of integration. 
At B, the deflection is zero. 
At x=0, y= 
O=Cit+ea .. Cy=-a 
The slope at any section is given by 


dy /P . ( | p a/ r 
SO Cy ey Po Vie | 
dx CAV ey ONE NM orl ON 


cose sy ) 


At B the slope 1s zero, 


a Qala 
O= Coe a/ P 
El 


a C2=0 
At A the deflection is a 
At x=, ya 


= 3 -+-@ 
a cos ( / El 


Considering the first practical value, 


eed 
V3 


nF] 
4[? 

Case 3. When both ends of the column are jixed. 

Fig. 610 shows a column AB of length | whose ends A a 
are both fixed. Obviously there will be a restraint moment say Moe 
at each end. Let P be the cnppling load. 

e lower end B. The 


Consider any section X distant x from th 
oending moment at the section X, is given by, 
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2 
EI or =Mo—Py P 
d*y = My 
ey PM, ! 
dx? "pT EF ! 
. ‘ * . me ' 
. The solution to the above differential equation | om y 
> l | 
1p” q; 
y=Ci cos| x a 
(<Vz) . 
5 Py ee ; ( 
-+ C2 sin ( x a vt i ..-{i) (f \M 
where, C; and Cs are constants of integration. The y 
slope at any section is given by Fie, 610 


ee eee, 


dy ; P - ( P ) P 
- ao sin| . — |+C. 
dx 4/ FI . / )TON ey 


Cos ( x Vv Z-) .- (ii) 


At B, the deflection is zero. 
At r=), y= 0 


pe Mo Mo 
0) =C t P Cy c P 
At B, the slope ts zero. 
At x =(), ee () 
: dx 
O== Co ae se oOo) 
El 


At A, the deflection ts zero. 
At x=el, yO 


0=— Reos( 1 P ) a 
f EI 
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Considering the first practical value, 


l Ee =2n 
El 
4x2 [7] 
P= i, 
r 
Case 4.) When one end clthe column is fixed and the other end 
pinned or hinycd 
Fic 6it shows a column -f8 of length 
i, whose upperend 41s hinged while its Jower 
end B is tixea. 


Let P be the crippling load. Studying 
the nature of bending we realize that there 
will be a restraint moment Mo at the lower 
fixed end. 


The existence of the restraint moment 
therefore justifies the need for a horizontal 
force also at the top end A without which 
no bending moment can occur at B. Hence 
the hinge at A must exert a horizontal force H 
at A. 


Consider any section X at a distance x from 
the lower fixed end B. 


The bending moment at the section 1s 
given by, 





Fig, 61} 


EI y——Py | H(I- x) 


E+ Py= H(i-- x) 


dy —— oe eae 
at : oa at x) 


The solution to the above differential equation is, 


’ ] H 
y=C\ cos (x ne J), sin (x Fi i (l—-x) cals) 


where Ci and C2 are constants of integration. The slope at 
any section is given - 


dy C (« Fs +C j Pp 
dx ! J/> an Ne El 2 EI 
co — —_ ane ewe of) 
. (x | p)-# P a 


At B, the deflection is zero. 
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At x=0, y=0 





= A, . _ eH 
0=Ci+ P ! “% = > 
At B, the slope ts. zero. 
=o 4 _ 
At x=0, dx = | 
H H 
0=C P — ie =— El 
2 | EI Po: Ca P es 
At A, the deflection is zero. 
At x=], y=0 
H P H | EF. 
°. pase 160s ( Pe 
. EI! PN P . 
sin ( 1 a) 
EI 
Simplifying, we get 


P afi 
tan{ / -) es 
( Jer) \' eH) 
The solution to this equation is 


l ; P -=4'5 radians 
El 





2 . 
TP 2(45,2=20°25 


EI 
pe 20 25 El 
[- 
Approximately 20°25 = 2x* 
In- El 
Rage ae 
Suminary of results : 
(i) When both ends of column are pinned (hinged) 
ey ene 
Crippling load- P= a 
(ii) When one end of the column is fixed and the other end 
is free, 
2 
Crippling load -=-P=" 5" 
(iii) When both ends of the column are fixed, 


Crippling load=P= a ef 


end 
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. (iv) When one end of the column is fixed 
is pinned (hinged), is fixed, and the other end 
x8 FE] 


Crippling load=P=2 2 





3124. Effective length of a column 


The effective length of a given column with given end condi- 
tions is the length of an equivalent column of the same material and 
section with hinged ends having the value of the crippling load equal 
to that of the given column. 


" Actual length of column=!1, effective lengtheL 


End conditions of Crippling loud Relation between equivalent 
column length and actual leng th 

Case | ; Both ends wEl tél 

hinged 2 Le L=| 
Case 2 : One end fixed mel nhl 

one end free 42 L L=2l 
Case 3 : Both ends 4n2EI x El] Test 

fixed (y 2 oes 
Case 4 : One end fixed Qn2E] nt El oe 

one end hinged eT ope sonny 





If L be effective length of a column, the crippling load, 
= nr? El 
[2 
The effective length of columns coriesponding to different end condi- 
tions are given in the above table. 

In the above formula / should be taken as the moment of inertia 
of the section about the axis of least resistance Hence / should be 
taken as the least moment of inertia of the section. 

Putting ‘= 4 K? 
where K=least radius of gyration of the column section. 

nef 2 

We have, crippling load = P= ae 


or, the stress intensity corresponding to the crippling load 


L? 
Pte 


“ (x) 
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L effective length : 
t ants Eat age st Sa a 
pemare K least radius of gyration Is called 


the slenderness ratio of the column. 
$125. Assumptions made in Euler’s theory 
The Euler’s formula for the criopling load is based on the 
following assumptions : 
(i) The column is initially perfectly straight and is axially 
loaded. 
(ii) The section of the column is uniform. 
(fii) The column matcrial is perfectly elastic, homogeneous and 
isotropic and obeys Hooke’s law. 
(iv) The length of the column is very !arge compared to the 
lateral dimensions. 
(v) The direct stress is very small compared with the bending 
stress corresponding to the buckling condition 
(vi) The self-weight of the column is ignorable. 
(vii) The column will fail by buckling alone. 
$126. Limitation of Euler’s formula 
The validity of Euler's formula is subject to the satisfaction of 
the assumptions mentioned in the above article. Further acceptiny 
the formula for the cripping load, 
2 fe] A n-E A K2 
nel ope 2 
The stress at failure 


2 


: é : / 
From the above it can berealized that the stress at failure a 


according to the formula will be high when the slenderness ratio 1s 
small But the stress at failure cannot be greater than the crushing 
stress for the column material. Hence when the slenderness ratio is 
less than a certain limit, Euler’s formula gives a value of the crippling 
load even greater than the crushing load. 

For instance, consider a mild steel column. The crushing stress 
for mild steel=F.--3300 kg /cm*. Young’s Modulus for mild 
steel= £-=2'1x 106 kg./cm*. Equating the crippling stress to the 
crushing stress corresponding to the minimum value of slenderness 
ratio. 

We have, 
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L\ rE tx21x 108 

( K ) or “3390 «79282 
L 
K == 79°27 say 80. 


Hence when the slenderness ratio is less than this limit for 
mild steel columns, Euler’s formula will not be valid. 


Problem 414. 4 mild steel tube 4 metres long 3 cm. internal 
diameter and 4 mm. thick is used as a strut with both ends hinged. Find 
the collapsing load. Take E= 21 108 kz./cem.2 


Solution. Moment of inertia of section 


= 6°259 cm.4 
Since both ends of the coiumn are hinged 
Effective length =lJ==4 m=400 cm. 
a 
Crippling load =P= = ie 
_ X21 x 165X 6'259 | 
i (400)8 es 
--8]] kg. 
Problem 415. A strut 2°50 metres long is 6 cm.in diameter. 
One end of the strut is fixed while its other end ts hinged. Find the 
safe compressive lead for the member using Euler's formula, allowing 
a factor of safety of 35. Take E=21X 105 kg.fem*. 
Solation. Since one end of the strut is fixed and the other end 
is hinged, effective length of strut 
l 


=[= -—— 


V2 
=» 76°8 cm. 





_ 250° 
— V2 

Moment of inertia of the section 
ea. 5 rd‘ fe mx 64 ‘ 
Si gd e cea oe 
=3'62 cm.4 

2 
Crippling load=P= ae 

_m®X2'1 x 108 x 63°62 k 
= (176°8)2 S. 
= 42190 kg. 
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_ Crippling load 
Sate load Factor of safety 


42190 
=— = 12,050 keg. 

Problem 416. Calculate the critical load fora strut which is 
made of a bar circular in section and 5 metres long and which is pin- 
jointed at both ends. The same bar when freely supported gives a mid 
span deflection of | cm under a load of 8 kg. at the centre. 

(A.M.LE., Summer 179) 





Solution. Anlaysis as a beam 
wy 
48 F/ 
El= WE = 8x500% — 125 
~ 488 ~ 48x1l ~ 6 


= 500 cm, W=8ke, 8=1 em., §= 


x 108 ke icon. 


Analysis as a strut 
Euler’s critical load 


pee 
|= 
125 an 
=m? X-——" wv 106 
~ gO soe 
=82™48 kg, 


Problem 417. 4 har of length 4 metres when used as a simply 
supported beam and subiected ta auniformly distributed loud of 3 tim 
over the whole span deflects [5 cm at the centre. Determine the 
crippling loads when it is used as a column with the following 
conditons. 

(i) Both ends pinjointed 


(if) One end fixed and the other hinged, 


(iii) Both ends fixed (AMIE. Summer 1977) 
Solation. 
Analysis as a beam 
3000 
w=3t/m--- va ke fom. =30 ke.jcm. 
I=400 em, 8=1°5 em. 
_ 5 wilt 
~ 384 ET 
5 _ wht_ § 30(400)4 2 10 2 
E[= 384 “7 384 x 1°5 wigs => x10 kg. cm. 
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Analysis as a column 
(i) When both ends are hinged 


2 
Crippling load Pan 
Rte 1 
= 12 X -_- 1 oe. eee : 
MX 3 X1OW Gopye = 4112354 keg. 
(ij) When one end is fixed and the other end is hinged 


Crippling load p=. a EL 


- =2 411235°4=822470°8 keg. 
(iii) When both ends are fixed 


2 
Crippling load Pa 


=4%411235°4= 16449416 kg, 


Problem 418. A round steel rod of diameter 1°5 cm. and length 
200 cm is subjected to a gradually increasing axial compressive load. 
Using Euler's formula find the buckling load. Find also the maximum 
lateral deflection corresponding to the buckling condition. Both ends of 
the rod may be taken as hinged. Take E=2:1X10® kg./em.* and the 
yield stress of steel= 2400 kg.[cem? 

Solution. Area of the rod 

nd” T 


=A= 4~ gel Sa 167 cm2, 


Moment of inertia of the section 
td4 = 2x1°5! 


sxf=x_ = = 7° 4 
{ 64 = 64 0°2485 cm. 


, 


Since both eads of the member are hinged, the effective length 
=L=200 cm. 
Buckling load (using Euler’s formula) 


n"El 
=P: ~ 2 


BEX 21 X10" X0'2485 | 
fs (200)2 &. 


= 121°8 kg.! 
Direct compressive stress 


pet 
=Po= * 
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1288 2 

1°"67 kg./em. 

=72°90 kg./cm.” 


Let the maximum bending stress _corres- 
ponding to buckling condition be Po. 


Po+Po.=yield stress 
P» = 2400 — 72°90 
= 2327°1 kg./cm.” 


Let M be the maximum bending 
moment which occurs at the centre. 





M Ps 
“7 
($) 
2371 
Ms ‘hos -X0°2485 keg. em. 
=T771'1 kg. cm. 


Let the maximum central deflection be a cm. 
= Pa=128'8 a=771'1 
7701 


a= 108g) 7? cm. 


6127. Empirical formolae 


Rankine’s formula. Inthe case of a short column which fails 
by curshing the load at failure equals P.=F-4 where F- is the 
crushing stress for the column material and A is the sectional area 
But, for a long column which fails by buckling, the load at failure, ie , 


2 
the buckling load equals P,. = a where L is the effective length 





of the column. The struts and columns which we come across are 
neither too short nor long. The failure of the member will 
be due to the combined effect of direct and bending (buckling) 
stresses. Rankine devised an empirical formula for the collapse load 
which should cover all columns whether they are short or long. 


Let P be the actual crippling load. Rankine stated his empirical 
formula 


I 1 I 


am —— SoD 


~ P’ Pe" Pe 


where P-=F.A=crushing load 
P. = Buckling load according to Euler’s formula 


Eulerian load Et 
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It should be noted that for a given column material the crushing 
stress F, isa constant and hence the crushing load F.A is also a 
constant for a given sectional area ofa column. But the Eulerian 
load depends upon the effective length of the column. 


If the column is short P. will be large and ; will be small 
8 


enough to be ignored compared with - ° Hence as wu. iength of the 


column is decreased, 
pl eds 
P P 
nee P —> P. 


Similarly if the column is long Ps will be smal! and >, will be 


] 
large enough compared with > and we may ignore ?, 
¢€ 


Hence as the length of the column is increased 


Poe 
P Pe 
er P —> P. 
Hence the formula 
I I l 
P=? PR 


gives satisfactory results for the extreme cases of long as well as 
short columns. Hence Rankine’s formula is taken to be valid for all 
lengths of columns. 





Heace, P= Pte 
1 Pet Pe 
P™~ P..Ps 
Pe. Pe 
i= Pe+Pe 
Fo eps 

GPE 

F.A 

eS ae. 
n° ET 





742 STRENGTH OF MAFERIAIs 


Putting J=AK*where K=least radius of gyration of the 
column section, 
F.C 
p= FAL 
"8 tEA K? 
FA 


o Pee ee 
F. L \ 

se et ) 

oe po——74 —.. 
Ite( x ) 

Fe 

nee 

For a given material of column, the quantity 


where a = 


a= 
ree 
is a constant. Hence both F- and x are constants for given column 
material. 

The following table shows the values of F and « for different 
column materials. 


Material Fe . Fe 
ae 
kg.jem2 Nimm ? 

1 
Wrought Iron 2510 250 g000 

: ] 
Cast Iron 5500 530 16C0 
. _ 1 
Mild Steel 3200 | 320 | 7500 
1 
Strong Timber 500 | 50 | 750 





Studying Rankine’s formula 
p= F.A 


2 
+(e) 


Crushing load 


we find 140(£) 
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L\2 
The factor ]-+-a (=) has thus been introduced to take into 


account the buckling effect. 


Froblem 419. An /SMB 250 R.S.J. is to be used as a column 
4 metres long with one end fixed and the other end hinged. Find the 
safe axial lead on the column allowing a factor of safety of 3. Take 


‘ ] 
F.- 3200 kg jem® and a= 75g Properties of column section are as 


follows : 
Arca= 47°35 em, lez= 51316 om 4, Nyy 3345 em 


Solution. Effective length of the column 


_p- 1.400 
oo oe coe V2 A 
Pee ane § ee 
22. eo ey « 
A A 47 55 TOSS 
Crippling load =P: - us 3 
J ks 
ty 


9200) » 47°55 
en ee 400 > 400° 
7500 2x 7'033 
=:60450 kg. 
Allowing a factor of a safety of 3, 
Sate load on the column 


= = DUIS kg. 


kg. 


Problem 426. 4 hollow cylindrical cast iron column is 4 metres 
long, hoth ends being fixed. Design the column to carry an axial load 
of 25 tonnes. Use Runkine’s formula and adopt a factor of safety of 
§. The internal diameter may be taken as O80 times the external 


, < 7 : F 9 i 
diameter. Take F. 5500 kg /om.* and «= cane 
Solution. Let the externai diameter be J} om. 


lnoternal diameter =d==0°8 PD cm, 
Area of the section 


=A= 5 (Dd?) cm? 
=(0'09x D* cm.4 
Moment of inertia of the section 
s 
- 47h 4 
64 (D4 — d4) em. 
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7 
= (p*—d4) 
Kia t =" ~--- em? 
D* —d’) 
Ke= ? os cm? 
i ra D* cm? 


==0°1025 D? cm.2 
Safe load on the column= 235 tonnes 
.. Crippling load = safe load x factor of safety 
a= 25%. 5==125 tonnes 
Effective length of the column 


I 400 ; 
a = 3 5 == 200 cm. 
Applying Rankine’s formula 
p= ae 
[+ar, 
5500 x 0°09" D* 
25000 = oes 
cnn 1+ 1 200 » 200 
1600 6°1025 D? 
_ 5500x009 x Di 
125000 509 x 200 
De be A 
' 1600 x 0°1025 
1555 D4 
425000 = 2 -243°9 
os 1555 Di=125000 D?4- 30487500 


oe Di~-80'40 D*-= 19610 
(D® 40°2)-=-(40'2)2-F 19616 25226 


ae Jb=— 40°? +145 7 

os D°=185'9 

ee D=13°63 cm. (say 14 cm.) 
Internal diameter  -=U's x 13°63 cm. 


== 10°904 om. (say 11 cm.) 


Problem 421. 4 hollow CI. column whose outside diameter is 

mm. has a thickness of 20 mm. It is 45 metres long and is fixed 

at both ends. Calculate the safe load by Rankine’s formula using a 
factor of safety of 4. Calculate the slenderness ratio and the ratio of 
Euler's and Rankine's critical loads. (4.M.LE., Wmter 1979) 


COLUMNS AND STRUTS 745 
Solution. D=Outer diameter= 20 cm. 
d=Inner diameter =-20~4==16 cm. 


Area =A=— (D*—d*) 
7 : 
oa ie (262-167) = 112310 cm4 
Moment of inertia of section 
= Te 4... a4 
I 64 (D4 — 74) 
y 9 
Ta (204— 161) = 4637 om.4 
Let A=radius of gyration 
1 _ 4637 
ok. : 
A 3st =4l cm, 


K=V4l = "40 cm, 


Effective length = - = 22S om 
Slenderness ratio= a= as Is 
Rankine’s critical load 
apes a 
1-+-o KE 


] 
— ! } =S= 
For cast iron, fe =5500 kg./em.2 and « 1600 


- 1+ ares ON sa x 225 == 151098 kg. 
1600 
Safe load oe Y renee . 
Euler’s critical load 7 
Pe a 


Taking £=910 tem. P=” * ee fo31 
ZC. 
==849770 ha. 
Euler's critical load _849710_ - 3, 
Rankine’s critical load 351098 ~~~ 

Problem 422. A I[°5 metre long column has a circiular cross 
section of 5 cm. diameter. One end of the culumn is fixed in uirection 
and position and the other end is free. Taking a factor of sufety of 3 
calculate the safe load using 
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(i) Rankine’s formula : Take fo= 5000 ke./cm.* 
I 
a= A Jor pinned ends 
(ii) Euler’s formula : Young’s modulus for CIl= I'2x 108 kg.jcm* 
(A.M.LE., May 1976) 


Solution. (i) By Rankine’s formula 
d=5 cm. Effective length L= 2] 
=2x 1°53 m=300 cm. 


= - (5)2= 19°635 cm2 


wd7/4 16 16 16 





Fs 5600 x 19° 
Bo fF Ay yee COU WO an o7i- 78 ke: 
ag ee t+ Ly, 300 x 300 
K2 = *™ 1600 je 
16 
Safe load="?!) "°=990'59 kg. 
(ii) By Euler’s formula 
_ nF] 
Po ~~ 
= re .*x 12% 108X mx 54 4012-22 k 
~ 300 x 300 64 ret 


Sufe loads =! 22? 1337°4 ke. 


Froblem 423. A column 9 metres long has a cross-section shown 
in Fig. 613. The column is pinned at both ends. If the column is 
subjected to an axial load equal in value 1/4 of the Euler critical load 
for the column, detcrmine the factor of safety on the Rankine ultimate 
stress value. Take Fr=3°26 tlem.* Rankine's constant 


J E= 2000 t/cm.® 


*~" 7500" 
! Y 
6-5 
to 18°92 Cf) en 


250 ' 
y 1 Rae eat 
ly 


Fig. 613 
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Properties oj one R.S.J. 
Areas SL 65 em.* 
fea = 999 Lem 
fiy=8S" * om.4 
Thickness of web 
Solution. 


- & 7 onmn. 
Properties of (ho combined scetion 
Area of the combined section 
=A SPOS 2 cnn” 
[04.10 em? 
Moment of inertia about the vv axis 
Aes SOSBT4-BS75 cmt 
= 6800 6 cm.4 
hyo dr, 
ah | 6800°6 i 
RY 4 axsr0g 6" 
= AS Uf em? 
Fl 
i? 
zn? <x DOGO x 6800 4 
900 x 900° LOWNUS 
= 165 & tonnes 
i 


PS 
: 


Euler critical load = 


Safe load i IOS 8 - 41.445 tonnes 


Crippling joad as per Rarkine’s formula 


4 
i- 
I 10 
; 3 26x 104! 
It J 9K) & OOD 


7500 68 34 
208 4 tennes 
= 4V45 ronues 
Factor of safety on Rankine’s ultimate stress value 
MVS A 
4h 45 
Problem 424 A uniform bar of cross-sectional area A and 
flexural stiffness EI is heuted so that its temperature varies linearly 
from 4 t at one cnd to tat the ether end One end is pinned to a 


rigid foundation ; the other end is pin-jointed se that it can slide in the 
direction of the length of the bar, the thermal expansion of which is 


Safe load 


=44 96 
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resisted by a compression spring of stiffness k. If thereis no load in 
the spring when t=0, obtain an expression for the stress in the bar when 
it is heated and show that it buckles in flexure when 


_ 421 f ,, EA 
= eal +a} 


where a=cu ficient of linear thermal expansion. 
Solution. Average temperature of the bar 
_tt-+t 3 
=-.-- =-— f, 
Free expansion of the bar = arl 


Let P be the force exerted on the bar by the spring 
Decrease in length of bar duc to this force 





Pi 
™ AE 
Net expansion of the bar 
me 3 ati— Pl 
4 AE 
Decrease in axial length of spring 
P 
hee 
But net expansion of the bar = decrease in axial length of spring 
le ge 
4 AK k 
= atl 
P= 4 
re | 
AE" K 
Stress in the bar 
3 
' P 2 ail 
eat a= 5° = a a 
E'K 
Corresponding to the buckling condition of the bar 
ee 
nel aol 
P= ,,-= i 
i- | 
AE* K 
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$128 The straight line formuia 


It may be noted that Eul-:'s formula and Kankine’s formula 
are not exact compared with aciual results by experimeiits, due to 
the following reasons : 


(i) The effect of direct compression has been neglected in the 
case of Euler’s formula 

(ii) The loading jy not exact 3oolied as desired. 

(iii) The pin-joints are not ¢ sactically frictioniess. 

(iv) Absovute fixation of enc. i, not possible. 

(vy) The members are not perfectly straight, uniform and 
homogeneous. 

The formulae therefore Jead to results which are approximate 
and may be taken to agree within Sto 10 percent. Hence approxi- 
mate empirical formulae are often used in practical designing. Some 
of them are given below : 

(i) Stress at critical load for structural steel 


P . dl » 
7A =3675 20 ( . kg.jom. 
(ii) Stress at critical load for = iron 


=- 238 -— 6 kg. /cm. 


(iii) Safe working stress for mild steel 
iso f 1 -0°0038 : | kg. fem.3 


Johnson’« parabolic formula 

Accordire to Prof. Johnson the stress at critical load is 
mven by 
ae ee ee Aa tot tn-jointed 


Struts, where, 
f = compressive yield stress, 


g<=a constant depending on the column 
material and is 


2 
taken as - je E° where 
E=Young’s Modulus 


3129. Factor of safety 
This is the ratio of the critical load to the safe load on the 


column. 
Where, otherwise mentioned, the factors of safety may be 


taken as follows. 
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a sc DAN 





! 
Column material Factor of 
Safery 
I cos, Be ene 
Timber ; 6 
Wrought Iron, Mild steei 3 
Medium Steel 
Cast [ron | 5 





$130. Choice of a column formula 
The suitability of acolumn formula will depend upon the 


fal aS. heh 
slenderness ratio( “K ) The following table indicates the suitability 


of column formula. 





Slenderness Rutiv Range 
Column formula : ee ie 
! 
Wrought fron | Cast Iron, 
ur steel | limber 














Straight hee formula | U--140 0-140 
Johnson's parabolic ; — 100 | 0— 60 
forqusa | 
ee _ \ - - gah cadens at ty 
earn as ee =, 
Rankine's formula | anv Value uny value 
Euler’s formula over 90 over 50 





$131. Formula given by the I.S. code for Miid steel 


The direct stress in compression on the gross area of the section 
of an axially loaded compress:on member shall not exceed the values 


of P. calculated as follows and given in the table below. 


fy 
P.=P,’ ee 
C= c aS = SE me Tee oy 
: Loa mP.' 
1+0°20s K 4E ] 
for . between 0 and 160 


where P-.=the allowable average axial compression stress 
P.' =a value obtained from the above secant formula 
fy =the guaranteed minimum yield stress 


~_— — Ree ee eee Ee 


ee ee 


SEES GRE ee 
ET EE EE ee 
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3 
‘A 
—_— 


m= factor of safety taken as 1°68 
a eeenderaeas ratio 
¥ ‘ 
E=modulus of Elasticity - 2,047,080 ke ‘em? 


For values of ue =160 and above, 


K 
; [ 
Ei aP ¢ ( ‘7— 
ROOK 
L 
where Pp. =- ee 


pod 
1! 030 see [ Es 
Gy ae oe 


Safe stresses jn axial compression in accordance wah the formula 
suggested by the LS code are tabulated below for various values of 
slenderness ratio. 


remem mnenetetnaatinn dimen damian tame maaan a ramen aaa nee eemminmnemeeel 


Slends ries. rahe | Sele ees an hae om | 

‘ 

| ys 

:0 | oy | 
20 93.) 
30 : a! 
4() $203 
$0 Moras 
60 Wa) 

70 075% 

sf) | 1007 
90 28 
100 &40 
110 784 
12\) 47} 
130 597 
140 53} 
150 474 
160 423 
170 377 
140 366 
190 300 
200 270 
210 243 
220 219 
270 199 
240 | 18] 
250 146 
300 109 
350 76 


‘ar overuse eS te AAS ST TEST, 
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Problem 425. Fig 6/5 shows a compound stanchion made up of 
two channels ISIC 200 weighirg 13°9 kg. per channel and two 250 mm. 





. ; 10 mm. plates riveted one to each 
es f . Calculate the safe load th 

1 Eh Cp) ee ee eae Jfange. Ca a a at 

eek pec “| ve : can be carried by the column The 

ES ple?! column is 6 metres long and doth its 
3 il (emer? 


endy are fixed. Allow a factor of 
: safety of 3°5. 

! . 

: ae eee, Propertles of one channel are 
given below : 

A -=1777 cm.* 

| f-e= 11612 cmt 


; af : 
a eosin Tuy -=84'°2 cm,4 
Distance of centroid from tack of 
tig. O15 wed = 1°97 em. 
i 
“5 ™, ae ~~ ~ - =™ 
Take F- tcm- and @ 7500 


Solution. Properties of the composite section ; 
Area = A= :2(17°77-7 25.1} cm.* 
- 85°54 om. 
eS ; as 
[rx=2X 1161 2+ 24 “TT £95 ~1%10°5 cm.4 
= 7322°444516°6 =6839 cm.4 


1 - 253 
loves] = 842417176972 | ems 


= 4499 ¢971.4 
en = 4499 . 
Least A- = gy qo 
- 32°59 cm. 


2 6 
Effective length of the member= J== 3) = 3m= 290 cm. 


Crippling load - oes 
[ts- 
K- 
bas ree ts tonnes 
Z 21) 00 
me 1 200 x 300 


7500 * 52°59 
==:222°9 tonnes 

___Crippling load 

“. Safe axial load = Factor of safety 


222'9 tonnes 
3s 


=63°7 tonnes. 
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$132. Colomn subjected to eccentric loading 


(i) Rankine's method. Consider a short column subjected to an 
eccentric load P. Let e be the eccentricity from the geometric axis. 
Let A be the sectional -area of the member. 

Maximum compressive stress 
PSP. 
=Pmas= A Pak e 
P P.e 
=A) AR? 


a7 +S 


_PmosA 
ee ¢ 
1+- Ra 


Let f be the safe stress for the column material. 
Safe load for the column at the eccentricity e is given by 


pe 
( 14+-SF} 
If the effect of buckling be a included, the safe eccentric Ic2d 
P fA 


(NB) 


where L=effective length of the column. 
(ii) Euler’s method 


Consider a column AB of length 
f subjected to an eccentric load P at P 
eccentricity e. Let the top of the | 
column be free and the bottom of ; 1 
the column be fixed. Let y be the Al 
deflection at any section XY distant x 
from the fixed end B. Let a be the 
deflection at A. 


The bending moment at tne 
section X is given by, 


Ero ‘9 =P (afte—yi 


d*y | P| _ Plate) 
dt ET EI a. es 


The solutiop to the aboye diffe B 
seats! equation is given by, : Fig. 617 


Ve 


P= 


—_- w © @& ww 
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?P P 
= See C . —_ ; 
y=C} cos x / a +Ce sin x V/ Fy +(at+e) (i) 


The slope at any section is given by, 


yc fF sinxy/ PF taal E - 
=— <= Sif _X —— +C ee 
dx El Vie T?V eg ET 


d 
At B, x=Q and y=0, and oe =() 
a 0O=C,+(a+e) 
and 0=Ce / Bl 
EI 
= Co=0 and C} = —{a+e) 
At A, x=/ and y= 


a =—(a-+e) cos | VV = +(a+e) 


a=(a+e)| 1—co a) P| 


: Iy/ epee 
(a+e) cos ai e 


+e=e sec Iy/ P 
: EI 


The maximum bending moment for the column occurs at B and 
is equal to P (a+e) 


Max. B.M. =M=Pe sec ! / P 
El 


Hence the maximum compressive stress for the column section 


at B 
iB Pe sec a/-F 
— + or z ane 


A 


If both ends of the columr nad been hinged, it can be shown 
that the maximum bending moment 


L P 
=.M=Pe sec -=- 
anes ON ey 


For all cases we will remember the above expressions and _ take 
L as the effective length of the column. 

Problem 426. A.column of circular section made of cast iron 
20 cm. external diameter and 2 cm. thick is used asacolumn 4 
metres long. Both ends of the column are fixed. The column carries 
@ load of 15 tonnes at an eccentricity of 2°5 cm. from the axis of the 
column. Find the extreme stresses on the column section. 


756 SIRENGTH OF MATERIAL, 


Find also the maximum eccentricity in order there may be ng 
tension anywhere on the section. Take E=940 t/cm’. 


Solution. Area of the column 
ada (202— 16?) em.” 
=113°l cm. 
Moment of inertia of the section about a diamete: 
— 7 — (9n4— 164 4 
==] = 64 (204— 164) cm. 
= 4637 con. 


Section modulus 
Zz 





| ee 
= Fy 9 74637 om. 


Effective length of the column 
beak =2 metres=200 ci 


eL=—= > 


2 


Maximum bending moment 
Ep 
== Pp See SY 
M=Pe sec > A ai 


: L i} p 
Let us deter th le — /-2--- 
ermine the angle = a ay 


L ?p 45 
fe er et) 
2 J EI of 940 x 4637 "adian 
=(0°1856 radian 
= 10° '64<—10° 38’ 
say 10° 40’ 
Sec 10° 40’=1°017 


Maximum bending moment 
M=15x2'5X1°017 t cm. 


= 38°14 ¢ cm. 
Maximum compressive stress 


si aoe 

= Dmaz 4 = 7 

_ 15, 38°14 

11371 iu 463°7 
=20°215 t/em.4 
= 215 kg/cm.® 


t/om.2 


— 


If tension is just to be avoided corresponding to the maximum 
eccentricity. 





PM 
A Z 
L {|p 
P Mal sec 5 / oF 
a Z 
15 14xext 07 
113°! 4637 
z 4537, 
e= 1131 x rola? 432 tem. 


Problem 427. Fig. 618 shows a compound stanchion made up of 
two channels ISJC 200 weighing 139 kg. per metre per channel and 
two 250 mm x 10 mm plates riveted one to each flange. If the maxt- 
mum permissible compressive stress is 800 kg./om.3 find, the maximum 
eccentricity of a 40 t loal from the YY axis of the column. The load 
linc lies in the vertical plane through the XX axis. Take E=2x 10° 
tiem", the effective length of the column being 3 metres. 


Solution. Properties of the column section (see problem 425) 
Area of the section 


= 85°54 cm.2 


Ipv=4499 cm.4 
Stress due to direct load 


— pw 2009 2 
= Pom x eg -468 kg./cm. 


— 2§CM Peo 


=——aP en @ 


Ss 


C 


, 
' 
5 
~¢ 
a 
' 
8 
‘ 
‘ 
t 
’ 
a 





Fig. 618 
Maximum compressive stress 
== 800 kg./cm.* 
Maximum bending stress 
=800—468 = 332 kg /em.* 
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Section modulus about the YY axis 
4499 


= =—— = 3 
ZLyy 12°5 360 
Max. B.M. =M—332 x 360 kg. cm. 


SE GP 
M = Pe sec Te 332 x 360 kg. cm. 


Now, a OEE 
2A: ET 


40 radian 


= 150 
J “108 x 4¢ xa 
=(°3 160 radian 


= 18° 7’ 


: | a Bee 
oe Seas 4 = g 7 — 
sec —5 af a sec 1 1°052 


Max. B. . 
= Pe, ek 5 ae P= $0,000 x eX 1°052=332x 360 
on 332 360_ 
40,000 x 1°052 
== 2°84 cm. 


$133. Prof. Perry’s formula 


This is a formula which is found useful for cases where we 
have to determine the safe load that can be applied on a column ata 


given eccentricity. 


Let L=effective length of the column. 
Pmas= Maximum permissible compressive stress 


Po«stress due to direct load= + 


Pp=maximum compressive stress due to 
bending moment 


~— M we Myc 
~ ARE 
L P 
= a OS So EE 
4K3 
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Pey- 7 ~~ p 








Pe 
2 
where Pea 
P Pe y r “Dp 
pik Papeete eee a ee 
Pmaa A 4 Rese Dal ps 
P = 
But A Po 
Pmas=P | 1455 i) 
omni te TF 


According to Prof. Perry sec > | Po 
Pe 





is approximately equal to a 
Let peat 
=| “pp _12Pe_12Ps 
7S TN pp,  Pe—P Pe—pe 


c 2?P. 
Poa =| 14 | 


wot f 42 12%) 
P, -[ +2 - pi—P, 


(Ge=t )= eVe 1°2P._ 





—_—_—_— 


K? Pe—Po 


ee as Nt 1—fe = eye 
Po De kK 
_.(Prof. Perry's formula) 


Problem 428. For the column in problem 427 find the maximum 
load tht can be applied at an eccentricity of 2 cm. from the axis yy 
The maximum permissible compressive stress is limited to 800 kg./cm 
Take E=2xX 10 t/cm?. 








I —- 4199 —_ a 2 
Solation- Kee 35°54 52°59 cm. 
2 
Eularian load Pe= 2 7 
3 
son x2n ie tonnes 


=987 tonnes 
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_ 87 
Pe 85°54 ticm. 


= 11°53 t/em.* 
Pmas=800 kg.cm.2==1t/cm.2, 
Applying Perry’s formula 


0°8 f Po —12xK2x127°5 
Paley 


~ 11°53 ~ = §2°59 
(“5—*) 1153—po = 1.2 X2* 125 
D, [1°83 52°59 
| _1'2xX2x12'5 x 11°53 
(0°8—P.)(11'S3— Pol = = Po 


P2— 12°33 Po+9°224=6°577 Po 
P%— 18°90 Po-+-'9'224=0 
(Ps—9°45)2 = —9°224+-(9'45)" 
(Po—9°45)*=80'08 
ee Po— 9°45 m= — 8°95 


Po=0'50 t/cm.* 


.. safe load = P=p,d ==0'50 X 85°54=42'7 7 tonnes 


Problem 429. A strut of length 1 is encastered at its lower end; 
its upper end is elastically supported aga 


inst lateral deflection so that 
the resisting force is K times the end deflection. Show that the crippling 
load P is given by 


fan ets a 


P 
eae 
al Ki where & EI 


Solution. At any section distant x from the lower fixed end 8, 
the bending moment is given by 


dy 

Ely2 - =P(a—y) as Ka(l—x) 
d*y, P| _ Pa—Ka(I-x) 
a Ep ED 
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The solution to this differential equa- 
tion is, ae Se 


P : / P 
y=Ci cos x ‘ EI +Ce2 sinxA/ 


4 Pa- Ka(!—x) 


* y= C1 cos ax+Ce sin ax 
4 Pa- Kall— x) 





Er 
et dy r= — Ca sin ax-+ Cox Cos ax 
dx 
Ka 
- P 
At x=0, y= 0, 
Pua-— Kal 
aCe be Fig. 619 
a(P— Kl) 
q=- tT 
dy 
Bs oY 2-20) 
At x=0, Ty 
O= Coa ; Ka 
Ir 
_ Kea 
Co me 
At x=, ya 
— K1) Ka . 
Ga apne cos al- ‘p, 510 al-+a 
KA . ee oe Kl) ey 
Pa sin al= Pp cos 
_ {P—kl 
tan al = ( PK ) rs 
tan al ~ a +al 
tanal =, 7 
al Kl 


8134. Column with initial curvature (axial loading) | saat 
Fig. 620 shows a column AB of length / with both its ou 
pinned. The column has an intial curvature having @ cen 
detection a’. 
Let at a distance x from the end B the initial Seecion 
y’. For purposes of analysis let us assume a sine curv 
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the initial profile of the centre line of the 
column, so that 


f 


é ° TeX 
} a sin --- 


l 
dy na cos ™ 
dx 1 ] 
Py na 6 
dx? [- I aM 


When the loading on the column 
reaches the critical value P, the column will 
deflect to the form ACB, so that the 
deflection at x changes from y’ to y. This 
happens due to the bending moment Py. 





dy—y') _ 
oo ee ee 
d*(y—’) ae aEy. 
dx? BT? 
d*y me _d*y'_ _ wa! q RX ce 
oe ET’ ae --(ii) 
Let the solution to the above differential equation be given by 
y=Ca’ sin > 
where C is a constant of integration. 
OY. i TeX 
i Ca ToS 7 
d?y ’ m2 a RY 
and °F eo “je Sin > 


° d@ ) ° ° oe 
Substituting the expressions for y and eas in equation (ii), we 


have, 
,m . oex | P , 2 TX mg’. TX 
— Car sin 1 Ca’ sin “7 Fe = 3 Sin r 
mz Ser ome 
% ct ae 
mo 
[2 1 
FSS apes BBL 2 Pi 
[2 EI x8 EJ Pe 
C= Pe 
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Hence the equation to the deflected form of the column 18 
given by 
P e ee eX aie 
y=—prap 2 sin . (iit) 
The defiection will be a maximum at the mid-section C. 
Let a be the central deflection 
.. At x= 5 =u 


put ng 
P.—P% 
Maximum B.M.=M 
=B.M. at the mid section 
== Pq 
_ PP, , 
~ Pe—P 
Maximum compressive stress 
P M PP. Mv- 
Sse PaE EES oe Zc AK 
P PP. ’ Ve 
“4° P—P* AR? 
P Pe a'V- 
i a I+ pop Ke 
_ Pe aye i 
he [ I+ pp Ke 
Pe ae 
=p.[ +p, K2 ] 


Pmur = i— Po = aye 
0 Pe K? 


or rearranging, 





6135. Laterally loaded struts 
Case (i). Strut pinned at both ends and subjected to an axial 
thrust P and a transverse point load W at the centre. 





Fie. 621 
Fig. 621 shows the laterally loaded strut. 
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Consider any section in AC distant x from theend A. The 
bending moment at the section is given by, 


d*y W 
Ely da :—Py— ~» x 
ae P Wx 
dx" EI* ~~ 25 


The solution to the above differential equation is, 


y= C1 cos x 


et 
P Wx 
Co sin x ay DP ap valid 


The slope at any section in AC is given by, 


dy 
ae -c4/ 2 sinxal 2 EI 

Ww . 
ay/ El cos xq / EI ~ 2P »- (ti) 


At x=Q, y=0 
C1 =0 
= I i 
At Faas =(0 


P Ww 
hd Eo bal ST- oP 


W ED it P 
Co= op pp See-5 Er 


Hence the deflection at any section in AC, is given by, 
W Br ool SP 


PDP N Opi sa NN CEL 
sin x ee Bite 
; EI 2P- 


The maximum deflection will occur at the centre, 
At xe, y= man 


. Wf er td Pe 
ier: = see FV Ei 


aioe VGA is 


Ww Ely, | P = 
Vingx == oP P- a Vs El — 
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Maximum bending moment 


765 
Mmaz= — PYmaz— - 


W l 
De 
cote SS tht ae 
2A ET 
We know, the expansion, 
tan By teege ces 
When @ is smal] 
6=6 te 
tan 0= age 
Maez= ~~ -— n EI al [£ 
1 bl P 


3 FJ] 
8 ET 
__ Hl, we 
-|= ‘ager? 


Case (ii). Strut pinned at both ends and subjected to an axial 
thrust P and a lateral uniformly distriouted load of intensity w per unit 
run. 


wun RyuM~ 
, i ( { 
p——A nae Bp 
t 
a % 


Fig. 622 
Fig. 622 shows the laterally loaded strut. 
by, 


Consider any section 
distant x from the end A. The bending moment at the section is given 
d*y 


wx? wl 
El Gat —-Py ay 4 x 
d*y P___ wx (J—x) 

de EP 2 El 


The solution to the above differential equation is, 


: | 
y=C, cos x, er @ Sin x ie 


_wx(l—x) _ wET 
op PP 

aoa, | Tex], 

. de OW BTN EET 
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wx wil 
co /F COS x 4 ? oP 
At 4, x= 0; 
y=0 
WEI 
0O=C)— p2 
_WEl 


At 


Substituting the values of C1 and C2 in the deflection equation, 
we have 


wE] | Pp 
pr | cos a =, -|- 
P Pe ] 
tan — sin x /- 
20 Er ON EI 
_ wx(I-x)_ wEl 
2P pe 

Let ¥. be the deflection at the centre. 


At ree, Y=Se 
wel l i} p 
Ve =a} COS — | 
PL 2 EI 
+tan— se n> ae ] 
_wi os 
8P 2 


| <n | 5 Pay ee 
= 2N EI —8P 
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wl? 


ite EI 1 

2. be = ( — P ce 

She ts Pa ') 
wl? 
8P 


Es al l J P 
ate ret SEC Saas 
P 20 ey ! | 
We know the expansion 
sec bom} ++ 
When 0 is small, 


sec 6=1-+- Bot 

[< 
62 5 
Doe 
wEIf 1 fa Pp 
Bh pol ge ey 
5 [4p ] 


564 61066 
| en sis ‘ 


=|+ 


94 16° EP 
__[fwh § wit 
- ! isd? ; 
Examples ia Chapter 14 


1. A strut 3 metres long is 6 cm in diameter. One 1d of the 
strut is fixed while its other end is hinged. Allowing factor of 
safety of 3 find the safe compressive load. Use Euler’s formula. 
Take E=2 x 108 kg /om.2 (9303 kg.) 

2. A mild steel tube 8 metres long, 3 cm internal diameter and 
4 mm. thick is used as a strut with both ends fixed. Find the 
collapsing load by Euler’s formul:. Take E=2 ! ~ 108 ke./em2 

(8/1 kg.) 

3. A column of timber --ciion 15 cm.X2U cm. is 6 metres 
long both ends being fixed. Fine the safe load for the column. Use 
Euler’s formula and allow a factor uf safety of 3. Take E=175 t/em 4 

(36 tonnes ) 


4. A steel column consists of two channels ISLC, 350 = 38'8 
kg./m. per channel the clear spacing between them being 22 cm. 
ind the crippling load for the column if it has an effective length of 
10 metres. Take E=2X103 t/em.” 
For one channel, A= 41°47 cm.~ Flange width=10 cm. 
overall depth =35 cm. 
Iez = 931272 cm.4 
Iyy = 394'6 cm.4 
Cyy=2'41 cm. 
tw==0°74 cm. 
tre=1°25 cm. (336°8 1) 
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5. An 1] section 300 mm x150 mm is provided with a flange 
plate 200 mm. x 12 mm. for each flange. The composite member is 
used as a column with one end fixed and the other end hinged, 
Calculate the length of the member for which the crippling load by 
Rankine’s formula and Euler’s formula will be the same. 


4) ley 8 ft 2 ie 
Take E=2100 t/em2, fe=3'3 t/em.? and a=-2 .. 


(12°60 m) 


6. A hollow circular column 2 metres long has one of its ends 
fixed and the other end free and has to support an axial load of 
50,000 kg. The interna! diameter is 0 8 times the externa] diameter. 
Allowing a factor of safety of 4 calculate the external diameter and 
the thickness of metal. Use Rankine’s formula 


Take f.==3300 kg./cm.2 and a= THU 


(17°7 cm., 1°8 cm.) 


7. A steel bar 2 cm.x3 cm., 2 metres long is subjected to a 
gradually increasing axial compressive load. Find the buckling load 
using Euler’s formula. Find also the maximum lateral deflection 
corresponding to the buckling condition. Both ends of the rod may 
be taken as hinged. Take E=2°1X10° kg./cm.* and the yield stress 
of steel=2400 kg./cm.? (1036 kg. ; 43cm.) 


8. In a ccmpression test on a short length of a tube of 6 cm. 
external diameter and with thickness (5 cm. it failed at a load of 
37. When the same is tested as a strut with both ends hinged, 
2 metres long, it failed at aload of 181. Find the value of a in 
Rankine’s formula. 

( l 
ie 


9. A strut 3 metres long with both ends hinged consists of 
two equal angles !00 x 100 x 10 mm. the spacing between the angles 
being | cm. Find the safe compressive load for the strut allowing 
a factor of safety of 4. Use Rankine’s formula. Take f-=3200 


kg./em2 and a= aS" Properties of one angle are given below 
A=19'03 cm? 
Tae = [yy>=177 cm.4 (13298 kg.) 


10. Find the minimum value of the slenderness ratio of a 
mild steel column for which Fuler’s formula is vaild. Take f-=3300 
kg./em2 and E=2'1 x 108 kg./cm.? (79°27) 
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Riveted Joints 


arrears tod enemiemeniemnselamensernen Rapesinemenen eee eae 
rece ee tree aera an A NE —_—~ eae + woe me an 


Rivets are used to connect together permanently two or more 
plates. Rivets are permanent fastenings. Rivets have their greatest 
application in boiler work, connections of truss members at joints, 
built up columns, plate-girders, etc. 


Riveted joints are mainly of two types, 


viz., Lap joints and Butt joints. Two plates are said to be 
connected by a Lap joint when the connected ends of the plates 
lie in parallel planes. In a butt joint the connected end of the plates 
lie in the same plane. The abutting ends of the plates are covered by 
one or two cover plates or strap plates. 


eae ee ee 


44P sony BUTT JOINT WITH SINGLE COVER FIATF 


Fig. 623 


_ Lap joints may be further classified into single riveted, double 
riveted, treble riveted, etc., joints depending on whether one, two, 
three, etc., rows of rivets are used for the connection. Very often 
single and double riveted joints are used. Fig. 623 shows single and 
double riveted lap joints. 


Butt joints may be classified into single riveted, double riveted 
and treble riveted butt joints depending upon whether one, two or 
three rows of rivets are used on each side of the joint. 
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Fig. 624 


§136. Failure of a riveted joint 
A riveted joint may fail in any of the following manners : 


(i) By tearing of the plate between the rivet hole and the edge of 
the plate. 


Such a failure is due to insufficient margin. If d be the dia- 
meter of the rivet, then the effective margin, f.e., the distance between 
the centre of the rivet and the nearest edge of the plate should be 
at least 15d, in order a failure may not occur. 


(i?) By tearing of plates between rivets. 
This failure is due to excessive tensile stress in the plates on the 


section corresponding to the line of rivets. Let n be the pitch of 
rivets. Consider one pitch length. Fig. 628. 
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eovweegee¢éeeauns@aee 8 Cd - 





Fig. 626 


The safe tensile load that the plates can withstand for one 
pitch length is called the tearing strength. 
Let f:=safe tensile stress in the plates. 
and t=thickness of the plate. 
Hence tearing strength per pitch length 
=P:=5;xnet area of plate 
on (p—d)t 
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Fig. 627 Fig. 628 
(iii) Failure due to shearing of rivet 


Fig. 629 shows a single riveted 
lap joint. Consider one pitch length 
of the rivet. When the load per —_—— 
pitch length is large it is possible a= 
that the rivet may shear off. 


If f.=safe shearing stress for 
the rivet then the safe load per 
pitch length to prevent failure 


-P, =f. n d® 


For the case cited above, only 
one rivet is covered by a pitch 
length. If the joint had been a 
double-riveted joint, two rivets 
would be covered in one pitch 
length, and for this case the 
shearing strength per pitch Iength 





P= 2xh Af 
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In general, in a lap joint if n rivets are Covered per pitch length, 


the shearing strength per pitch length would be nx ( I md? } 
4 


In a lap joint when a rivet is liable to fail b ji 
= ° sh 9 
only one plane along which the rivet can fail by eae cae nee 
of a lap joint are said to be in single shear. 


The strength of one rivet in shear is J, “a This is called the 


shear Vaine of one rivet. 


But in a butt joint when a 
rivet will fail by shear, it will 
simultaneously fail along two 
planes Hence rivets used in 


such a joint are said to be in 2 
double shear. Fig. 630 
Safe load which a rivet can withstand in double sheer 
J xd? 
=X =a 
Strength of the joint per pitch length 


2f. xd* 
nx 2024) 
where n= number of rivets covered per pitch length, 
n= for a single riveted butt joint. 
n=2 for a double riveted butt joint. 
n==3 for a treble riveted butt joint. 


(iv) Failure by bearing or crushing of rivet or plate. 


Suppose in the lap joint shown, — 
the top plate is weaker than the 


bottom plate. 1 

, If the topplate be pulled bear- - és ; 
in? stress is induced between the 

plate at A andthe rivet. If these Na 
Stresses are high it is quite possible (eee os 


that the plate or rivet may be crushed. 
Fig 631 shows a case in which the 
top plate has failed due to excessive 
bearing stress. 


If /, allowable bearing stress, 
then for design purposes the safe load 
on the rivet = Po=fodt. 





where d= diameter of rivet 
_ and  ft=thickness of plate _ 
Po ts called the bearing value of the rivet. 


Fig, 63] 
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Hence safe load per pitch length of the joint 


=n fy dt, where nis the number of rivets covered per Pitch 
length. 


$137. Efficiency of a joint 


Consider one pitch length of a joint. Let Ps, Ps and P» be the 
safe loads per pitch length from tearing, shearing and bearing oon- 
siderations. Let p be the pitch of rivets and t the thickness of the 
plate. 


Safe pull on a solid plate for a length p would be P=Sipt 
Fificiency=7= least of P:, Ps and Po 
§138. Diameter of rivet 
The diameter of rivet to uit the thickness of a plate may be 
determined from the following empirical f. rmulae. 
1. Unwin’s formula 
d= dia. of rivet (mm.) 
t= thickness of plate (mm.) 
d=605 Vt 
@. The French formula 
d = dia. of rivet (mm.) 
t--thickness of plate (m.) 
not exceeding 15 mm. 
d=1'°51+4 
3 The German formula 
d ~ dia. of rivet (cm.) 
t=- thickness of plate (cm.) 
d= VJ 51-02 
Problem 430. Find the efficiencles of the following riveted 
joints : 
(i) Single r'veted lap joint for 8 mm. thick plates with 16 mm. 
diameter rivets at a pitch of 5 cm. centres. 


(ii) Double riveted lap joint for 8 mm. thick plates with 16 mm. 
diameter rivets at a pitch of 7°5 cm. centres. 


For each case, take the finished diameter of rivets to be 15°5 mm. 
Adopt the following working stresses : 


Permissible tensile stress in steel plates =1500 kg./cm?. 
Permissible bearing stress in rivets == 1575 kg./em?. 
Permissible shearing stress in rivets = 785 kg./em?. 


Solution. () Single riveted lap joint for 8 mm. thick plates at a 
pitch of 5 cm. centres. 
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Fig. 632 shows the single riveted 


lap joint. 
Diameter of rivets 
=17°5 mm. 
= 1°75 cm. sty 
; é b=5¢N 
Consider one pitch length of the | 
joint. = 
Number of rivets covered per pitch 
length =1 


Rivets are in single shear. 
(a) Tearing strength per pitch 
length =P:=(p—d) th 
(5—1°75)0°8 x 1500 kg. 


ite 
(b) Bearing strength per pitch - 





length 
== Pp ml Xfo dt Fig, 632 
=| X 1575 * 1°75 K0'8 kg. 
=: 2205 kg. 
(a\ Chanei-- strength per pitch length 
os Pres) x fsx i 


=] x 785 x 4 (1'75? kg. 


= 1888 kg. 
Least strength per pitch length 
= 1888 kg. 
If the plate had been solid, without any joint, the strength of 
the solid plate would be, 

P=pth 
=5 X01 x 1500 kg. 
== 6000 kg. 

_., Least strength | per pitch length 
efficiency of the joint=- Strength of solid plate x 100 
1888 99° 
= 6000 x 100% 

= 31°47% 
(ii) Double riveted lap joint for 8 mm. thick plates at a pltch 
7°50 cm. centres. 
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Fig. 633. shows the double 
riveted lap joint. Consider one 
pitch length of the joint. Number 
of rivets covered per pitch length=2. 
Rivets are in single shear. 


(a) Tearing strength ner pitch 
length 
= P:=(p—d) the 
=(7°5— 1°75)0°8 x 1500 kg. 
= 6900 kg. 
(b) Bearing strength per pitch 
length 
= Pp=2 (fo dr) 
==2 x (1575 X 1°75 x 0°8) kg. 
=4410 kg 


(c) Shearing strength per pitch 
length 


=P.=2( J, - } 





oe oe 
Fig. 633 
=2% 785 x z (1°75)? keg. 


Least strength =3776 kg. 
Strength of solid plate 


==p t f t 
=75X08xX 1500 Ag. 
=9000 kg. 
; Least strength 
- Strength of solid plate 
3716 6 oe 
“9000 * 15% 
= 41°95%, 
Problem 431. A single riveted double cover butt joint in plates 
14 mm. thick is made with 22 mm. diameter rivets at a pitch of 9 
cms. If the allowable tensile, shear and bearing stresses are 1400 
kg./cem., 800 kg./cm.? and 1600 kg./cm.2 respectively, find the safe 
load per pitch length of the joint. Find also the efficiency of the joint. 
Solution. Since this is a butt joint with two cover plates, the 
rivets are in double shear. Since the joint is single riveted, number 
of rivets on one side of the joint, covered in one pitch length 
equals 1. 


Consider one pitch length of the joint. 


Efficiency 
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Tearing strength =P:==(p—d) th 
=(9—2°2) 14x 1400 kg. 


= 13330 kg. 

Shearing strength = P.e=[ X (2 ip = 
=1x2x 800 x ; (2°2)* kg. 
= 6082 Ag. 

Bearing strength =Pu- 1 X(fadt) 
=1 x 1600 .2°2 x 1°4 
= 4928 kg. 

Safe load per pitch length 
= 4928 kg. 

Strength of solid plate 
=P =pt hi 
=9x 1°4x 1400 kg. 
== 17640 kg, 


Efficiency of the joint 
__ Least strength or joint 100 
~ Strength of solid plate 
4928 _, 
— 11649 % 100 
= 27° 94% 

Problem 432 (SI). .4 single riveted butt joint is used to connect 
two plates 12 mm thick. The rivets are 25 mm in diameter and are 
provided at a pitch of 10 cm. The permissible stresses in tension, 
shear and bearing are 120 N[imm.-,94°5 Nimm* and 212'5 N[mm.*. 
Find the efficiency. - 

Solution. Single riveted butt joint, 

r= 12 mar=1 2 cm. 

d=25 mm.= 2°5 cm, 

p=10 cm. 
S,=945 Nimm2 9450 Niem- 
Sy=212°5 N/mm.2 = 21250 Niem* 
f,=120 N/mm. - 12000 Nicm? 


"==? 
The rivets are in double shear. 


Number of rivets covered per pitch length= |] 
Consider one pitch Jength of the joint. 


~~ 
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Shearing strength per pitch length 
=P.={1) ( 2f. # ) 


=1X2x9450Xz: “2. ke. 
== 92775 Newton 
Bearing. strength per pitch length 
= P,=[1] (Jodt) 
=1 «21250 2°S x 12 kg. 
= 63750 \Vewton 
Tearing strength per pitch length 
=Pi:=(p—d) tf. 
-=(10—2°5) 12x 12000 Newton 
= 108000 Newton 
.. Safe load per pitch length 
=63750 Newton 
Efficiency ~ Safe load per pitch length 
pt f. 
_ 63750 
~ 19X12 < 1200 
= 44° 27° 
Problem 433. Two plates of 12 mm. thickness are to be con- 
nected in a double riveted double cover butt joint using 18 mm. 
diameter rlvets at a pitch of 8 cms. Uf the uitimate tensile, shearing 
and bearing stresses are 4600 kg.'cm.*, 3200 kg.icm2? end 6400 
kg./om2 respectively. find the pull per pitch length at which the joint 
will fail. Find also the efficiency of the joint. (A MIE, May 1974) 


Solation. Since this is a buti joint with two cover plates, the 
rivets are in double shear. Further, since the joint is double riveted, 
the number of rivets on one side of the joint covered in one pitch 
length equals 2. 


Consider one pitch length of the joint. 
Tearing strength =-P:=(p-d) th 
= (8—1°8)1'2x 4600 kg. 





x 100% 


«100% 


—- 34,220 kg. 
Shearing strength 
=P 2x( Uae ) 
4 
“92 
=2x2%3200x "TE" he 


== 32570 keg. 
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Bearing strength 
-=Pp=2x (So dr) 
-=2x 6400 X18 XT kg. 
==27650 kg. 
The joint will fail at a pull of 27650 kg. 
Ultimate strength of solid Pee 
= P=ptlt 
=8 x 1°2 X 4600 kg. 
= 44160 kg. 
= ae » 100 


—hf ro 
=O7 6. re 


Problem 434. 4 single riveted double cover butt jc‘nt in a struc- 
ture is used for connecting two plates 12 mm. thick. The diameter of 
rrets is 24mm. The permlssible stresses are 1200 kg./cm.* in tension, 
1000 kg.[cm.® in shear and 2000 kg./cm.2 in bearing. Calculate the 
necessary plich and the efficiency of the joint. (AMIE, May 1967) 


Solution. Since this is a butt joint with two cover plates, the 
rivets are in double shear. Further, since the joint is single riveted, 
number of rivets on one side of the joint covered per pitch length 
equals I. 

Let the pitch length of the joint be p cr 

Consider one pitch length of the joint. 

Tearing strength 

= P; «(p—d) the 
=(p—2'4) 1'2.- 1200 kg. 
== {440 (p—2'4) kg 


Efficiency 


Shearing strength 
; 23 wed= 
Pst x(- ae | 
= 1.2% 1000 x auee. 
- 9050 kg 


Bearing strength 
==: Py=1 X( Jo dt) 
=-1<2000%2471°2 
= 5760 kg. 
Equating P: to lesser of Ps and P, 
1440 (p—2°4)=5760 
p=6'4 cm. 
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Strength of solid plate 
oz P = pt f t 
=6°4x 12x 1200 
=9216 kg. 
Efficiency ~ re x 100 
=62°5Y 


Problem 435. A double riveted double cover butt joint is used 
for connecting plates I'2 cm. thick. The diameter of the rivets is 22 
cm. The permissible stresses are 1000 kg./cm.2 in tension, 800 kg /cm.2 
in shear and 1600 kg./em.” in bearing. Draw a ueat sketch of the 


joint and calculate the necessar\ pitch and the efficiency of the joint. 
(4 MIE, November 1966) 


Solution. Since the joint is a butt joint the rivets are in double 
shear. Further, since the joint is double riveted, the number of rivets 
on one side of the joint covered in one pitch length equals 2. 


Let the pitch be p cm. 
Consider one pitch length of the joint. 
Tearing strength 
= P:=(p—d) Si 
=(p—2°2) 12 x 1000 kg. 
= 1200 (p—2°2) kg. 
Shearing strength 
2h ind? \ 
== P,==2 x ( 4 ) 


-~2X2X800 An, kg. 


2 2° 
+} 
= 12160 kg. 
Bearing strength 
=Po-22+5u dt 
~2..J600.22< 12 
= 8448 kg. 
Equating ?: to the lesser of /’s and P», 
1200 (p —2°2)= 8448 
p=-924 cm. 
say 9°25 cm. 
Strength of solid plate 
=P =pt it 
=9°25~1°2 x 1000 kg. 
= 11,100 kg. 


RIVETED JOINTS 


8448 
= a X 
i= ioo 
=76°1% 
M53¢m. 4 4077 | 33007, J sm sacn 4h 


ee 





Fig. 634 
Problem 436. A thin cylindrical shell 1500 mm. in diameter ts 


made of 12 mm. plates. The circumferential joint ts a single riveted 
lap joint with 22 mm. diameter ~ivets at a pitch of 50mm. If the 


ultimate tensile stress in the plate is 4500 kg./cm.2 and the ultimate 
shearing and bearing stresses for the rivets are 3000 kg./em.4 and 


6000 kg./cm.? respectively, calculate the efficiency of the joint. 
(AMIE, Winter (974) 


Solution. 
t= 1°2 cm. 
d=2'2 cm. 
p=5 cm. 
f.=4500 kg.[cm.? ultimate 
f .=3000 kg./cm.* ultimate 
fo 6000 kg./cm.? ultimate 
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Single riveted lap joint. 

The rivets are in single shear. 

Number of rivets covered per pitch length=1 
Consider one pitch length of the joint. 
Shearing strength per pitch length 


Lapeer atin 
=P,—[1] JS, : 


92 
=] x 3000 x mx a 


=11404 kg. 


Bearing strength per pitch length 
=Po=[1} Jo dt 
= 1 x 6000 *2°2x 1°2 
=15840 kg. 
Tearing strength per pitch length 
=P:=(p—d)t S t 
=(5—2°2) 1°2 x 4500 
=- 15120 kg. 
Least strength per pitch length 
= 11404 kg. 
Efficiency __ Least strength per pitch length 
11404 os 
= 502% 4500 “100 
=42 24% 
Problem 437. Find the efficiency of a double riveted two 
strap butt joint, if the main plates are 20 mm. thick, diameter of rivet 
is 22 mm. and rivet pitch is 84 cm. The safe stresses in tension, 


bearing and shear are respectively 800, 1400 and 600 kg.jcm.*. 
(AMIE, Winter 1976) 


x 100% 


Solution. Double riveted butt joint. 


t=2 cm. 
d=22 cm. 
p=-8'4 cm. 


f,=800 ke.fem.2 

Jo-= 1400 kg.fem.* 

fo=600 kg.jcm.* 
The rivets are in double shear. 
Number of rivets covered per pitch length =2 
Consider one pitch length of the joint. 
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Shearing strength per pitch length 
=P (2h 4 


=2> 3 “600% nx ——"- 


=91232 kg. 
Bearing strength per pitch !ength 
= Po=[2] fo dt 
=2« [4903-29 <2 
= 12520 kg. 
Tearing strength per pitch Irngth 
=P:=(p- 2) 14; 
=(8 4 -2°2)2 x 800 
39921) kp. 
Safe lead per pitch Jesth 
= 9123 2 kg. 
Effici:ney Safe load per pitch length 


nn macnn a: nee nee 08 SS ER eeNEPO Ny. 


Strength of the solid plate per pitch length 


44232 
= 34. 2xn09 % 10 


==67° 8s" : 


Problem 438 Find the suiiihle pitch for a riveted lap foint for 
plates 1 cm. teck if safe workin stresses in tension in the plates and 
crushing and oe “aring ay the rivet material are respectively 1500 
kg.fem2, 2125 iz.feom" and 9 * kg.jem2 in the following types of 
joints ; 

(i) Singie riveted’, and Gis Doubic riveted. Find also the 
‘Aiciency of the int iniie aber swoenes. Take d=V9V 4. 
(AMIE, Summer 1977) 





Solution Diame*cr of rive: 
= 9ye 194 F - 19 em. say 2 cm. 

(7) Sine! rivetcd lap joint Rivets are in single shear. 
Number . ‘rivets covered per pitch length= 1. 
Consider oe pitch length of the soint. 

Shearing -t-ength per pitch length 


a 
=:P,=[]] f bes oe 


2° 
c=] : G45 «mx 4 


= 29088 keg. 
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Bearing strength per pitch length 
=Po=[1] fo dt 
={x2125x2xI 
= 4250 kg. 
Tearing strength per pitch length 
= Pi=-(p—d) th 
=(p—2)1 x 1500 
= 1500 (p—2) 
Equating the tearing strength to the lesser of bearing and 
shearing strengths 
1500 (p— 2) =2968'8 
p=3°98 cm. 
Generally pitch should not be less than 
3d=3 «2 
=6 cm. 
Hence provide a pitch of 6 cm 
Efficiency =" = least of Ps. Po.Pr 
pt fi 
_—-2968°8 
~ 6X1 « 1500 
= 33%. 


(ii) Double riveted lap joint. Rivets are in single shear. 


100 


x 100% 


Number of rivets covered per pitch length =2. 
Consider one pitch length of the joint 
Shearing strength per pitch length 


=Pi=[2)f; ee 


=2x545x ™*? 
== 5037°6 kg. 
Bearing strength per pitch length 
= Pym [2 fo dt 
=2X 2125 x2x!1 
=8500 kg. 
Tearing strength per pitch length 
=P; =(p—d) tf 
=(p—2)1 x 1500 
= 1500 (p—2) . 
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Equating the tearing strength to the lesser of bearing and 
shearing strengths, 
1500 (p—2)=5937'6 
Pp=5°96 cm. say 6 cm. 


. 5937°6 E 
Efficiency =—xixis00 * 100% 


=65°97%. 
§139. «rveted joints in 
Stractural steel werk 


A truss or bridge is 
fabricated by connecting 
a number of members. A 
joint for connecting a iA 
number of members is 3 { 
made by riveting the mem- : 
bers to a common plate 
called the gusset plate. 


The members meeting 
at the joint A for instance 
may be connected as shown 
in Fig. 635. 


The number of rivets 
required to connect a mem- JOINT A 
ber to the gusset plate Fig. 635 

__ Force in the member 
~ Strength of one rivet 

The minimum number of rivets for the connection of a member 
to a gusset plate is 2. 

Problem 439 Four members OA, OB, OC and OD are to be 
connected at a joint O. Details of the members and the loads carried 
by them are shown in Fig 636. If the connection to the gusset plate be 
made by 20 mm. diameter rivets find the number of rivets required to 
connect each member. Thickness of the gusset plate is 8 mm. Sketch 
the ioint. Take fs=700 kg.{cm.? and Jo= 1400 kg /em?. 











Solution. 215 Jox7oxamm. 0 215 8oxBoxBmM 
Member OA iz700kg. 5° ra 

Load in OA 

== 12700 kg. 


Rivets connecting 
this member are in 
double shear. 

Rivet value in D 
-doublie shear #6 20kg, 


nd@ 
=2f— 
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=2% 100 x7 x2 kg. 

= 4000 kg. 

Rivet value in bearing =fo dt. 
=1400x2x0°8 kg. 
= 2240 kg. 

*, Number of rivets required 
_12700. 
~~ 2240 

== 6 rivets 
Member OB 


Rivets connecting this member are also in double shear, 


Number of rivets required 
__ 15330 
~ 2240 


= 7 rivets 


os 


Member OD | 
Rivets connecting this member are in single shear. 


Rivet yalue in single shear 
md? 
af 


= 700 x ; x 22 


=2200 kg. 
Rivet value in bearing=fo dt 
== 1400 x 2x0'6 kg. 
= 1680 kg. 
.. Least rivet value —1680 kg. 
.. Number of rivets required 
2630 
™ 1680 
This is less than 2, Hence let us provide two rivets. 
Member OC 


Rivets connecting this member are in single shear. 
.. Number of rivets required 
3720 
1680, 
o= 3 rivets 
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Fig. 637 shows details of the joint’0. 





20° 70x 7Oxnamm O 20° 80s8018mm. 





Fig. 637 


§140. Chain riveting and diamond riveting 


In the case of bridge truss members it will become necessary 
to provide a large number of rivets to connect a member to the 
gusset plate. The strength of the joint will depend upon the actual 
arrangement of rivets. Suppose a flat plate is used as a member of 
atruss. Let 9 rivets be required to transmit the load in the member 
to the gusset plate. Lect a butt joint be provided. Two a*rangements 
are possible as shown in Figs. 638 and 629, 


In the arrangement shown in Fig. 638 the nine rr ets he e been 
arranged in three rows with three rivets in each row. This arrange- 
ment is called chain riveting. 


q 





Chain riveting 
Fig. 638 


788 STRENGTH OF MATERIALS 


_ The width of the flat needed to transmit the tension P must 
be determined such that the tensile stress on the weakest section does 
not exceed the permissible stress fi. In the chain riveted arrangement 





Diamond riveting 
Fig. 639 
shown in Fig. 638 the section is weakened by three rivet holes. Let d 
be the diameter of rivet holes. The minimum width 6 of the plate 
shall therefore be such that 


P=(b-—3d) th: 


P 
or b= if +3d 


t 
In the diamond-riveted arrangement the nine rivets have been 
arranged in four rows with one rivet in the first row, two rivets in the 
second row, three rivets in the third row and three rivets in the fourth 
row. 


Suppose we assume that the section |—1 passing through the 
first rivet hole is the weakest section. The width of the fiat plate 
required is given by 

P=(b—d)t f ¢ 


P 
or b= th +d 
The width of plate required in this arrangement is less than 


what is required in chain riveting by 2d. This reduction in the 
requirement of width of the flat plate is a considerable saving in the 
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case of long members of bridges. Hence diamond riveting is usually 
preferred to chain riveting. 


Generally in diamond riveting the weakest section is the section 
1—1 passing through one rivet hole of the first row. The successive 
sections 2—2, 3—3 and 4—4 are stronger. 


«If J, is the limiting tensile stress for the plate the pull required 
to tear the plate at section 1— | 


= P; =(b—d) t fi 
If the plate section 2—2 must fail, the rivet in the first row 


should also fail. Hence the pull required to tear the plate at the 
section 2—2 


= Pp==(b —2d)t ft-+strength of | rivet in the row 1. 


Similarly if the plate section 3~3 must fail, the rivets in the 
first and second rows should also fail, f£¢., three rivets must fail. 
Hence the pull required to tear the plate at section 3—3 


= P3=(b —3d) t Ji+strength of three rivets. 
Similarly, the pull required to tear the plate at section 4—4 

= Py=(b—3d) tf: + strength of six rivets 
Comparing P,. P2, P3 and Pa, we find generally Py is the least. 


Hence in diamond riveting the section 1—1 is generally the weakest 
section. The efficiency of the joint=y7 


_Py _(b-d)th b-d 


P bitfi ~ b 


a 
Problem 440. In a bridge truss, a tie bar consists of a flat 24 cm. 
wide and 2 cm. thick and is connected t»a gusset plate of the same 
thickness by a double cover butt joint with 2. cm. diameter rivets. If 
the permissible stresses in tension, shear and bearing are 1400 kg.{cm.* 
900kg./cm.* and 1800 hg./em.” respectively, design the joint. 


Solution. It is usual to adopt diamond grouping of rivets 
(Fig. 640). 
Rivet value in double shear 


9 f, 77? 


=? X900 x ane 


= 5660 kg. 
Rivet value in bearing 
=/, dt 
= 18u0x 2X2 
== 7200 kg. 
.. Lesser rivet value = 5660 kg. 
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Safe pull on the plate at section I~1 
=P =f: (b—d)t 
=: 1400 (24— 2)2 kg. 
= 61600 kg. 
Safe pull at the section 2—2 


= Po=J(b—2d) t+Strength of one rivet in 
front of section 


= 1400 (24—4)2-+ 5660 kg. 
==§1660 kg. 
Safe pull at the section 3—3 


= Pg=f, (b—3d) t+ Strength of three rivets in 
front of the section 


= 1400 (24—6)2+3 x 5660 kg. 
= 67380 kg. 
Safe pull at section 4-—4 
a=J:(b—4d) t-+strength of six rivets in 
front of the section 
= 1400 (24—8)2+6 x 5660 kg. 
= 78760 kg. 


GUSSET PLATE 


5 #4 3 2 ! UE BAR 





tiz. 640 


Hence we find that the sections closer to the joint are stronger 
than those away from it. The weakest section is therefore |—1 and 
the maximum sul! that can be applied is 61600 kg. 


*, Minimum number of rivets required on each side of the joint 


P 
~~ Jesser rivet value 


61600 
5660 


Let us provide 14 rivets on each side of the joint. 





=H 
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141. Eccentric riveted connections 





Fig. 641 


_ _, Inthe discussions we had so far, the resistance offerei by & 
rivet was entirely to prevent a linear or translatory displacement of 
the plate or member connected. 


The are some circumstances in which the rivets used fora 
connection have to offer not only resistances to prevent translatory 
dispalcements but also resistances to prevent rotary displacements. A 
bracket connection is one example of this type of connection. Fig. 64! 
shows an eccentric riveted connection for a bracket. It consists of 
two bracket plates riveted to the flanges of a rolled steel ccluzun. If 


a load Wbe applied to the bracket, a load of Pay is transferred 


to each bracket plate. The line of action of the load P on a bracket 
plate does not pass through the centroid of the rivet group. 


The perpendicular distance between the line of action of the 
load P on the bracket plate and the centroid of the rivet group is 
Called the eccentricity. 


10/- 
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The rivets connecting the bracket plate and the flange of the 


column have to offer the following resistances. 
(i) Resistance against translation 


This resistance is assumed to be uniform for 
all the rivets. 


If P be the load on the bracket plate, resis- 
tance against translation per rivet 


P 


ae 
where n=pnumber of rivets on 
one bracket plate. 


(ii) _ Resistance against rotation 


The load being eccentric, there is a tendency 
for the bracket plate to rotate about G the 
centroid of the rivet group. The rivets therefore 
have to offer a resistance to prevent such a rotation. 
Such a resistance offered bya rivet is called the 
torsional shear in the rivet. 





Fig. 642 


It will be assumed that the: torsional shear in any rivet is 
directly proportional to the distance of the rivet from the centroid 


of the rivet group. 


Let S be the torsional shear in a rivet 
distant r from the centroid of the rivet 
group. The direction of the resistance S is 
at right angles to the line joining G and the 
rivet. 

Hence S= Kr where K is a constant. 

Hence the resisting moment offered 
by the rivet against the rotation of the 
bracket plate is Sr= Kr?. 

.. Total resisting moment offered by 
all the rivets 


a >, Kr? 
es K, Dr 


But the external moment applied =P.e. 
K =r? =P.e 


Pe 
son Zr. 


P.e 
oe K= 33132 





Fig. 643 
If (x, y) be the coordinates of rivet distant r from G, 


XB y2 me pt 
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Now consider the rivet A (Fig. 644) which is most distant 
from G. Torsiona! shear in the rivet 


cae Sa Kra 
‘ P 
Resistance against translation = ee 


These resistances are shown in Fig. 644. 


The greatest resistance offered by the rivet is the ‘ 
resultant of the above two resistances offered by the 6 
rivet A. A 
For the design to be safe. this resultant resistant : 
must be less than the Icsser rivet value. 


The resultant resistance may be calculated as 
follows. 


Total vertical component on the rivet { 
eee ae: 
Sie eae Sa Si 
"l 


Total Horizontal component on rivet i 
== }{==Sa cos '! 
”. Resultant resistance =R=4/ V2 | 17% 


Problem 441. A line shaft transmits a load of 2500 kg. at am 
eccentricity of 50 cms. across a bracket plute riieted to a stanchion. 
Two rows of rivets 10 cms. apart arc provided with five rivets per row. 
The pitch of rivets in each row is 6 cm Find the greatest force induced 
in any rivet. 


Solution. Resistance against translation per rivet 
i 


er 


n 


2500), 
aaa 
= 250 kg. 


Torsional shear in any rivet distant r from the centroid G of 
rivet group 


ao om 
— 


--S~ Ar 
Pe 
where k= SE 
In our case, 


5x24 Zy2—10 (5)2-+-4(12)2+4(6)? cm? 
== 970 cm.” 
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P:2500kg. 
[Ss @€:50¢tn -——— 

ary! 

écm. Onn pA, 

to bo} 

ecm. 

+| Og 0! 

cm. \ 

+10 8 OF 
6cm. 

tlo lo! 


Fig. 645 
___ 2500 X 50 

970 

= 129 

Now consider the rivet A distant re from G. 
Torsional shear on the rivet A=So= Kre=129 ra 
Sa acts normal to the line GA. 
Total vertical component on the rivet 4 


= y= +-Sa sin 8 


= 250-+129 ra sin § kg. 
== 250+ 129 x 5 kg. 
= 895 kg. 
Total horizontal component on the rrvet A 
= H=S, cos 8 
== 129 ra cos 8 kg. 
= 129 x 12 kg. 
=1548 kg. 
.. Resultant force on the rivet A 
=R=V VERE 
= 4/ 8952-41548? kg. 
= 1787 kg. 
Problem 442. A load of 15000 kg. is applied to a bracket plate 
at an eccentricity of 30 cms. Sixteen rivets of 2 cm. diameter are 
arrange. in two rows with eight rivets per row. The rows are 20 cm. 


apart. The pitch of rivets in each vertical row is 8 cm. If the permissi- 
ble stresses in shear and bearing be 800 kg./cm.2 and 1600 kg.[cm2# 
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respectively, investigate the safety of the 
as 5 ae fety of the connection. The bracket plate 
Solation. Resistance against translation per rivet 
n~ 16 “* 
== 937°5 kg. 
Torsional shear in any rivet distant r from the centroid G of 
the rivet group is given by 


S= Kr 
2 ete 
where Kiam 24 3) 
In our case, 2x2+-Zy? = 16(10)?+-4(28)*-+-4(20)? +.4(12)° 
+4(4)? cm.2=6976 cm.” 
__ 15000 x 30 : 
Ke 6016. ert 


Now consider the rivet A 
Torsional shear on the rivet A 
= Sa== Kra 
==64°51 re 
Peisoo0 kg 
jon o 2 FCM 










@ 
“~ 
3 


® 


& 
3-133. 


2 


3 
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S. acts normal to the line joining G and the rivet A. 
Total vertical component on the rivet A 


aye ?.45.sin 0 


= 937°3+64 51 ra sin 8 kg. 
= 937°5+64°51 x10 kg. 
== 1582°6 kg. 
Total horizontal component on the rivet A 
ss He=S. cos 8 kg. 
=64°51 ri cos 8 kg. 
=64° 51x28 kg. 
= 1806°3 Ag. 
.. Resultant force on the rivet A 
- R af V2 ay 
= 4/ 1582 674: 1806732 k+- 
=~ 2402 kx. 
The rivets are in single shear. 
Rivet value in single shear 
nd” 


aint 
Arcee 


4 
= 800% - 2? ke. 


~2514 kg, 
Rivet value in bearing fi. dt 
= 1900 2° P25 kg -=4000 Ag. 


*. Lesser r:vet value ~ 2514 Av. 


Since the maximum force on the rivet. 4 is less than the lesser 
rivet value, the design is safe. 


Examples in Chapter 15 


i. A single riveted lap joint is provided to connect 10 mm. 
plates with 20 mm. rivets at a pitch of 80 mm. State how the joint 
will fail. Calculate also the efficiency of the joint. Take /,=800 
kg.icm.2, $12 1600 kg./em2 and fr ==1200 kg.fom. 

(By shearing of rivets ; 26°2%) 


2. Adouble riveted lap joint is provided to connect 8 mm. 
plates with 16 mm. rivets at a pitch of 6 cm. Calculate the strength of 
the joint per pitch length. Find also the efficiency of the joint. 
Take fe = 800 kg./em.2, fo=16C0 kg./em= and fi=1200 kg./cm?. 

(3216 kg. 73.3%) 
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3. Asingle riveted double cover butt joint in plates 12 am. 
thick is made with 20 mm. diameter rvets ata puch of 9 cm. 
Find the safe load per pitch fength of tne joint. Find also the 
efficiency of the joint. Take fs=800 kg.jem*, fo=1600 Ag./cmi* and 
fi=1400 kg./om?. (5024 Ag. 5 33°2?,) 


4. Two plates of 10 mm. thickness are to be connected in a 
double riveted douole cover butt joint with 20 at. rivets at a piteh 
of 75cm. If the ultimate tensile, shearing and bearing stresses are 
460) kg.fem.", 3 00 ke.feom* and 6400 Ag./em > respectively, find the 
pull per pitch length at which the joint will fai! Find also the eth- 
ciency of the joint. COSRCOER TS 35) 

5. Asingle riveted butt joint is to be provided for connecting 
two plates 10 mm. thick with 20 mm. diameter rivets. Calculate the 
necessary pitch and the efficiency of the joiat. Take fs=100) Ag./com.?, 
fo= 2000 Ae./em.2 and fr= 1200 ke Jem (p--5°3 cm 3 62'3° 5) 


6. A double riveted duuble cover butt joint is to be provided 
for connecting 10 mm. thick plates with 20 num. diameter rivets. 
Calculate the necessary pitch and the efficiency of the joint. Take 
f= 1600 kg fem.*, fy =1600 he tom 2 and fr==1200 ke fem?. 

(p= 10°4 cm; 824%) 

7. A bridge diagona! consists of a flat of thickness 20 mm. and 
has to transmit a teusion of 45000 Ag. to a gusset ptate by a double 
cover butt joint, using 20 mm. rivets. Find the number of rivets 
required with diamond riveting. Find also the width of flat required. 
Also calculate for the arrangement suggested, the actual stresses in 
shear and besring. The permissible stresses are 1200 kg./emi.” in 
tnsion, 100 kg /em.2 in shear and 2000 kg /cm * in bearing. 

(2/ cm ; 9 rivets on each side for a 
convenient arrangement ; 796 kg./on ; 1250 kg./em2") 


8. A vertical load of Zr ts 2t 
applied fo a bracket plas et an ‘momen - 
eccentricity of 20 cat as shown in eee 
Mie 647, Spee 


- — 


Find the maxin-um resistance L_| tt 

offered by any rivet om | . : 
CLA et 

$cr 






Fig. 647 


. 9. A structural member is connected to a gusset plate by a lap 
joint bv five rivets of 20 mm. diameter as shown in Fig. 648. The 
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member has to transmit a pull of 10¢-and a clockwise moment of 
30 1 cm. Find the greatest shear stress produced in any rivet. 
(1°03 tlem2) * 





em ron 


Fig. 648 


10, A vertical load of 12 t is applied to a bracket plate at an 
eccentricity of 25 cm. Two vertical rows of rivets are provided 12 cm. 
apart. The spacing of rivets in each vertical row is 10cm The 
rivets are 20 mm. diameter. Investigate the safety of the design. 
Permissible shear stress==945 kg./em?. Permissible bearing stress— 
9125 kg./cm*. Strength of rivets shall be calculated on the basis of 
finished diameter which shall be taken as 1°5 mm..in excess of the 
nominal diameter. Thickness of bracket plate 10 mm. 

(Lesser rivet value=3430 kg. 
Max. load on any rivet= 2402 kg. 
The design is safe) 

11. A heavy riveted bracket connection has to resist a girder 
reaction of 702. at an eccentricity of 50 cm. This load is transmitted 
to the two bracket plates. Four rows of 20 mm. diameter rivets are 
provided in each bracket plate of 12 mm thickness. Each row 
contains 10 rivets. The rivets in each row are provided at a pitch of 
8 cm. The distance between consecutive vertical rows is 6 cm. Find 
the maximum load an any rivet. Also investigate the safety of the 
design. The strength of rivets shall be based on a finished diameter of 
91°5 mm. Take fr 945 ke./em.?, fo=2125 kg /em ) 

(Lesser rivet value= 3430 kg. 
Max. load an any rivet=2402 kg. 
Design is safe) 
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Welded Connections 


§142. The welding process 


Welding is a process of connecting metal parts by fusion. Are 
welding and oxy-acetylene welding are the two usual methods 
adopted. Molten or fused metal is deposited between the metal 
parts which are to be connected. The metal parts are also fused 
to a specified depth. When the deposited fused metal is cooled, the 
metal parts get joined by the new metal. The ends of metal parts 
to be connected and the tip of the weld rod are fused by arc which 
causes a high temperature of about 3300°C. In the oxy-acetylene 
method a jet of burning oxygen and acetylene is used as a source of 
heat The weld rod has a coating which also melts during the 
welding process and forms a shield preventing combination of the 
heated metal with the freely available oxygen and nitrogen of the 
atmosphere. 


$143. Advantages of welded connection 


(i) Since the process dues net 1ovolve driving holes, the gross 
sectional area of the welding member is effective. In the case of 
riveted tension member deducttons have to be made for the area _ lost 
due to punching holes. 


(ii) Welded structures are comparatively lighter than corres- 
ponding riveted structures. 


(iii) A welded joint has a great strength. Often a welded joint 
has the strength of the parent metal tfoelf. 


(iv) Repairs and further new connections can be done more 
easily than in riveting. 

(vy) Welded joints provide rigidity. Hence welded members, for 
the same loading, are subjected to smaller bending moments than 
corresponding riveted members. 

(vi) Often. welded joints are economical to riveted joints. For 
a welded structure maintenance and painting costs are less than fort 
the riveted structure. 

(vii) Members of such shapes that afford difficulty for riveting 
can be more easily welded. 


(viii) A welded structure has a better finish and appearance than 
© corresponding riveted structure. 
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_ _ ix? Connecting angles, gusset plates, splicing plates can be 

minunized ard im wvany cases, can be avoided in welded structures 
(x) Stcel bars ia reinforce¢ concrete structures may be welded 

easily. ‘apping af bars may be avoided if welding is resorted to. 


(xi) ft 1s possible to weld at any point at any part of a struc- 
ture. But riveting will always require enough clearance. 


(xii) The process of welding takes less time than riveting. 


(xiii) The process of welding does not involve great noise com- 
pared to the noise produced in the riveting process. 


§144. Disadvantages of welded connection 
(i) Welding requires skilled labour and supervision. 


(ii) Testing a weld joint is difficult. An X-ray examination 
alone can enable us to study the quality of the connection. 

(iii) Due to uneven heating and cooling the welded members 
are likely to get warped at the welded surfaces. 


(iv) Internal stresses in the welded zones are likely to be set up. 


8145. Types of Welds 
Welds may be classified into two main types namely fillet-weld 
and butt-weld. 


Fillet weld. Tis type of weld is used when the members to 
be connected overlap each other. Fig. 649 shows a fillet weld. The 


section of the fillet REINFORCEMENT 
weld for cesign pur- (A bS TM 


poses will be taken as We 

ISOS ight- WY 

aD eat Reale "The KV MM 
Jength of either of eee 

the equal sides of the J 
triangle is called the THROAT THICKNES 
size of the weld. The  &*0:707x SIZE 
perpendicular distance Fig.. 649 

between the hypo- 

tenuse of tbe triangle and the opposite apex is called the throat 
thickness. If be the throat thickness ands be the size of the 
fillet weld, 





t= v2 =0°7075. say 0°75. 


If | be the length of a weld and t 
the throat thickness, the product /t will 
be regarded as the effective or resisting 

area resisting shear. 

Safe load on a weld 

= Length of weld x throat thickness 
x permissible 
Fig. 650 shear stress in weld. 


The permissible shear stress is usually taken as 1025 kg./cm?. 


Butt weld. This type ot weld is used when the members to 
be connected butt each other. 


The following types of butt welds are in practice : 
. (i) Single V-butt weld. 
' REINFORCEMENT Fig. 651 shows this type of 
— weld. The effective throat 
imickxness is taken as the 
thicxness of the thinner part. 
FT REINFORCEMENT The permissible stresses for 
this type of weld are 1420 
lig. 651 ke iem.” in axial tension or 
compression, 
and (1575 kg./em.? in bending 
(1025 kg fem? in shear 





(ii) Deonble V-butt weld. 


1 REN SS Fig. 652 shows this type of butt 


: 
x 
f 
; 
ke : s 
pee we & 
“ eases NY 
ov 


“Cue 9 | WW sawed. 


Fig 552 


(iii) Single U-butt weld. 
(Fig 653: 


{ iv) Douile U-butt weld. 
(Fig, 654) 





Fig. 654 
Abstract of IS Specifications (IS 816] 


$146. Minimum sizes of weld 
The I.S. code has recommended the following : 


Thickness of thinner part Minimum size 


Ae mere emp emmrtree eee ep rt ERRR free Faye BegRNEEP ere ~teeal 


| Up-to and including 9°5 mm. 3 mim, 
| Over 9°5 mm., up to and including 19 aun. 3+ mm. 
Over 19 mm., up to and including 32 mm. 6 mm, 

8 mm. 


Over 32. mn. 
9°5 mm. minus minimum 
size of fillet 
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$147. Effective length | 

The effective length of a fillet weld shall be taken as that 
length only which is of the spécified size and required thickness. For 
practical purposes, the effective length may be taken as the actual 
length minus twice the weld size. ° 
$148. Minimum length 

The effective length of a fillet weld designed to transmit load- 
ing shall not be less than four times the size of weld. 
§149. Fillet weld applied to the edge of a part 


Vi? applied to the. square edge of 


SPECIFIED SIZE a part, the specified size of the 
Fig. 655. 


weld should generally be at 
least 1°5 mm. less than the edge 
thickness. 
$150. Angle between fasion faces 
Fillet welds should not be used for connecting parts whose 
fusion faces form an angle more tban 120° or less than 60° unless 
such welds are demonstrated by practical tests to develop the 
étrength required. 
§151. Throat thickness 


Fillet weld. For the purpose of stress calculation the effective 
throat thickness of a fillet weld should be taken as Kx fillet size, 
where Kis a constant. The value of K for different angles between 
fusion faces shall be as in the following table : 











101- 106° 107> 113° 114°- 120° 
106° 





Fig. 656 
Butt weld 


(a) Complete penetration butt weld. The effective throat thick- 
ness of a complete penctration butt weld shall be taken as the 
thickness of the thinner part joined. 


(b) Incomplete penetration or unsealed single but welds. The 
effective throat thickness of an incomplete penetration butt weld 
shall be taken as the minimum thickness of the weld metal common 
to the parts joined excluding reinforcement. 
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Unsealed single butt of V and U and incomplete butt welds 
. welded from one side only, should have a throat thickness of atleast 
1 of the thickness of the thinner ports joined. If required, evidence 
should be produced by the fabricator to show that the effective 
throat thickness has been obtained. For the purpose of stress 
calculation, a reduced effective throat thickness not exceeding § of 
the thickness of the thinner part joined should be used. 
Note. () Ap incomplete penetration butt weld means a butt weld in 


which the weld metal is intentionally not deposited through the full thickness 


(ii) The nature of evidence to be produced by the fabricator to ensure 
the necessary effective thickness should be decided by agreement between the 
designer/purchaser and the fabricator, and may, for example, comprise : 


(a) Tests carried ot before welding to show that the welding procedure 
is capable of providing the required penetration, and inspection during welding 
to establish that the correct procedure has been followed. 

(b) Test pieces made as continuations of the seams during welding ; and 

(c) Examination, after welding, by radiographic or other suitable non- 
destructive methods. 

The unwelded portion in incomplete penetration butt welds, 
welded from both sides, shall not be greater than } of the thickness 
of the thinner part joined and should be central on the depth of the 
weld. For the purpose of stress calculation a reduced effective 
throat thickness not exceeding = of the thickness of the thinner part 
joined should be used. 


$152. Intermittent Fillet welds 


Intermittent fillet welds may be used to transfer calculated 
stress across a joint when the strength required is less than that 
developed by a continuous fillet weld of the smallest allowable size 
for the thickness of the parts joined. Any section of intermittent 
fillet welding shall have an effective length of not less than four 
times the weld size with a minimum of 38 mm. 


The clear spacing between the effective lengths of intermittent 
fillet welds carrying czlculated stresses shall not exceed the following 
number of times the thickness of the thinner part joined and shall 
in no case be more than 30 cm. 


16 times for compression members 
24 times for tension members. 


Longitudinal fillet welds at the ends of built up members shall 
have an effective length of not less than the width of the component 
part joined unless end transverse welds are used, in which case, the 
sum of the end longitudinal and end transverse welds shall be not 
less than twice the width of the component part. , 


; Chain intermittent welding is to be preferred to staggered 

- intermittent welding. Where staggered intgrmittent welding is used, 
the ends of the component parts shall be ~ ‘ied on both sides 

In a line of intermittent fillet welds, the welding should extend 

to the ends of parts connected; for welds staggered about two 
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‘edges, this applies generally to both edges, but need not apply to 
subsidiary fittings or components such as intermediate web stitleners 


§153. Lap joints 


The overlap of parts at stress carrying lap joints shall be no 
less than five times the thickness of the thinner part unless latera} 
deflection of parts is prevented, they shall be connected by at leay 
two transverse lines of fillet, plug or slot welds or by two or more 
longitudinal fillet or slot joints. 


If the longitudinal fillet welds are used alone in end connec- 
tions, the length of each fillet weld shall be not less than the per- 
pendicular distance between them. The transverse spacing of longi 
tudinal fillet welds used in end connections shall not exceed 16 times 
the thickness of the thinner part connected, unless end transverse 
welds or intermediate plug or slot welds are used to prevent butting , 
or separation of the parts. 


§154. Fillet welds in slots or holes 


Where fillet welds are used in slots or holes through one or 
more of the parts being joined, the dimensions of the slot or hole 
should comply with the following limits in terms of the thickness of 
the part in which the slot or hole is formed. 


(a) The width or diameter should be not less than 3 times the 
thickness. 


(b) Corners at the enclosed ends of slots should be rounded 
with a radius not less than 1°5 times the thickness. 


and (c) The distance between the edge of the part and the edge of 
the slot or hole, or between adjacent slots or holes should 
be not less than twice the thickness. ; 


When welding inside a slot or a hole, ina plate or other part, 
in order to join the same to an underlying part, fillet welding may 
be used along the wall or walls of the slot or the hole, but the latter 
shall not be filled with weld metai or partially filled in such a manner 
as to form a direct weld metal connection between opposite walls, 
except that fillet welds along opposite walls may overlap each other 
for a distance of 4th of their size. 


§155. End returns 


Fillet welds terminating at the ends or sides of members should. 
whenever practicable, be returned continuously around the corners 
for distances not less than twice the size of the weld. This provision 
should in particular apply to side and top fillet welds in tension 
which connect brackets, beam seatings and similar parts. 


§156. Bending about a single fillet : 


A single fillet weld should not be subjected to a bendin 
moment shout the longitudinal axis of the fillet. : 
Wags, 


holon, 
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§157. Permissible stresses in welds 


’ 


Welded joints si ..1 be propostioned so that the stress therein 
shall not exceed the vaiues given in the following table. 





PO he a tet. 











Kind of Stress Permissible stress (kg./cem.+) | 
(i) Axial tensile stress on throat Section of 1430 | 
butt weld 
(ii} Axial compressive Str.ss oo throat 1420 
section of butt weld 
(iii) Maximum bending stress 1575 
(iv) Maximum shear stress 1025 


“sation Re eee were ee lo: - — 
_ ~ ee ee OO - One ee ee wesw A tee eee kate, 


Stress in fillet welds shall be considerd as shear on throat for 
any direction of the applied load. Welds in plugs and slots shall 
not be considered as having any value in resistance to stress other 
than shear. 


$158. Combined stresses in welds 


Fillet welds. When the fillet velds in a connection are 
subjected fo tension or coiapdression bemiap forces. cumbined with 
‘a direct shear force, the maximum resultant stress may be calculated 
as the vector sum and should not exceed ree permissible shear stress 
of {025 kg./em®. 


» Butt welds. In butt welds subjected to tensile or compressive 
stress (axial and/or bending} in combination with direct shear stress, , 
the weld shall be so proportioned that the quantity 


1 Ps 2 ( Pt 3 
( P. ) as ay) shali not exceed unity. 
where, 
Ps= Actual shear stress in the weld 
P.=Permissible shear stress in the weld 


P, = Actual tensile or compressive stress in the weld 
P:=Permissible tensile or compressive stress in the weld. 


Problem 443. 4 tie bar 100 mm.X16 mm. thick is to be 
welded to another plate as shown in Fig. 657. Find the minimum 
overlap required if 8 mm. fillet weids are used. Adopt the following 
werking stresses : 


Tensile stress in plates= 1500 kg.|cm.? 
Shear stress in weld= 1025 kg |crm.? 
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Solation. Maxi- 
mum tension in the 
tie bar 





= 10 X 1°6 x 1500 
kg. 
XCM 
Total length of = a 
weld 
=2x 10+2x cm. 
= (20-+2x) cm. Shem 
Throat thickness Fig. 657 
={=0'7 X size of weld 
=()°7 x 0°8 em. 
==(0°56 cm. 


Effective area of weld 
(0°56 (20+-2x) cm." 
Total resistance of the weld 


=Effective area provided by weld x per- 
missible shear stress 


=(0°56(20+ 2x) 1025 kg. 
=3 574 (20+-2x) kg. 
Equating the resistance of the weld to the load on the tie bar, 
we have, 
574 (20+2x)=24000 kg. 
20-+2x=41°81 
x= 10°905 cm, say 11 em. 
Problem 444. Find the minimum lap length required for the 


joint shown in Fig. 658 if 6 mm. fillet welds are used. Permissible 
shear stress in the weld may be taken as 1025 kg.{em*. 






x cn—| 
12,500Kg), 
th 


Fig. 658 
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Solation. Let the length of lap required be x cm. 
Total length of the weld 
=2x+2x 
on 4X om. 
Resistance of weld =0°7 X0°6 x 4x x 1025 kg. 
=1722 x kg. 
Equating the resistance of the weld to the load on the joint, 
we have, 
1722 x=25000 kg. 
ea 25000 
1722 7 
== 14°25 cm. say 15 cm. 
Problem 445. A welded lap joint is to be provided to connect two 
tie bars 150 mm.x10 mm. The working stress in the tie bar is 


1500 kg./cm*. Investigate the design if the size of the fillet welds be 8 
mm. Safe stress for the weld may be taken as 1025 kg./cmi. 





x 


a 
Lecm—teid cm—+aen-4 


eS 


Fig. 659 

Solution. Safe load in the tie bar 

= 15x1x 1500 ke. 
=22500 kg. 

Total length of weld =2X 5-+-44/ 52+-83 cm. 
==47°74 cm. 

Strength of weld = =0°7 X0°8 X 47°74 1025 kg. 
== 27400 kg. 


Since the strength of the weld is greater than even the maxi- 
mum tension in the tie bars the design is safe. 

Problem 446. A 150 mm.x 115 mm. x8 mm. angle carrying a 
tensile load of 20000 kg. is to be connected to a gusset plate by 6 mm. 
fillet welds at the extremities of the longer leg as show in Fig. 660. 
Design the joint allowing a shear stress of 1025 kg.[cm.* in the welds. 
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Solution. Let 
the length of weld at 
the top extremity be 
X1 cm. 


Let the length 
of weld at the bottom 
extremity be x2 cm. 


Distance of 
longitudinal centroi- 
dal axis of angle from Fig. 66c 
the top edge=:4'46 cm. 

Safe load on weld per cm. length 

=0 7x06 xX 1025 kg. per cm. 
= 430'5S kg. per cm. 

Equating the total resistance of the weld to the tension in the 
member, we have, 

430° 5(x1-+-x2}= 20,000 
X11 X27= 43°46 cm. .. (i) 
Taking moments about the upper weld line, 
430°5xo x 15=20,000 x 4°46 
x¥2=13°82 cm. 
: xy== 46°46 --13°§2 
=32°64 cm. Let us provide x4=33 cm. and x2=14 cm. 





Problem 447. A circular plate 18 cm diameter is welded to 


6mm FILLET kb -15.CM- 
WELD 





Fig. 661 
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another plate by means of 6 mm. fillet weld. Calculate the greatest 
twisting moment that can be resisted by the weld if the permissible 
shearing stress in the weld is 1023 kg./em?. 


Solation. Safe load that can be resisted per cn. length of 
weld 
=0°7x 0°6 x 1025 ky. per om. 
=430 Sig. per em. lneth of weld. 
Greatest twisting moment 


= 430°Sxnx 15 BES Ae CM, 


== $52,200 he. cm. 


Problem 448. Design a lap joint for connectine two plates of 
sizes JS cm.xl cm. and 20 cm XI cm. allowing a safe shear stress 
of 1025 kg.[em*. in the weld. Permissible tensile stress in the 
plate= 1500 kg./com*. 





SSCMLX ICH. ZOCTD X1ICM PLATE 








PLATE 
fre ee na Pewee 48 





P< 


Solution. We will design the joint for maximum strength 
of the smaller plate. 


Maximum strength of the smaller plate 
= 1541] - 1500 Ag. 
= 22500 Ag. 
Let 8. m. welds be used. 
Strength of weld per cm. length 
= ()'7 x08 1x 1025 kg. per cm. 
=574 kg. per cm. of weld lennth. 


12-5 CMD). 


Fig. 662 
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Total length of weld required 
_ 22500 
574 
=39°20 cm. 


Providing the weld at the end of the tie and at the sides 
symmetrically, length of weld at each side 


= | (39-99 — 





= 12°] cm. say 12°5 cm. 


Problem 449. A tie bar 100 mm.x 10 mm. is connected to 
another by fillet welds around the end of the bar and also inside a 
machined slot as shown in Fig. 663, Allowing a tensile stress of 
1500 kg./cm.2 in tie bar and a shearing stress of 1025 kg.]cm*. in the 
fillet weld. find the size of the fillet weld. 





00MM. x 10MM. 
TIE BAR 


Fig. 663. 


Solution. Pull in the tie bar 
=10 x 1 x 1500 =15000 kg. 
Strength of weld per cm. length 
= 1025 X0°7 s kg. 
=717°5 s kg. 
where s is the size of the weld in cm. 
Total length of weld 
=3x 10+2 x $=40 cm. 
Equating the strength of the weld to the tension in the tie bar 
we have, 
40 x 717°5 s=15000 kg. 
t =0°52 cm. 
Let us provide 6 mm. fillet weld. 
Problem 450. For the single V unsealéd butt welded joint shown 


in Fig. 664, find the permissible load. Safe stress in weld may he taken 
as 1420 kg./cm?. 


ED CONNECTIO ’ 
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Solution. Since the joint is an : sre 
effective thickness of the throat of weld Daeg esoute ent the 


WIDE, 


Safe load=length of weld x Effective throat thickness x per- 
missible tensile stress in the weld 
=12x0°5 x 1420 kg. 
=8720 kg. 


Problem 451. The tension member of a truss consists of two 
angles 80 mm. X 80 mm. X 8 mm. If the two angles are welded on either 
side of a gusset plate at the joint, design the joint. Axial tension in 
the member is 22000 kg. Permissible shear in the welds = 1025 kg./cm?. 
Use 6 mm. fillet welds. 





Fig. 665 


Solution. Fig. 665 shows the arrangement for the connection. 
Let the length of weld at top and bottom edges be x; and xg 
for each angle. 
Total length of weld 
= 2(x,-+x2) cm. 
Strength of weld per cm. length 
=()°7 X0°6 x 1025 kg 
= 430'5 kg. 
Equating the resistance of the weld to the tension in the mem- 
ber, we have, 
430°5 x 2(x}-+- x2) = 22000 kg. 
x1- x2 = 25°55 wool 
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Taking moments about the bottom welds, 
430°5 X 2x1 X 8= 221)00 x 2°27 
xp=7 25 em. 
x9==25'55—725 cm. 
= 18°30 cm 


Probiem 452. A fiein a truss, consisting of a double angle 
section 100 X65 x 10 mm. thick carrying a tensile load of 25000 kg. 
is to be welded to a gusset plate as shown in Fig. 666. Design the 
joint with 8 min. fillet welds allowing a shearing stress of 1025 kg | 
cm.2 in the weld. 


6-63CM. 
— P=25,000K6. 


3-371. 
bee 






Fig. 666 
Solution. Safe load per cm. length of weld 


=,()7x0°8 x1 x 1025 Ag. per cm. 
== 574 kg. per cm. Icngth of weld 
Total length of weld 
= 2[x1-+x2+10] cm. 
Equating the resistance of the weld to the load in the member, 
we have, 
574 X 2(x1-+x2+ 10) =25000 
xbaet 05705 , 
- 21°78 
Xy+x9= 11°78 cm. (i) 
Taking Cee i the top weld line, 


2 | 574x 10x 1°. 4.574 xe x10 |-25000x 6:63 (see Fig. 666) 


ue cm, 
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BIS 


7 Xp dl Fo -Y 4-228 em 
Let us provide the followine lengths of weld 


Ataris GREW nS 
ieee Ot 


x27 O'S om, 
Vertical length of weld 
== fem, 


| Problem 453. A welded plate girder consists of flanec plates 
200 mm. x 10 mm. one at top end the other at the bottei and @ wrtical 
web plate 600 mm xX 10mm. Uf the allowaubl shear cress in the weld 
is 1025 ke.fem.* and the mean sliear Stress in the web ty 949) hejem.* 
determine the permissible shear force on the section of the beam if 8mm 
fillet welds are used for the connection, . 


|-——z0cm-— ee 
= of (Om Solution Moment of inertia of the 
re beam section about the neutral axis — , 
ee UO ee 
12 yo. SI 


== 55910 cnt 4 
(i) Shear force based on the strength 
OCU of weld. Let ae the shear force aha 
produces a shear stress of 1025. Ag. fem. 
in the weld. 
SX moment 
of flange area 
about netural axis 


shear stress ~ q- 1(2t) 
where (= throat thickness 
S(20 x 1% 30'S) 
85210. 2KO7TKO8 
ke.lom? 


“. g= 1025 


: S= 103,900 ke. 

(ii) Shear force based on the average 
shear siress in the wed. 

Maximum shear force 

_ Average shear stress in the web 


Fig. 667 “area of web 
=945x60x1 Ag. 
56,700 hg. 
Hence, allowable shear force on the section of the girder 
= 56,700 he. 





Problem 454. A plate girder simply supported at cnds having 
a span of 15 metres consists ofa web plate 700 mm../ 12 nin and 
a flange plate 300 mm. 18 mm. for each flange. The girder carries 
an all inclusive load of 4500 kg. per metre run. Find the size of the 
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weld required for connecting the flange plates to the web plates, near 
the supports. Use 10 mm. fillet welds. Permissible shear stress in the 
weld equals 1025 kg./em?. 


Solution. Maximum shear force for the girder 
= 5 P%X IS y 
= 33750 kg. 


30 CM. 


: ecm 
Bless ees 
a Be -18 CM. So ee 18cm-— ir 
70: 


Mm 


i 
Moment of inertia of the section of the grider 


=f=7y (30 x73" 63 —28°8 x 70°) cm’. 
= 173520 cm.4 


, Maximum shear stress in the web 
_ SAP 
Ib 
__ 33750 x 30 X 1°8 X 35°9 
~ 173520 x 1°2 
=314'2 kg./cm.” 
Horizontal shear per metre length which the weld has to 





Fig. 668 


and 
omenme 


kg./cm.? 


resist 
«= Fg x thickness of web x 100 kg. 
=31421°2 x 100 kg. 
=37,700 kg. 
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Using 10 mm. fillet weld and allowing a shear stress of 1025 
kg./cm.* the total length of weld required in 1 metre length of girder 
(for one flange) to resist the shear force of 37,700 kg. is given by 


37,700 
Length of Weld =lw= ho ry loz 


== 52°5 cm. 


Since the welding will be done on either side of the web length 
of weld required per metre length, on each side 
Oe 56 25 cm 
Suppose we provide 4 welds of 7 cm. length each in a length of 
100 cm. 


Spacing of weld 7 a cm 


=18 cm. 


$159. Eccentric welded connection 


In the discussions we had so far, the resistance offered by a 
weld was entirely to prevent a linear or translatory displacement of 
the plate or member connected. There are also circumstances in 
which the welds provided for a connection may have to offer not 
only a resistance to prevent translatory displacements but also 
resistances to prevent rotary displacements. A bracket connection 
is one example of this type of connection. 


Fiz. o09 
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Fiz. 659 shows an eccentric welded connection, for a bracket. 
It consists of two brucket plates welded to the flanges of a column, 


Ve : 
If a load W be applied to the bracket, a load P= 7 is transmitted ‘ 


ond 


to each bracket plate. The line of action of the load P does not 
pass through the centroid of the weld group Hence the connection 
is called aa eccentric welded connection 


There are two types of bracket connections, tiz., 
(i) Welded connection subjected to moment in a plane of the 


weld. 


(ii) Welded connection subjected to moment in a plane norma! 
to the plane of the weld. 


Case 1. Welded connection subjected to moment in the plane of 
the weld. 

Consider the bracket con- 
nection shown in Fig. 670. 


Let load on one bracket 
plate be P. 


Let G be the centroid of 
the weld lengths. 


Let c-=eccentricity of the 
load 


im 


== (distance between the 
centroid G of the 
weld group and the 
load line 


= ¥ fea 





The weld has to offer the 
following resistances : 


Fig. 670 


(i) a resistance against translation 
(ii) a resistance against rotation. 


(i) Resistance against translation. This resistance is assumed 
to be uniform in the weld. 


Resistance per unit length 


_ Load on bracket plate 
~ Total length of weld 
P 


L 


(if) Resistance against rotation. The value of this resistance 
per unit length at any point is assumed to be proportional to thé” 


wre a 
; 4 ~ v We, * 
ae 


won ” 


817 
distance of the point from the centroid G 
the weld group. 


Consider an elemental length di of weld 
at any point Z distant 7 from G. 


-. Resistance against rotation unit 
ran at Z= Kr where K is a constant. 


.. Resistance offered by the el 
length di of weld at Z. oo 


= Kr dl. 
This resistance acts normal to GZ. 
-- Moment of resistance offered by 
the elemental length of weld 
=Krdl.r 
Es = K dl. r* 
. Total moment of resistance offered against rotation 
=% K dl r* 
= Kz dl r® 
But Edi r*%—IJ,=Polar moment of inertia of the weld 


lengths about an axis through G normal 
to the plan of the weld 


Te=Tez+T yy 


Bat 

where Ise=Moment of inertia of the weld length 
about any (say horizontal) axis YX, in 
the plane of the weld, through G. 


ley = Mo went of inertia of the weld lengths 
about an axis in the plane of the weld, 
normal to the axis XX and passing 
through G. 


Total t of resistance offered by the weld lengths 





= K [Ize+ Iv] 
ton the connection 
=P .e. 
ae i of resistance offered by the weld against 
rotation to the external moment, we have, 
K (hath)=P - ¢ 


P.e 
= R= 7 Iw 
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From the above relation the constant K can be computed for 
any-given arrangement of weld 
length. 


The maximum resistance 
against rotation is offered by 
the weld at the most distant 
point of the weld from G. 

For design purposes con- 
sider the point A (See Fig. 672). 

The forces acting at A 
per unit length of weld are 
shown in Fig. 672. 

Let 6 be the inclination 
of GA with YY axis: 

Total vertical force per 
unit length of weld at A Fig. 672 





=y= i+ S sin 8 
Total horizontal force per unit length of weld at A 


Resultant forces per unit length of weld at A 
=/ V2+ H? 
For the design to be safe this resultant force should not exceed 
the safe load per unit length of the weld. 
~The positions of the centroid G of the weld group for the two 
usual arrangements of weld are given below : 


(i) When the rectangle ABCD is the weld length (Fig. 673). 
For this case, 
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(ii) When the length ADCB alone is welded. (Fig. 674). For 
this case, 
x b+d) 
b+(b+d) 
Moment of inertia of a weld length 
Moment of isertia of the 


aa weld of length d (Fig. 675) about 
the XX axis, 
ASS ee oa d 
Iue=—75 
5S a 
Moment of inertia of the 
weld length about the parallel 
wen or | axis EF, 
ENGTH d | = Jor = Iaz+d(9)* 
z,—> Moment of inertia of a weld 
of length d about the longitudinal 
axis =0, 
Fig. 675 


Moment of inertia of a weld of Jength d about an axis 
parallel to the weld length, at a distance x; from the weld =d(x).? 


Problem 455. Fig. 676 shows an arrangement to support a 
bracket plate. The load applied to the bracket plate is 10,000 kg. 
Find the greatest resistance offered by the weld percm. length. If 6 
mm. fillet: welds are used find the greatest stress intensity in the weld. 


Solution. x: ov P=igoookg. 
2 ~—— OCH 5cm 





= Som. 
Eccentricity =e=5+5 

= 10 cm. 
Moment of inertia of 


weld lengths 
3 
Tee=2 |S 4-10 x 102 | 
= 3333 cm. 


jee? | i 420 5 ; 
= 1167 cm.3 
Tez+-Iyy = 3333+ 1167 
== 4500 cm 
Resistance against 


translation per cm. length 
of weld, 





we 


P 
= E Eig. 676 
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__10,00 
~ 60 
Resistance against rotation per cm. length of weld at a point 
distant r from the centroid G 
a S= Kr 


= )66°7 ke./cm. 


where K= nee 
_ 10,000 x 10 
~ 4500 
200 
~ 9 
Resistance against rotation at A per cm. length of weld. 
= §a=Kra 


aa kg./em. 200 fe 166-7kgkm 
Total vertical component at A Soa-> Nig kgfem : 
per cm. length of weld 
6 


c : 2M. AS A 
an V== TtSs sin 0 r j UNIT WELD 
=16674 72 ra sin 6 Z 
as kg.lom. rocm, J 
| =166°7-+->- x5 kglem le 
6 


= 2778 kg./cm. 





Tota] horizontal component at 
A per cm. length of weld G 


= H=Sa cos 8 Fig. 677 


-™ cos 9 kg./em. 


=> %10 kg./em. 


= 2222 kg./cm. 
.s Resultant resistance per cm. length at A 


== (222'2)?+-(277°8)? 
=355'8 kg./cem. 
Let the maximum shear stress intensity in the weld be ¢ 


0°7x0°6 x 1 xq=355'8 
q=847'1 kg.jcm?. 
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Problem 456. Find the maximum load per centimetre run on the 
weld for the arrangement shown in Fig. 678. Suggest also a suitable 


size of weld. 


tion _ b(b+d) 
Sel = b+(b+d) 


15x40 gs 
15+40 °° 
=10°91 cm, 


LOAD eRe 
BRACKET PLATE 
e000kg. 





Fig. 678 Fig. 679 
; Resistance offered by the weld per cm. length against transla- 
tion 
P — _800 0 k / 
L 30+%5 “Rem 
=145'4 kg./cem. 


At any point of the weld distant r from the centroid G of the 
weld group, the resistance of the weld per cm. length against rotation 





=S=Kr 
P.e 
voor Pi : 
258 
=: 5989°5 cm’. 


Iny=2 [ i. 415 (1091-7 50} | 
425 x (4'09)2=1329°5 cm? 


822 
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Tu2-+-Tyy = 5989°54+-1329'5 
=7319 em3 
8000 x 20°91 i 
cB fo kom 
=22'86 f 24 NG 
Now consider 1 cm. length . 
of weld at A. Eee g 
: / \ICMLENGTH 
Resistance against rotation / (OF WELO 
at .: per cm. length scm, f| 
= Sa= Kra Va 
= 22°86 ra | Lf 
Total ical oe 
otal vertical component 
per cm. length of weld at A x= a a : L—_x 
{ 
fr 
- y= ‘.45, sin 6 Y’ 
V ZL +Sao sin Fig. 680 
om 145°4-+-22.86 ra sin 0 
= 145°4-+22'86 x 10°91 kg./em. 
=396°4 kg.jcom. 
Total horizontal component per cm. length of weld at A 
= F7= Sa cos 8 
==22'86 ra cos 0 
‘ == 22°86 X 12'5 kg./em. 
=286 kg./cem. 
_ «. Resultant resistance per cm. length 
= +/(396°4)?-+ 2868 kg./em. 


= 489 ko./om. 
Let the size of weld be s cm. 


Equating the strength of the weld per cm. length to the max 
mum resistance of the weld per cm. length, we have 
0°7 Xs X 1025 = 489 
_ 4g 
07x 1025 °%- 
=0'68 cm. 


==6°8 mm. 
Provide 7 mm. fillet weld. 


Problem 457. Fig. 681 shows an eccentric welded connection, 
with 8 mm. fillet welds. 


5 
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Determine the greatest load P per bracket plate which can b 

ed on the commection. Shear stress in the weld i 7 

srg) is not to exceed 
Selatien. 


P b(b+d) 
b+(6+-d) 





=T75 cm. 
Eccentricity 
e=x+10 
=75+ 10 
=175 cm. 
Moment of inertia of 
weld length. 
Irn =2 x 10 x 10° 


20° 
+5 cm. 
=2667 cm3 
-— b=jocm-— PR. 
é 
LE-75 CM 4 --a:0on—4 


> 25M 


Fig. @82 


824 
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108 
Iev=2 [ie tocrs—se ]-acesy ca 

=417 cm? 

des + Iyy==2667-4-417 
= 3084 cm.® 

Resistance against translation per em. length 

== 40 kg./em. 


Resistance per cm. length at any point of weld dastant r from 
the centroid G of the weld group is given by 


= AL 


‘ _ P.e 
1 Ise +Tyy 


PXITS 
3084 
Consider 1 cm. length of 


. 
e 








weld at the point A (Fig. 683). § Ke do "fom 
Resistance against rotation 
per cm. length at A A 
=Sa= K fre ry 
¥ 44 
_?X175 - j 
3084 ' T | OF RED 
| 17°5 P ‘ } Ae 1 
30°84 s i 
: s 74 von 
Total vertical component o/ 
per cm. length of weld at A : » H 
P ae a aa — —= 
= Vx 40 +Sae sin ; 
_r 175 ¥Y 
“40 * 3084 Pravin 8 Fig. 6&3 
40 + 358 A T 5) kg fom. 
=0°0675 P kg./em. 
Horizontal component per cm. length of weld at A 
= I7=S. cos 8 
17°5 
A "3084 P Te COs 6 


17°35 
=0'0567 P kg.fom. 
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", Resultant resistance per cm. length of weld at A, 
=VV2+H? 
= (0°0675 P)?+(0:0567 P)? kg Jem. 
=(°08815 P kg fem. 


ing the Maximum resistance per cm. length of weld to the 
strength to the weld per cm. length of weld, we have, 


0°08815 P=0'°7 x0°8 x 1025 kg./cm. 
P= 6512 kg. 


Case 2. Welded connection subjected to moment in a plane 
sormal to the plane of connection. 


4— H-—X 


TD 
Fig. 684 
Fig. 684 shows an eccentric welded connection. Let all the 
welds be of the same size. In this case also the welds have to offer 
resistances against translation and rotation. 


_ Resistance per cm. length of weld against translation is assumed 
to be uniform. 


.. Resistance per cm. length against translation 
ed 
=V L kg./cm. 
where ==total length of weid. 
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Resistance per cm. length at any point of the weld distant y 
from the xx axis of the weld line (Fig. 684) is given by 


| Pe), 
= Ee |» Kg./cm. 

. Resultant resistance per cm. length of weld at any point 
= V4+-H? kg./om. 


Problem 458. Find the size of weld required for the bracket 
connection shown in Fig. 685. The stress in the weld is not to exceed 






1025 kg |cm?. 
Solution. Moment of inertia of the weld lengths about the 
XX-ax?* : 
==[=2X tex 14x 10? em'3 
=3363 cm* 
igo00kg 
[scm 
2OCIR ($C 


(SWB 200 BEAM 


-2ocm—d 


15 WBI50 COLUMN 


Fig. 685 
Resistance against translation per cm. length of weld 


P 19000 
= Y= > 3s4+30 kg.[em. 


=172 kg.jem. 
Resistance agaiast rotation per cm length of weld 


M 
= H= 17 


19,000 x 15 
"= jyeg 10 Ke fem. 
=446 kg./cm. 
Resultant resistance per cm. length of weld 
== V(172)?+ (446)2=478 kg fem. 
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Let the size of weld be scm. Equating the strength of weld 
per cm. length to the maximum resistance per _cm. length, we have, 


0°7 x s x 1025= 478 
s=0°67 cm. Use 7 mm. weld. i 


Problem 459. Find the minimum ;size of the fillet weld required 
to connect the bracket plate to ihe column as shown in Fig 686. 
Stress in the weld is not to exceed 1025 kg.fem*. 


Solution. Moment of inertia of the weld lengths about the 
XX-axiS 


6000 kg I1=2X 3 cm®. 
Cm = 4500 a 
Resistance against 
eer per cm. 
ae ee 
aa 
e -— 
= 100 kg./cem. 
: Fig. 686 
Maximum resistance against rotation per an. length 
= H == a ” Vue 
6000x1830 i 
= 4500 * 9 Ke-lem- 
= 360 kg. }em. 
Resultant resistance per cm. length of weld 
=VVH 
= + 1007+ 3607 
=374 kg./cm. 


Let the size of the weld be s cm. Equating the strength of weld 
per cm. length to the maximum resistance per cm. length, 


we get, 07 Xs X 1025= 374 


s=0°52 cm. 
Provide a fillet weld 6 mm. size. 


Problem 460. A load of 1%,°°8 Is ¢. i: anplied toa bracket 
Jillct-welded to a Han Ges is CET Fred she greatest 
resistance offered by the weld poser. 6 Be whi is FS om. 
doug. : 
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Solution. Momentlof inertia of weld length about the YY axis 
on 2X 15X 10% pm 3 
=3000 cn. 


4 P=mocoly 





Fig. 687 Fig. 688 
Resistance against translation per cm. length of weld 


Bes oe net 


= oe kg./cem. 


=335°3 kg.Jem. 
Resistance against rotation per cm. length of weld, 


_ M 
= = rT? 


2 OT) wy / 
~~ 3000 2 ee 


=2590 kg_[em. 

Resultant resistance per on. length 
= V(333°3F-+-250" kg. /em. 
=416°6 kg.jem. 


Problem 461. Fig. 689 shows a bracket welded toa column. 
Find the maximum resistance offered by the weld per cm. length. 


Solution. Moment of inertia of the welded length about the 
xx-Bxis 


J=2x om ® 


=» 1333 -m 3 
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| 


Fig. 669 
Resistance against translation, 


T per om length of weld 
Ke —x = 
| ams a = 250 kg./cm. 
Resistance against rotation per- 


Fig. 690 cm. length of weld 


Ha 


soar | *6 10 kg.fem. 


1335 
=450 kg.jcm- 


‘Resultant resistance per cm. length of weld 
= 7 2507+ 450" 
=515 kg.f cm. 
Problem 462. A joist cutting is used as a bracket as shown in 
Fig. 691. The bracket carries a load of 20 tonnes ata distance of 
25 mm from the flange of the column. Determine the load in the 
welds per cm. length if the flange welds have double the throat thickness 
as compared to the welds in the web. 
Solution. Let the thickness of the throat of each of the flange 
welds be unity. Since the flange welds have double the throat thick- 


ness as compared to the web welds the two vertical web weld lengths 
can be replaced by an equivalent weld of unit throat thickness for 


purposes of analysis. (See Fig. 692). 
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20,000 kg. 








325 1am {82°OmME 


| 





AST "a om 
QUTME | 
: LT 
} ~COLuan £ 125M. 
Fig 691 Fig. 692 
Analysis of flange welds 
Moment of the inertia of the equivalent weld lengths about the 
x-X axis. 953 
ptsi2 +2 x 12°5 x (16°25) em.3 
= 7903 corr’. 
Resistance againsc translation per cm. length of weld 
= y= 00 
3 
_ 400 kg.jcm. 
Resistance against rotation per cm. length of weld 
on ff = ay 
000 x 12°5 ; 
P0900 125 916.95 bg jem 
= 514 kg.jem. 
Resultant reststance per cm. length of weld 
= 1/405 514 
=65i kg.fom. 
Anal ysis of web welds 


Note. The web is provided with two weld lengths. 
Resistance against rotation per cas. length 
=} (400) 
=200 kg. jcm. 
Maximum resistance ae rotation per cm. length. 
4 
= “= ay 
ee: os 000 x 12°5)x12'5. 
=o ( 003 eee — kg./cm. 
= 198 kg./cm. 
.. Resultant resistanc: per cm. length of weld 
=V¥ 2007+ 198? 


— 280 kg.jcm. 
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Analysis of Framed Structures 


160. Perfect Frame 


A framed structure consists of a number of members connected 
» each otherso as to form a frame to Support an exteinal load 
ystem. In the present discussion only pin-jointed connections bet- 
een members will be assumed. 


A _ The simplest frame is a triangle, 
Fig. 693 (a), consisting of three mem- 
bers pin-jomted to each other. This 
can be easily analysed by the condi- 
tions of equilibrium. This frame is 
Called the basic perfect frame. It has 
three members AB, BC and CA and 


3 three joints A, B and C. 


Fig. 693 (a). Basic perfect frame 


Suppose we add to . 
this basic perfect frame 0 
‘wo members AD and CD 
and a joint D, we get a 
frame [Fig. 693 (5)} which 
can also be analysed by 
the conditions of equili- 
brium. This frameis called & C 
a perfect frame. Suppose ,; 
we add to this fame apie ig OFS(B)" Perfect frame 
a set of two members and 4 joint as shown in Fig. 693 (c). We again 
get a perfect frame. 


A 0 
In this way, we can go 
on adding any number of sets 
(each set consists of two mem- 
bers and a joint) and obtain a 
perfect frame. 


. Cc E 
Fig. 693 (c). Perfect frame 
$31 
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Relation between the number of joints and t 


Let there be » members and j joints in fect frame. ‘ 
Fig. 694 (a). a = 


8 D F H 


a G : 
Fig. 694 (a) 
Suppose we remove n # 
three members 4B, BC and 
CA and the three joints A, 
Band C Weare now left 
with (n—3) members and 
(#—3) joints. 


Studying this remain- 
ing part of the frame [tig. : . 
694 (5)] we find that the num- Pig. 694 (6) 


ber of members is such that, for each joint, there are two members. 
Hence for the ( j--3) joints we have 2( i—3) members. 
7 n—3=2 ( j-—3) 
ee@ 7 =? J-3 
_ Hence for a stable frame the minimum number of members 
required twice the number of joints minus three. 
If the number of members provided is less than the above 
A 8 requirement the frame will not be 
stable. 
For instance the frame ABCD 
Bencear shown in Fig. 695 (a) has four 
Frame members and four joints. Since 
there are four joints, we need at 
least 2x4—3=5 members to 
provide a stability tothe frame. 


. + . The four member frame shown in 
Fig. 695 (a) Fig. 695 (a) is therefore unstable. 
Such a frame is called a A 
deficient frame. 8 


Suppose we add one more 
member—say the member AC [See Perfect 
Fig. 695 (b)]. The frame becomes Frome 
stable and perfect. Hence, a defi- 
cient frame has less number of 
members than what is required fora Cc 
perfect frame. Fig. 695 (6) 


ve 


“ 
w 


at 


26. 
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i B Suppose, to the rectangu- 
lar frame ABCD we provide 
| . the diagonal AC as well as AD. 
This frame weald remain stable 
even if one of tne members 4C 
or BD iw renioved. In otber 
words, the frame has more 
member. than what is required 
for a perfect frame. Such a 
» 696 frame 18) called a redundant 
, frame. 
in general let a frame have j joints and m members 


Redundant 
frame 


Ifn-=2j—-3, the frame is a perfect frame 
ff{a<2j-3, — the frame is a deficient frame 
Ifn>2i—3, — the frame is a redundant frami. 


A perfect frame can always be analysed by the conditions of 
aquilidrium. A redundant frame cannot be fully analysed by the 
cancitions of equiltbriam. In the present chapter we will discuss the 
analvsis of perfect franies only. 
f4¢1 Reactions st Supports — ao 
-Epgmes are usually provided with either 

(f)-Roller or free supports or (if) binged support. 


%, 
AAG 





Roltey base 


Ne fh : % 
wel mee ue Hf nn rene eon > cane Pall, 
f : 
dinged ¢ : } 


Support i WY 
va 


” Reaction 1s 
normal ip 

the coller 
bese 





Fry, 697 






Horizontal 
Roller base, 
Reaction '5 

Ver ticah 
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At a roller support the line of action of reaction will be at 
right angles to the roller base. The reaction R» at the roller 
support B of the truss shown in Fig. 097 will act nurmal! to the roller 
base. 

For the particular case, when the roller base is horizontal the 
reaction at such a support will be vertical. 


In the cantilever 
frame shown in Fig. 
699, the roller base 
at Bis vertical and 
hence the reaction 
at this support is 
norizontal. 

At a hinged sup- 
port, the direction 
and the line of act- 
i0n of reaction will 





depend upon the W, W, 
load system on the 
structure. Fig. 699 


To determine the reactions. 

Reaction at the supports of a structure can be determined by 
the conditions of equilibrium. The external load system applied 
on the structure and the reactions at the supports must form a system 
in equilibrium. 

Consider the cantilever truss shown in Fig. 790. The truss is 
provided with a hinged support at 4 and a roller support at E. 


The roller base at 
E being vertical the reac- 
tion at £ is horizontal. 
Hence there will be no 
vertical reaction at E. 


2 V3=13t 6t 





Taking |§ moments Hare | 
about 4, 
H. x 4=(6+4)3+(3 x 6) 4m 
He = L2t-- 
Total a..plied vertical He-121 7% { 
force } C 
=6§+44+3=13t) 1 
Vertical r2action 
at A=Vu=13t" Fig. 700 


Resolving the forces horizontajlv we get //.° 127-- 


Thus the reaction at A consists of a vertical compovent 
Va=13t4 anda herivontal component /7.=12r- 


Now consider the truss shown in Fig. 701 provided w'tha 
hinged support at .f anda roller supportat G. The roller hase 
at G is horizontal and hence the reaction at G is entirely vertical. 
There will be no horizontal reaction at G. 
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61 


/ 


3m 


Tetal as? ' it ee 
eeu, : 3 
f, : ‘ “¢ , 
x ‘ ' . “pe 
: Cee ie oe Ae ne Ft SS Ere feng 
| ee = oe Pere ite. be “ay not carry 
ates tos . i Cetra! te tf . ahe following 
ree YS 
a, Pieter ‘at A single fore cannot form 


we yemin equilsrium Hence if 

Those ts only one force acting ata 
= joint. tien forthe equilibrium of 

the joint. this force equals zero 


In Fig 702 (ue) Peed) 


(hb) If two furces act at a jot, 
then for the equisormum of the 


(b) 


TB cone these tase forces should act 
Ores foap the same oo. oc He dime fhe 
" tae fore wll equal and 
eoposs. EE th basen Peres 
goto ab ad eentoae sot along Pc 
- sate stadt dpe hen for vp 
a vyheiboum Ob Toe joan rack. 
¢ R ae ee 
ee leboa alth Po and ou 
(ee o) PP three terces act ar a 
eo 6 pentand two oof tm: are along 
oa - ss fa eee a. Bay AW. ee eran rit, pt thiipal 


bees th Mtie S ve tnd! oil } » ed. 
OV Fig FD Ges Re 
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It will be found very convenient to apply the above principles 


‘Yn finding which of the members 
will not carry forces. 

For instance im the truss 
shown in Fig 703 consider the 
joint H. Forces at this Joint are 

Py. in the member HA 

Pao in the meniber HG. 


and Par in the member HB 


836 


Since Poo and Pi, are im the same 
straight Kine, Pae--0. Similarly 
Pep =O and Pra= Q. 
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Now consider the cantilever truss shown in Fig. 704 at the joint 
D. There are three forces namely 

Par, Pac and Pap. 

The two forces Pae and Pu- are along the same straight line 


ee Pin = 
Now consider the joint B 
Since Pus =O, the forces at this joint are 


Poa, Poe aod Poe 
Of these forces, Poa and Po- are along the same straight line. 
ies Poe = 


Ww 


Now consider the truss shown in 


Fig. 705. 
Obviously the reaction at H 1s vertic: | 
and Vix W 


Reaction at A=0 


By using the principles exp'ained 
above we find that there will be no force in 
the members other than EF, FG and GH. 





Fig. 705 


Fig, 706 


838 SiR NSTH OQ! MVTERcat s 


Similarly for the roof truss shown in Fig. “cs i: ear be reat. 2 
that there will be no forces in the memrers BY UL. OL. CAL 
NE, NL. 


$162. Analysis of a truss 
The analysis of a truss Consists OF a Bet won 
(7) Determination of the reaction o¢ tir -uscert. 


(ii) Determination of the forces «ache ween cee at Re tru. 


The reactions are determined by " over OT br; 
load system and the induced reactions aie ah Ge 
equilibrium. 

The forces in the members of the as. a Lr et & 

‘ ¢ jy i é 


condition that every joint smodiber gan a 
acting at every jvint Should form a. susivr oo. : 


A structure can be analy-cu ov the tila 0 aa tet 
(i) Method of Resolution or method of .. «ts 

(ii) Method of sections 

(iii) Graphical analysis. 


(i) Method of joints. In this method, afier determining the 
reactions at the supports, we will consider the equilibrium of every 
joint. The fullowing examples explain this method. Note that a 
compression member will push the joint to which it isconnected ; and. 
a tension member will pull the joint to which it ‘s connected. 


Problen: 443) dralise é 7 E 
Ce reusy shown Pig 707, 9. 


Solution. Let Va and 
Vr be the reactions at 
supports A and F. 





Taking moments 
about A, 
V+ X9=(9 x 3)-+ (12 x6) 





Ve=lb et gt zt : 

ee , as = es affine 

and Vi=2( 1) ae Oct eo ae 
=10 rt Fig. 707 


Members which do not carry forces 


At the joint A there are three forces, two of which are ajon | 
the same straight line. Hence the third force namely 


Pan 1\ 
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Similarly considering 
the joint F, 

we know Ps, =0 

Similarly considering 
the joint D, 

we know /u,=0 

See Fig. 708. 

Now let as consider 
the equilibrium of the 
various joints. 





Joint A | Fig. 708 
Resolving verircally. 


P»=10 t (compressiy 
See Fig. 709. a 





Fig. 709 


Joint B 


Resolving vertically, 
Fn sin 8=10 t 


10 
P wee 
bh sin 4 
But, tan Gee 
3 
sin 6= Z and cos 0 a e 
5 7 
ax 2s ; 
Pry 2. , t (tensile) 
Reso!. « - horizontally, 
os 
Pies 3 60S 6 
25 15 


ie pees) n : ys : 
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See Fig. 710. 

: § 

wt 

P. 
Fig. 710 
Joint H 
Resolving vertically we have the following components - 
Gi) Oty. 
: 5 

(ii) S sin == . s=1014 


‘Balancing vertical force 
needed=1 t1 
Pac=1 t (compressive) 





Fig. 7il 
Resolving borizvntally, 


Pro cos & 


25i0e, doses: 
= "5 x 5 9 t (tensile) 
Joint C 
. Resolving vertic: ty 
Pus sin 81 
5 


t : 
Pe= an® == 4 t (tensile) 
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Resolving horizontally, we have the following components : 





5 33 
=t eo 
Mes. My é Cc é 
It 22. 5. 
‘a Ot \2 : itt \2; ‘ i 
RPo=2 b 
A ——~f--4 H —- a at 
St 
V,=10t 
Fig. 712 
15 
(i) 9 Lone 
S 4 3 3 
li SCOS Use | eee eae 
(ii) 4 Be RN 


Balancing horizontal force needed 
% 


oe t << 


4 


33 
Poa= aa! (compressive) 


— 
on 


See Fig. 712. 
Joint D 
Resolving horizontally at D 


33 
Pez “ah (compressive) 


See Fig. 713. 


2 
5 0 





{ 
V,=10t Vy att 


Fie, 743 
Jvint G 
Resolving vertically we have the following components ; 
(i) 12ty 


(ii) - sin 8 
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5S: 4 
So Cee a, A 
4° Le 
Balancing vertical force needed 
=I] tf 


Poe sin 8=]1 


55 


5 e 
Pue=1}X rar See Fig. 713 





Wt 
Va>t0t Vp =Nt 
Fig. 714 
Arithmetical check : 


Resolving horizontally we have in following components : 


(i) "2 te 

ee 5: ehhh 
(ii) -7 cos cS Saeki is 
aS D9) oS eens 
(iit) 4a 60S Ty eG 


These forces balance. 


33 E 


era cas 
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Joint E 
Resolving vertically at E 


Pet 4 sin 8 


5 4 
= 2 .-7r=i|1 ¢ (compressive) 


rithmertical chect. . 
Resolving horizontally the components are : 


2 
(7) i i> 

sO 55 3 33 
(ii) 4 Cos 6 = re : “57 4 {— 


The forces at the joint F obviously are in equilibrium, = Fix 

“!6 shows the forces in all the members of the truss ‘These are 
rbulated below 

Abstract of forces 


-- ~~ es ew ee ee eee _ = —-_ 





Force in the memic! 


ALember are ; i 
| 
| Compression ! Tenston 
AB | 10 ¢ | | 
{ ' 
15 ! 
BC ' t : 
| 33 | 
, ce | mann | | 
| 33 
DE —- ft 
: 4 : 
3 
7 EF lis | 
t 4 
| FG | 0 | 0 
! GH | ! cer 
! | : 2 
| Ha 0 ! a 
| 25 
{ BH ; ee f 
) HC | le ! 
os Se 
: DG | 0 | Q 
| | bz 
| oe | | at 
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Problem 464. Determine the forces in the various members of 
the truss shown in Fig. 716. 





fig. 716 
Each vertical reaction 
= Half the total load = 800 kg. 


Now we will discuss the equilibrium of all the joints of the 
structure. 


Solution. 





B«a00kg. sack 
Fir. 717 
The forces keeping the joint 4 in equilibrium sookg. 
are the following : : Ps, 
(¢) Downward load 200 ke. i 
(ii) Upward reaction Vo=800 kg. 30° p 


(iii) Force in the meinber AB i.c., Pen. 
(iv) Force in the me aber AF ie., Pur. 


Resolving the forces at .1! vertically we find 
the following vertical components. viz., the down- Fig. 718 
ward load of 200 Ag, and an upward force of 800 kg. 


The resultant of the above two forces 15 600 ke. j acting up- 
wards. Hence, to keep the joint A in equilibrium, we require a 


ANALYSIS OF FRAMED STRUCTURES 845 


downward force of 600 kg. . at A. The member AF being horizon- 
tal, the force in this member will not have a vertical component. 
ltence only the vertical component of the force in the member AB 
should provide a vertical force of 600 Ay. } downwards at .! To 
satisfy this condition the force in AB should be a compressive force, 
ic., a force pushing the joint 4 If Pu is the force in the member AB, 
its vertical component should be equal tc 600 Az. 4 downwards at 4. 
ie. Pan sin 30° = 600 kg. 

Eas Pav = 1200 kg. (compressive) 

Now resolve the forces at the joint A horizontally. The externa! 
load of 200 kg. and the reaction of 300 ke bemg vertical forces, 
do not have horizental components. But the force Pos has a 
horizontal component of Pur cos 30°, £e., 1200 cos 30° fe, COBY 3 Ae. 
This horizontal component of Pox, at 4, acts in a direction 
towards the left-- Hence to keep the tint 4 tn equilibrium we 
require a horizontal force of §00\'°3 kg. towards the right >. 


This necessary force is provided by the force in the membc, 
AF. Hence if Pur be the force in the member AF, thiy force should 
pull the joint A towards the right. Hence J's: ts a tensile force 


aa Pot =6004/3 keg. (tensile) 
Joint B 
Now consider the joint 2. 
«00k, The forces kveping this joint tn equl- 
a : librium are the following : 
\ of, ‘P na { 
bc (7) Downward external foad 4100 ke | 
B ii} Foree the member BA - F.. 
1200 Jv. 
ne \4 As SeRS : 
BY a0" \ sot (i) Force in the macupes BOL. 
an lore ete \ am 7 
‘by Ge) bores in the roeemier BE «PB 
Fig. 719 The unknown fo nmes are Po and P.. 
Hence a direction for reschinor will now choses at taht 
angles to the line of action of one of the usknow: bor eaamp!s, 
consider a line 1 --1 normal te We juried « tones the Perce ab 
are resolved along the hme © 7 fhe fercem FC wali por ha ans 


component along j—]. The onl) fecees vbick cin tave com, ents 
along 1--J] are the external force ot 408, Vad atic. reed? 


Hence, resolving these forces along lowe vet 
400 cos 20°- Per cas 20° 
Pore 400 Ag 


The component of 4(0 kg. at B along t- } acts down the fine 
1—1. Hence the component of Pur along }] -1 should act up the 
line 1 -1, Hence the force Po, should be a force pushing the joint B. 


Per 400 ke. (compressive) 
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Now let us resolve the forces at B along the principal rafter 
We have the following components along the principal rafter. 


(1) Force Poa of 1200 kg. acting up the line of rafter. 
(ii) Component of Pos, i.e., Por cos 60°, 7¢., 400 cos 60 
=200 Ag. acting down the line of rafter. 
(iii) Component cf 400 the kg. Joad=400 cos 60°= 200 Az, 
acting down the line of the rafter. 


Hence these forces along the line of rafter have a resultant of 
800 kg. acting up the line of rafter at B. Hence we require « 
balancing force of 800 kg. down the line of rafter at B. [his is sup. 
plied by the force Po» in the member BC. This force P>. shou' . 
therefore push the joint B down the rafter. 


Poe = 800 ag. (compressive) 
By symmetry 
Force in CD= P. 1=800 kg. (compressive) 
Force in DE = Pue- 1200 kg. (compressive) 
Force in FD = P;i1=400 kg. (compressive) 
Force in FE -- Pre ==600 V3 kg. (tensile) 





Force (kg.) 
Members ; Mae eye ae bees 
Compressive Tensili 
AB 1200 
BC | 800 | 
D sO 
: 7 3 
i 1200 
+ f tab 3 
| nO 3 
if 400 
LiF IGO 


Pe ee 


ae 


- ~~ wee meee 


AA vee mee == 


Sse peop ce 
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Joint F 
Resolving the forces at this 
joint vertically, we have the Fe. 
following components. 
(i) Vertical component of 4, P4400 
Pye==400 sin 3u° = 200 ke. , 


(ii) Vertical component of J) -600vs ae : sei = 600 VI 
Pra=400 sin 30°=. 200 ky. : 
es ant a ! j 7. 
The resultant of the above Fig. 7:0 


two vertial components 1s 
400 kg. 4 


Hence we require a batuncing upward force of 400 kg. t at F. 
This is Suppiee by the tension in the member FC 
Py AN Ag (tensile) 


Probiem 465 Detern.ne the forces in all the members of the 
truss shown in Fig. 721. 


Solution. Sec graphical solution at the end of the chapter. 





Fe. a Fig. 722 


Axalitica! vob leet 
Since the end’ & aS bese p oy on rollers. the reaction at this 


sUnpor tins Hew SOP hi roiler base. 
Heros thaw ee DO! ea ee 
Lo Rear wets its ah te Se re er ee 
Takin gnere eee we Hare 
ee »-~ MOKA 
TJoowiud; 


bderye. Tyee ele an at 6: ( i cee 
eee AO Ie ke Co the whole truss. 
Tetal ovtecteal esrtical fead 


20 Ae g 


Se Ne Caiete action at 4 
—~405 Ag. 
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Joint E 
At this joint the following forcés'are acting : 
(i) Horizontal reacuion 


FT =: 600 kg.-- 
(ii) Horizontal force Pru 
(77) Vertical force Pea 
H-sockg : 
orces, two race E 


Out of these three forces, 
of them are along the same straight 





line. Fig. 723 
Hence, the third force, viz, Pe. must be zero. 
Hence P. 13-600 Ie. (compressive) 

Joint C 


The forces keeping the joint C in equilibrium are the fcllowing 
(i) Downward load of 200 xg. : 
Gi) Pre 
(Giii) Pie 

Resolving these forces vertically, we have 

Po sin 44°— 200 

; Pee Wy 2 Ke. Ctensile) 

Noa resolving the forces horizontally 
Pra=-Per cos 45° 

Patz 2004 (2 cos 45°= 200 kg. (conipressive’ 





Rp 
RAIN. 
acta c 
Sey 
Fig, 724 Fig 725 
Joint B 


This joint is im equilibrium under the action of the following 
forces : 
(i) Tensile foree 7%. 200 2/7. 
Gi) Horizontal force Pou. 
(iii) Vertical force Pou. 
Resolving these forces vertically, 
We have 
Poa== 200, 2 sin 45° 
Poa =200 kg. (compressive) 
Now, resolving the forces hor:zontally, 
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We have 
Poa = 2001/2 cos 45° 
= Poo =2U0 kg. (tensile) 
Joint D 
The forces aciing at this >. 
joint are shown in Fig. 726. e Tay 26989 
Resolving these forces 
vertically, we have 45" 
d P, =600kg. P oteoly 
Pao sin 45°-=200-+200 D oa 
= 400 
P sa= 4001/2 kg. Zookg. 
(tensile) Fig. 726 
Arithmetical Check 
Resolving horizontally, the horizontal components are : 
(i) Pac = 600 kg. —-> 
(ii) Paa COS 45° = 4004/2 cos 458° = 400 kg.<— 
(it?) Pae = 200 kg. <— 


These components are balancing. 
The forces in the various members have been tabulated below : 











| | Force (kg.) 
Members Nene te acre eee eae ee eet eens 
s ; 
| Compres:ive Tensile 
Pa eR AREER Pea SON. aT en Le a | eee RE er Oe ee 
l 
AB | | 200 
| 
BC | 2002 
CD | 200 
Vespa eee here gS ey Me 
: NE , ox 
BA | ; | 6 
| DA | 400 V2 
| re ren ee ee one eso eee sah aaa ey ud, ene em el a ae ea ee we a amare Em ergurennOpeRT 
| DB 200 


ei ans = ee ee eo Nene! a eremnremneneeE me Rt fi semen me Ae ao cma rbe SiO herbie 


Problem 466. Determine the forces in the various members of 
the structure shown in Fig. 727. 
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Solution. See graphical solution at the end of the chapter. 
6 TONNES 16 TONNES 






Fig. 727 Fig 728 
Analytical Solution 


Each vertical reaction = zs 8 tonnes 


It can be easily concluded that the members AB and BC are 
compression members and that AO and OC are tension members. 
The above'can be determined as follows : 


] Ps For instance, consider the joint A 
which is in equilibrium under the action 
of three forces : 


Pa i a a a gu (i) 8 tonnes acting vertically up- 
: wards. 


< (if) Force Pus in the member AB. 
| (iii) Force Pu, in the member AQ. 


_ Ifthese forces be resolved along a 

Fig. 729 direction 1-1 at right angles to the force 

Piso, we find that the component of the 

upward force of 8 tonnes and the component of the force Pu, along 

I—! should balance. To Satisfy this condition Ps. should be a 
tensile force. 

Having now established that Poo is a tensile force, resolving 
the forces at A horizontally we find that the horizontal components 
of the forces Pu and Poo should balance. To satisfy this condition, 
Pe should be a compressive force. 

Similarly Peo is a compressive force and Pu is a tensile force. 

Now consider the joint O. The vertical components of the 
forces Pog and Poe act downwards. 


Hence Po, should act upwards at O, i.e., the force Pw is a tensile 
force. 
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Thus we have determined the nature of forces in all the mem- 
bers of the structure. 
It is now proposed to solve this problem by the principle of 
triangle of forces. 


Consider the joint 4. This joint is in equilibrium under the 
action of the following forces : 


(i) An upward force Vo=8 tonnes 
(ii) Force Pao and 
(iii) Force Pao 


Hience these three forces can be represented by the three sides 
of a triangle which shall be respectively paraliel to these three forces. 
Then the magnitudes of these three forces remain in the same 
proportion as the lengths of the corresponding sides of the triangle. 


Now instead of actually constructing a triangle whose sides are 
parallel to the three forces at A, let us study the geometry of the 
triangle ABO. 


The force Va=8 tonnes is parallel to the side OB of the 
triangle. 


The force Pu.» is parallel to the side AO of the triangle. 
The force Poa is parallel to the side BA of the triangle. 


Hence the three sides of the triangle ABO are parallel to the 
lines of action of the three forces acting at A. Hence, by the principle 
of triangle of forces, 


we have, 
8: Pac: Pa~OB: AO: BA 
By the geometry of the triangle ABO, 
we have, 
OB =3 metres 
AO=V¥F4FV=V13 metres. 
BA =4/ 32 +52 =+/34 metres. 
8 : Puc Pw=3 2/13: 934 
aes 
"3 3 
8: )-vi3: 34 
Pum + 4/13 tonnes (tensile) 


Pao = ; : /34_ tonnnes (compressive) 


Now consider the joint O. Resolving the forces at O, vertically, 
we have, 
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Poo m2 Poa cos p=2x S/d x ee 


a Po = 32 tonnes (tensile) 


3 


This result may also be checked by resolving the forces at the 
joint B vertically. 


The forces in the various members are tabulated below. 





Force (Tonnes) 











3 


Member So 
Compressive Tensile 
AB | a4 4=15°55 | 
BC | 15°55 | 
AO ie | 4 SV 13 13=9'62 
wo | 9°62 
ee an ae 32 21067 


Problem 467. Determine the forces in all the members of the 
truss shown in Fig. 730. All the inclined members are at 45° with the 


horizontal. 


Solution. 


aim. 


© TONNES 


Fig. 730 
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Analytical Solution 
Joint A. This is in equilibrium under the action of the three 
forces, viz. (i) 10 tonnes, (li) Pon and (iii) Poo. 


4l0 





A 
Wap? v2 
ae 
sé 
DOMMES ‘ 
Py, s 
8 #0 ob OW TONNES 


Fig. 731 
Resolving the forces at A in line with AH, we have, 


Pan=10 cos 45° 
j 


= I = 54/2 tonnes (tensile) 
Now since the horizontal components of the forces Poa and 
Pa should balance, we conclude 
Pav = 54/2 tonnes (compressive) 
Joint H 
Since the vertical components of the forces Pro and Pas should 
balance, we conclude 
Pny== 54/2 tonnes (compressive) 
Resolving the forces at H horizontally, we have 
Pro=Pnra cos 45°-+ Pas cos 45° 


=2x 54/2 Ps == 10 tonnes (tensile) 


Joint B 
Since the vertical components of the forces Pos and Pv should 


balance, we conclude 
Poy=54/2 tonnes (tensile) 


Now resolving horizontally, 
Poc Pvi cos 45°+ Po, cos 45° 


=2 x 54/2 WE = 10 tonnes (compressive) 
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Joint J 
Resolving the forces in line with HJC, we have, 
Pho = Pir=5/2 tonnes (compressive) 
Now, resolving the forces in line with GJB, we have, 
Pig==P=5-/2 tonnes (tensile) 
Joint G 
Resolving the forces in line with GE, we have, 
Poe=Pyn cos 45° 


Pue= i - = 54/2 tonnes (tensile) 


Now, resolving the forces in line with FGJ, we have, 
Pot=Poi+Por cos 45° 
Pot 5024+ 10 cos 45° 
= 104/2 tonnes (tensile) 


Joint C dae 
Resolving the forces in line with CE, we have, 
Pos =Pen cos 45° 


=10 cos 45° 
ae Pro 50/2 tonnes (compressive) 
Now resolving the forces in line with DCJ, we have, 
Pea=P+Pe cos 45° 


Se Pea =54/24+-10 cos 45° 

eo Pos™ 1045/2 tonnes (compressive) 
Reactions 

At F, 

Horizontal reaction = Pr, cos 45° 

me 10/2 cos 45° = 10 tonnes<— 
Vertical reaction =Py, sin 45°= 10 tonnes + 
At E, 


Since the horizontal components of the forces Pry and Pee 
balance, there will be no horizontal reaction. 


Vertical reaction = Peg sin 45°-+ P.. sin 45° 
=2 X 54/2 sin 45° 
=10 ronnes | 
At D, 
Horizontal reaction == Pae cos 45° 
= 104/2 cos 45°=10 tonnes—> 
Vertical reaction =Pae sin 45°= 10 tonnes + 


The forces in the various members computed above are tebula- 
ted below. 
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Se een eens iateerS  S 


Force (Tonnes) 














Member | eee a bad 
| Compressive | Tensile 
ae ee 
AB | 5/2 | 
. te ae ag aay 
BC 10 | 
a et aa ae ees 
. oT 
; i j 
ste eee ae ts : ea a aor ete ates ey ey EN 
FG 104 2 
kaart me entre een ert eceerrenne 
GH | | iy 
cs Ee. Aas igh nek Si 
HA ; | §\/2 
LG . 7 54/2 
wrt nee ee ee 
EC ! 34/2 | 
j 
PS RR AT ERE Sete et ener one enrers em 8 NO RRR A NRE TE OE LE NE URE SINNED 
GJ 2 
j 3 aN, 
2 re x ee | = ae Si: 
t 
JB ! | 54/2 
ee Satan ae fees z hike aie Sau sare t ks Bl 
JA | 3/2 
IC | 52 
t ; 





Problem 468. Calculaic the forces induced in the members of 
the pin joined truss shown in fig. 732. Show the yalues on a neat 
diagram of the truss. Mention clearly the nature of the forces (tension 
or compression) in cach case. {(A.M.] E., November 1966) 

Solution, We find that at 
Fa roller support has been 
provided. Hence the reaction 
at E must be normal to the 
roller base, i e. the reaction at 
E. in this case, should be 

vertical. 
~ &fy a2) 





ie 3t 6t 


J teen ee Let this vertical reaction 
lig. 732 at Ebe V 
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H,:3t z 
Y: 3-168 ¥2 606% 
Fig. 733 
Height of the truss 
== sin 60 
Lf v3 
a 2 
L 
=“ V3 


For the equilibrium of the truss taking moments of the forces 
on the truss about the end A, we have, 


Ve.L= 3X Eitgx 434% f3 
aN. 3 = 5°86 1 


Total vertical external load -=3-+-6 = 9/ 
*. Vertical reaction at A= Ve 


Aya. ‘try? ) 
ea ( 2 


(3) 
=3'14 74 


and Horizontal reaction at A==3 I< 


Joint A 
Resolving vertically, we get 
Poa sin 60° =3°142 
-", Pov=3'62 1 (compressive) 
Resolving horizontally, we get 
ag=3-+Par cos 60° 
==3-+3°62 cos 60° 
= 4°81 ¢ (tensile) 
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Bpt zoek 
60° be 
3t 4 ba eed 
314% Baw srt Le: 3626 
“ig. 734 Fig. 735 
Joint B 


Resolving verticaily, we get 
Pog sin 60° ==Poa sin 60° 
Pow =Poa 
a Pog = 3°62 t (tensile) 
Resolving horizontally, we get 
Poc==Pto cos 60°+ Poy cos 60° 
—2xX362x4 
== 3°62 1 (compressive) 
Joint G 
Resolving vertically we have the following vertical components 
(i) 314 (dowsnards) 
oe (iii} Vertical component of Pup 
= 3°62 sin 60° 
= 3°14": (upwards) 
Hence we require a_ balancing 
force of O 141 , (downwards) 
Py. Sin 60°=-0'14 ¢ 


Pint 3 62t 





Piz | 6 t 
(compressive) 
lig. 736 Resolving borizontaily, we get, 


Pus= 4814-3 62 cos 60° +0°16 cos 60° 
=6'7 t (tensile) 


Joint C 
Resolving vertically, we get p35: , 
Pes sin 60°=Piy sin 60° cb bu" / 60° Kq3 ne 
Pest=P og 
Pex =0'16 1 (tensile) 
Resolving horizontally, we get 
Pea==3 62+0'16 cos 60+-0'16 cos 60 Fgeahe sont 
c 


=3°62+2x016x4 
= 3°78 ¢ (compressive) Fig. 737 
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Joint F 
Resolving Vertically, we get, 
Pra sin 60° =6—0°16 sin 60° 
=6—0°14= 5°36 


Pra= ee =6°78 ¢ (tensile) 


P 06k 
fe Fig 
PB =3-7af D 
a : oe 
B. .é670t 60 P =3-39¢ a 60 
fg fe 
7 6 P08 F6 Tat 
Fig. 738 Fig. 739 


Resolving horizontally, we get 
Pre=6°70+0'16 cos 60°—6°78 cos 60 


3°39 ¢ (tensile) 
Joint D 


Resolving vertically, we get 


A: xt 





Wr s4t 3 GE Es 5-a0t 
Fig. 740 
Ps sin 60°= Pas sin 60° 


tise Pue= Pas 

ae Pae6°78 ¢ (tensile) 

Fig. 740 shows the forces in the various members of the 
structure. 

Problem 469. Determine analytically the forces in the members 
of the roof truss loaded as shown in Fig. 741 and tabulate the forces in 
members of the structure. (A.M. 1E., May 1966) 

Solution. (See graphical solution at the end of the chapter) 

Let 6 be inclination af the member AE with the horizontal. 

rise 4°5 


tan 0= ..-- 7 > ee asi 
half span 6 4 
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\\ 





: co al 


Fig 741 
3 4 
@=: - © * ae. 
sid & and cos @ 5 


Length AE=half span x sec 


=@x%-"-= 75m 


4 
Reactions 


Since the end £is placed on rollers with the roller base 
horizontal, the reaction at L should be vertical. Hence there will be 
no horizontal reaction at L. 


Let the vertical reaction at L be V:. 
Taking moments about 4, 
we have, 





t] 
by 3 90 Men et 99 "O"S 
Fig. 742 
8x75 


Vi-w 212 =2°50 r+ 


860 STRENGTH OF MATERIALS 


Vertical component of the total external load =8 cos 8 


=§8 xX : = 6°40 1 
Vertical reaction at A 

— Va = 6°40 —2°50 

=3°90t 


Horizontal component of the total external load 
= sin 0=8x 2 =4°80 [> 
.. Horizontal reaction at A 


= Ha= 4°80 t<- 
Analysis af Joints 


_ Joint L. Resolving the forces at this 
joint vertically, a 
we have, A<_- —— 


Pim sin 0@=V; 


Pim X 2 = 2'5 Wezst 


Fig. 743 
Pin = 4167 t (compressive) 
Resolving horizontally, 


we have, 
Pin==Pin cos 8 
4 
= 4°167 x 5 
== 3°33 ¢ (tensile) 
Joint M 


At this joint there are three forces namely Pm, Pms and Pmn. 
Of these the forces Pm: and Pmsare along the same straight line. 
Hence, the third force Pmun=0. 


Pms = Pmi= 417 t (compressive) 


aw 


) r.< K Hn #33 TONS 
EjoG-i? aneg 
big. 744 Fig. 745 
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Joint N 


Since there is no force in the number VM, the joint NV should 
be in equiibrium under the action of the forces Pax, Pas and Pas. 
Out of these forces, the forces Pnx and P.. are along the same 
straight line. Hence, the third force Pai should be zero. 
: Pax= Pai =3°33 t (tensile) 
Joint I 


86T 


4, 


_ This joint is in equilibrium under the 
action of the forces Pye. Pus and Pix. Out of 
these three forces the two forces Piet and Ps 
are along the same straight line. Therefore 


2, Fy the third force, ve ; 
Piet Pay. 
Fie. 746 
Joint P 


Since there is no force in the member P/, at the joint P, we 
therefore have the following three forces Pps. Pp. and Py. Of these 
forces, the two forces Pp. and P,x are along the same straight line. 


Hence the third force 


P. pi == 0 
Bi, 
Fy 
PR 5 ' 
pe Eo 
BE. e 
w 
av Bg 417 
Py 
Fig. 747 Fig. 748 


Joint J 


Since the members JP and JN do not carry forces, we have at 
the joint J the following three forces, namely, 
Pim, Px and Ps. 


Of these three forces the two forces Pa and Ppa are along the 
same straight line. 


Hence the third force Ps = 
a Px =Pim=417 t (compressive) 
By studying the equilibrium of the joint I 
we get 
Pie=Pis= 417 t (compressive) 
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Joint K 


Since there is no force in the member KJ, we have only the 
following three forces at this joint, namely Pro, Pin and Pip. Out of 
these forces, two forces Pry and Pin arc along the same straight line. 
Hence, the third force 

Pep 0 

eg Pry = Pin--- 3°33 t (tensile) 

If now we consider the equilibrium of the joint P we conclude 
that the force in the member PE=0. 


‘TON 






+_<——---- 


an Fiyr3-39 tans +00 TONS 
Fig. 749 Fig. 750 
Joint A 
Resolving vertically, 
we have 
Po sin 941 cos 4:~39 
x Pav+ : 39 


Pw=517 t (compressive) 
Resolving horizontally, 
we have, 
Pun t+1 sin 9=4°8 {-Par cos 8 
De ae ee tad, 
Put, =48 S17 x « 


~ 


ee Pan=-8'34 ¢ Urensile, 
Joint B 






We have 
Poc= Pua - 5°17 ¢ (compressive) 
9 TONS 
bc 
a P.., 2? TORS 
f 
a5 !7 TOMS Th Fi «das A, 


Fig. 751 Fig. 752 
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Resolving normal to the principal rafter, 


we have, 
Poc=2t (compressive) 
Joint H 
Resolving the forces vertically, we get, 
Pare sin 20 == Pan cos U 
Pre 2 sin 8 cos 9=2 cos 8 
Pe = os : 167 ¢ tensile) 
Resolving horizontally, we have, 
Pra== Pro sin 94-Pa, cos 2 6+ Pag 
8°34=2x : +167 { 1—2> )-+Pr 
8°34=1°20-}-0°47-+ Pho 
ae Pay= 6°67 1 (tensile) 
Joint D 
Resolving the forces normal to the principal rafter, we have 
Pas=2 t (compressive) 


ZTONS 





P f 
de P, ; 
Fig. 753 Fig, 784 
Joint F 
Resolving the forces normal to the line GFE, we have, 
Pre sin 28 --2 cos 8 
Pre 2 sin 9 cos 6 =2 cos 0 


, Bedie th ae 
ae Pre sin 8 3 


ie Pre 167 t (tensile) 
Joint C 
Resolving the forces normal to the principal rafter, we have 
Peg=2-|-Fea sin 6-} Per Sin ¢ 
242K V6T¥ : 


ae Pey=4 00 ¢ (compressive) 


864 STRENGTH OF MATERIALS 


Resolving along the principal rafter, we have 
Pca==Pev=5'17 t. (compressive) 

Now considering the equilibrium of the joint D, we have 
Pae=Pac=5'17 1. (compressive) 





Por # 4¢ gf 
[ 
g! 
@ 
Pyh=6-67 t G aon 
Fig. 755 Fig. 756 


Joint G 
Resolving vertically, we get 
Pot Sin 26 Pye cos 8 
. Por 2 sin 8 cos 8=4 cos 8 


2 3°33 t. (tensile) 


Pos ~ sin 0 


Joint F 
Resolving the forces along the line GFE, we have, 
Pre=Pyy+ Pre cos 28+Pra sin 8 
9 3 
39 : eae 2 
3334167 (1-2x55 )+2% , 
Pre=5'00 1 (tensile) 


The forces in the various members are tabulated on page 865. 
Members EP, PI, PJ, PK, JK, JN, NM do not carry any force. 


§163. Method of sections 


O 
2 4t | rt gt sf aw 2 
(A B 
| 2 5 ¢ 
ANS iM B 7 P 
| 
aft at et 
(}) 
View TOWNES Yow ere et 
Fig 757 


Fig. 757 shows a truss subjected to an external load system. 
Suppose, it is required to find the forces in the members BC, CM, 
ML and CL. The method of resolution will not bea convenient 
method, since it would involve the analysis of various other joints. 


| 
| 
| 
| 
| 
| 
! 
| 
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Tensile 
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In acase like this, where it is required to find the forces in some 
selected intermediate members of a structure, the method of sections 


is adopted. 


Let /» and VY) be the reactions at the left and right supports. 
Taking moments about the left support, we have, 


Vn x 18=(4 2-2)34+(24-3)6+(24+3)94 (3+ 2)125 (346) 15 


Vaz==18 tonnes. 
V,==34—18==16 tonnes. 
et at et ot 





+3x 18 


N M L K J ! G 
a 3h gt Z3 6 
—--—-— JB -00 In€ires seme = 
= Tones Vj 718 TONNES 
Fig. 754 
Suppose the structure be spht into |, 


two parts by a section !— 1. Fig 759 shows 
the left part of section 1—1. 


If really the structure be cut or split 
by a plane like ] --!, the continuity being 
broken, each part (the Jeft part of section 
I—1] and the mght part of section [-- 1) 
will collapse. 


This section 1--I ts cutting the 
members BC, MC and ML Let BC and 
MC be compression members and Jet ASL 
be a tension member. Now let us consider 
as to how the part of the structure on the 


. 


' 
i 





Gee ars 
Fig. 759 


left hand side of 1—1} wasin equilibrium before the structure was 


split by the section '—l1. 


The member BC was pushing the joint & with a force Poe. 
The member A1C was pushing the point Vewith a force Pie. 
The member ML was pulling the jomt AT with a force Pas. 


Now if the structure be split bv the section |—i, since the 
above furces Pir, Pu- and Put are not preseat, the left part will not 
be in equilibrium and will hence collapse. But after splitting the 
streuture by section |—1, if we apply pushing forces of magnitude 
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Pars Pme and a pulling force Par on the lef part vu section |—] along 
rhe dines RC. Mec and Mf. the pact will remain in equilibrium. 
ince ievcate DUDS ate Be deters ned as the forces necessary to 
kecp the lefe part in equilibrium Hence the external forces already 
actinyy on the left part and the forces?) P. and Pm form a system 
raequilbrium = It is on this principle thar the method of section is 
based 

The nature and magnitude of the forces Po. far and Po; may 
be determined as follows ) 


Consider the equilibrium: of the left part of section 1 1 Re- 
suiving the forces on this part vertically, we have the following 
vertical components : 


(7) Vae=16 tonnes ; (upwards) 
(ii) At A 2 tonnes , 

(iii) At B 4 tonnes + (downwards) 
avy At M42 tonnes | (downwards) 


(downwards) 


The resultant of these forces=-8 tonnes * (upwards) 


Hence we require a balancing force of 8 runnes y (downwards) 

The balancing forces is to be provided by the vertical compo- 
nents of the force Poc, Pm. and Pou. Out of these forces two forces 
namely Poe and Pm are horizontal forces and, therefore. they do not 
have vertical components. 

Hence the vertical component of Pra. should be 8 tunnes + 
(downwards) This is possible only if Par pushes the joint WW Hence 
P. is a compressive force. 

Vertical component of Prac 


= Pine sin G:=8 fonnes. 


4 
But tan 0= 

3 

4 
sin 8 

sin 5 

Pu = ; 

Wb sin (} 
= i 10 fomnes 


Pme=10 tonnes (compressive) 


Force Pn- 

Jn find the force Por. we use the condition that the algebraic 
sum oof the moments of the forces on the left hand side of section 
i~1 about any point should be equal to zero. A convenient point 
is selected for taking moment. The point selected must be such 
that, out of the unknown forces Pu, Puc and P.:, only the force Pr. 
should have a moment about the point and the forces Pur and Pais 
should nt have moments about this point. To satisfy this condi- 
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tion the point of intersection of the forces Pme and Pm will be selec. 
ed, i.e., we chovse the point A. . 
__ Now taking moments about M of the forces on the left hang 
side of section 1~1 we have the following moments about M. 
(i) 16 X3=48 tonnes metres\_(clockwise) 
(ii) 2x3=6 tonnes metres\A(anticlockwise) 


Resultant moment 
=:42 tonnes metres¥)(clockwise) 


_ Hence we require a balancing moment of 42 tonnes metres¥\ 
(anticlockwise) about M. This balancing moment should be provid. 
ed by the forces Poc, Pme and Pm. 

But, Pmc and Pm: will not provide any moment about M. 
Hence, Pec must provide the necessary anticlockwise moment of 
42 tonnes metres, about M. 


This is possible only if Pee pushes the joint B, i.e. Pos is a com- 
pressive force. 
= Poe X 4=42 tonne metres 


Pome = 10°5 tonnes (compressive) 


Force Pm 
_ Now, to find the force Pm: we will take moments about C, the 
point of intersection of the forces Pos and Pme. 


_ Taking moments about C of the forces on the left hand side of 
section 1—1, we have the following moments about C. 


(i) 16X6=96 tonne metresfX(clockwise) 

(ii) 2*6=12 tonne metresy (anticlockwise) 
(iii) 4X3=12 ronne metres\ x! anticlockwise) 
(iv) 2x3=6 tonne metres\ A(anticlockwise) 


The resultant moment = 96—30 = 66 tonne metres\) 
(clockwise) 


i 

a ~ at zt f 2 sf st zt 
| ANN N 
(LN f i K yi 

at at st 6 
) Somat cage were 
f 
Hew wees Vis 8 TONNEF 


Fig. 760 
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Hence we require a balancing moment of 66 fonne metres 
gv (anticlockwise) about C. This is to be provided by the forces 
Prey Pme and Pmi. But the forces Poc and Pme do not have moments 
about C. 

Hence the raoment of Pm: about C should be 66 tonne metres 
(anticlockwise). To satisfy this condition P.. should be a pulling 
force. Hence Pm: is a tensile force. 

: Pm X 4=66 tonne metres 

” Pm1==16°5 tonnes (tensile) 

Force in the member CL 

Pass a section 2—2 as shown 
cutting the member CL. The 
section is passed cutting the mini- 
mum number of members including 
the member in which we are isteres- 
ted. 


rt at ot 


Now consider the equilibrium 
of the forces on the left hand side 
of section 2—2 (see Fig. 761). Re- 
solving the forces vertically, we have 
the following vertical components. 





K=15 TONNES 
Fig. 7:1 


(i) 16 tonnes + upwards at N 

(it) 2 tonnes | downwards at A 

(ii) 2 tonnes 4 downwards at M 

(iv) 4 tonnes | downwards at B 

(v) 2 tonnes | downwards at C 

The resultant of these forces==6 tonnes } upwards 

Hence we require a downward force of 6 tonnes. This is to be 
provided by the forces Pez, Per and Pm But the forces Pea end Pmi 
are horizontal forces and hence they de not have vertical compo- 
nents. Hence the force Pr: should provide a downward force of 
6 tonnes, on the left part oj section 2—2. This is possible only if Pc: is 
@ pulling force. Hence Pe is a tensile force. 

is Pei -=6 tonnes (tensile) 

The above principles may be used to determine the furce in any 
other selected member. 

Problem 470. Determine the forces in the members HC, BC, HG, 
and EF of the truss shown in Fig. 762 by the method of sections. 

Solution. Let @ be the inclination of the principal rafter with 
the horizontal. 


tan ro 
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Fig. 762 


sin Gap and cos 0 





he - 
H, st 


Vou 


Fiz. 7o3 
Length of Af ~ y 64-4525: 7 5m 
Taking moment. uhout A, we have 
75 
Vixl2--8.5 -= 
2 
oe be -- 2°50 7 
Vertical component of the applied load system 


==8 cos §= 8 x j ~64 1 


Rae Va=64—2 45=3°9 7 
Horizontal component of the applied Icad system 


=8 sin 0=8 x2 eta 


-. Horizontal reaction at A=4°8 t=Ha-- 


To find the force in the member HC 


Pass section |!—! as shown in Fig. 764 and consider the left 
part of section 1—1. Taking moments of the forces on this part 
about A (the point of intersection of Pee and Pr), 
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“ye 
we get, Pie X AQ=2x-"> 
1S 
we Pr = = fe 
ae AG (tensile) 
gos e> 
YVo“n 
\ / Nees 
Be Seep 
/ Gr =e 
es Ae 
— ene ae ee Me fou. owe. ke anaes 





Feary 764 
‘ 7°8 : 
But AQ --AC sin @e: » = eS oN 
2 5 
1s oe . 
hee Py 2 == 4°667 ¢ (tensile! 


Ste 
To find the fotos in BO 
Consider the Jeft part of section Po?) T kins moments about 


H (the point of intersection of /. and fin’. we rave the following 
moments : 


le eee Ge. a ERIS ta NA canted vty) 
“+ 
TS 
cea ad fee Oe see & 
4 
we 
a BK 4 > : Gp) ope tole ey ca’) 


* 


Totul moment about i. Flas per SD eh rs | 

Hlence we require a halansme anuiche kw ase Tc mien ol 7 265 
Mich tpt Bl lds Cap be ormded onic rT onder the 
moment of # about Yo may be antictockwise. 2 hour be a Ccom- 
pressive force. 
PoP ate AS 
Pye AR see bo sun 8-7 20% 


Po ook tan §: 7205 
ad 


* 


Rae a 
Loe Mee = = 205 


py TIES IG 
aM ike 


Po == S167 t (compressive) 
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To find the force in HG 


Consider the left part of section 1—i. Take moments about 
C, the point of intersection of Poo and Pre. 


We have the following moments about C. 
1x me = 3°75 tm. F\(anticlockwise) 


2x 2 wo 3°75 tm. ¥\ anticlockwise) 
48 x sin 6m 4°8 Xx 7? x= =10°80 tm Cx(clockwise) 


7 
3°9x cos 6 -=3°9 x = -=11°7 tm. (& (clockwise) 


Total moment about C=15 tm. (clockwise). 


Hence we require 2 balancing anticlockwise moment of 15 em. 
about C. This can be provided only by Px,. Ia order the moment 


a Pro about C may be anticlockwise Pn, should be a tensile 
orce. 


Png X a sin 8 ==15 tm. 


2 
75 3 
Pr X “> ee 5 m 15 
15x19 
Poe 5x3 
.. = Prao=6'667 t (tensile) 
Force in EF 


Pass section 2—2 as shown in Fig. 765. Consider the left part 
of section 2—2. 


Take moments about A (the point of intersection of the forces 
Pa. and P,x), we have the following moments about A. 


a. 
(i) 2x > = 3°75 tm. (x(clockwise) 
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(ii) 2* TS 7°30 tm.Cxlclockwise) 


(it) 2x z %7°5 =11°25 1m.Cx(clockwise) 


Tota! moment about A =22°50 im. CX (clockwise) 


Hence, we require a balancing anticlockwise moment of 22 50 
tm. about A. This can be provided only by Pre. In order the moment 
of Pre about A may be anticlockwise, 


Pre should be a tensile force. 
ie Pre X AO =22° SU 
But AO=7'5 sin 8 


3 


=T5X -— 45 m 


22°50 22 50 
€ aes : 5) "WEST 
Py AO AG t (tensile) 
Problem 471. Fig. 766 shows a cantilever bridge truss. Find the 
stresses in members 1, 2, 3 and 4 of the truss. (A.M.LE.) 





a 


Fig. 760 


y Solution. The whole structure 
f consists of two cantilevering trus- 
i ses and an intermediate truss 
g Cc D B W supported at the ends of the two 
cantilever trusses. The loading on 
the intermediate truss is transferred. 
tothe ends of the cantilevering 
trusses. Since the total load 2W 
‘x t on the intermediate truss is 
yd symmetrically applied on it, 8 
Fig. 767 load of W will be transferred to 
the end of each cantilevering truss. Now consider the cantilevering 
truss on the left (see Fig. 767). 


Let the vertical reaction at the support /7 be Va. 
Let the length of each panel be a. 
Taking moments about A, we have, 


Vi3a=WS5a 
ae = 2 W (upwards) 






.. Vertical reaction at A 


=> W (downwards) 
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Resolving the forces at H vertically, 


SW 
We have Pha= aC (compressive) 


: : _ SW 
i.e. Force in member 4 1s — (compressive) 


3 


Pass section XX as shown. 


Consider the part of the truss on the left side of section VY. 
Resolving the forces on this part vertically, we have 


Pius sin as'=+ W 


i 
Pva= - 2 W (tensile) 


po 
ie. the force in member 2 ts ae W (tensile) 


To find the force in the member CD, taking moments of the 
forces on the LHS of XX about J, we have, 


2 
i Ww (2a)= Pea a 


4 ; 
Peas 3 W’ Uensile) 


w 


: OR . 
ic. The force in member 3 Is = W Censils 


To find the force on the menber /H, taking moments of the 
forees on the / WS of section YY about D, we have, 
“” 
7 W (3a) Pan b 
- Pu- 2 W (compressh~) 
ie. The force in member 11s 2 W (compressive) 
The forces 1 tne members |, 2, 3 and 4 are tabulated beluw. 


ne ee 





i Em RN RENE S annpe armenenme —omereeiem anand aay aTuERS 





a NOES GaP ee re asad 





ai 





Meméer Lvree Type of Force | 
pile eh See eee 
i | Ww | Compressive | 

é 
2 | Nl y | Tensile | 

| 4 
3 | ‘Ww | i ensile | 

| 

4 | ey | Compressive | 


smepeneneseeerscocnensreste anette tS paCTTAP SEIS SEDDON 

Problem 472. Find graphically or otherwise the forces in all the 
members of the truss shown in fig. 768. Indicate the results in a 
tabular form. (A.M LE.) 
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Solution. See vraphical 
solution at the end of the 


chapter, 


deaivewcal Method (Sce Pre. 


yt ys 
tes Vand 7 be the 
werucal abd horizontal 


compudens of the reaction 
at fi 


t 2 v KK 
Qn7- = tts 
4 2 
i 
l ally a oe 
a SIT & =- , ay 
/5 | Pras 
ah s wr y 
and cos« pees | ea ees ote Sage ein ene rete, 
\ 5 f ss mS a | I 
~ * 3 ig { 7 
Taking moments about | , “ 
y ¢ % Y 
bf We have te eee 
. pe tony mn =e 
lix4-10%8 fe i 
7 ‘ 
| 2 eae 
< 
Hence bored recttee ch Oyo Th 
Let the verti! reacties acd 
Resabiny de darces al 6 Sacha! 
2 AP eNO ynacer Doi 
“NON r 
os ae ee 5 BO hep votes 
Resolving verts aby otf 
} 7 ; 
A ¢ a 
< 
Hence vertical reach rn a! pres 
Joint Us 
Reyoliine serthad, 
fivgy yr Sin iM 
i 
ee Ee . jft 
os Pie ee ton ee) ey Cee pres Shed 
Resolving horizontally 
Pi Jat e > Pf go. COS & 
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2 : 
=10/5x ye 72 t (tensile) 

Joint La 

Resolving vertically 

Preve=vcrev3 8in @ 
=10V5 5 = 10°00 t (tensile) 
Resolving horizontally 
Pr9_11=prevg COS @ 


m10/5X oF == 20 t (compressive) 


Joint Li 
Resolving vertically 
Foi_ve sin a= V=0 
aS Pr1-v2 =0 
The forces in the various members are entered in the following 
table : 


a er Ye ew ae ee ee ee a —— PR re RT CIS REED ee 


Forces in tonnes 








TERS 











Member PE SER ce ee sed eS ! 
Compressive | Tensile | 
UU; 22°36 
UU, 20 00 
Usls 22°36 
Lils 20°00 | 
U,Ly 0 0 
| Usks 0 





Problem 473. A pinjointed frame is as shown in Fig. 770. It is 
hinged at A and ‘oaded at D. A horizontal choin is attached to C and 
pulled so that AD is horizontal. Determine the pull in the chain and 
also the force in each member stating whether itis in tension or com- 
pression. 

Solution. See graphical solu- TO CHAIN C 
tion at the end of the chapter. 


Analytical Solution 
Let the tension in the chain 
be T (see Fig. 771). 


The external load of 2 ¢ can 
be resolved into its horizontal 
and vertical components. A 








Since the given load is at 
45° with the vertical, this load 
can be replaced by a hborizonta! 2t 
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load of 4/2 ¢ and a vertical load of v2 1 at D. 


_ 42 
re c 





wal 
& 


Fic, 771 


Taking moments of the forces on the structure about the 
hinge A, we have 


Tx09= 2x12 
Ley 2s ae 

fu ag & 1885 t 

Resolving the forces on the whole structure horizontally we 
have the following hor:zental components : 

ae 
(i) Tensile load of wr in the chain< 
(ii) Horizontal force 2 t> 


Hence the horizontal! reaction at A= “a t> 


Resolving the forces on the whole structure vertically, we get 
Vertical reaction at A= 2: f 
Joint A 


Resolving verticatt 
Pw sin W'=v 2 Pat==2 7 2t (compressive) 
Resolving horizontally, at 4, we have the following horizontal 
components. 

é v2 SFA CAA 
Horizontal reaction at A= 3 t-- +470 t---> 
(it) Horizontal component of Pe =2V2 cos 30° = v6"245 1 
ae force in AD =Paa=2'45—0°47 

= 1°98 1 (tensile) 
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Joint C. 
Let the inclination of CB with the vertical be c. 
Length BD=:1°2 sin 30°- 075 ap 
Leneth 2E=0'6 sin 30° —0 3 om and length ED- (6 cos 39 


- 420m 

“. Length CE=09)—OU'S2 38 m 

tan eatee a vole 

CE O38 
2=35 15 
Resolving horizontally 
Po sin a= T= 1,285 

ee Pree is - t< = 3041 (compressive) 


Resolving vertically, 
Peat Pit CONT 
--3 04 cos 38° 15’ 
=2°9 ¢ltenifey 
Joint D 
Resolving horizontally 
Par cas 60° = Pi,-- \ ? 
sees Se ce oe 
ce Pa=Tia picompressite; 
s The forces in the various members of the structure are tabulated 
elow : 


‘saat — ee me ES eee oe ane - ee - 
+ VC tmeme up ee 


i 
| Force in memier itoures) : 
Afembers . = 
Cerne ysiesy | 2: tsile | 
i 
| { 
AB 2 83 | 
{ 
BC 204 : ! 
Ch) ; i oe . 
{ I 
DA | 1 98 | 
‘ { 
DR id 


rei eS me SLR EE om Tem 





OF ices aloes rr erent eet ney me aeons Oe ert eee ee ome - 





Problem 474. Th. loading and support conditions of a plane 
are shown in Fig 772. Fite graphically or otherwise the forces 
members 48, AF, BC, BF, BE, and FE. (A.M LE.) 
Selation. See graphical solution at the end of the chapter. 
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Anolitioa: Solution 
Let the reaction, of the 


v yet ‘ e » 4 ‘ 
supports te ft and du thig 


Takin? moments abou’ A. 
we Halve, 








Joint A 
Resolving vertically. we have 
Par sin 45°= 241 
ey Pas 242 ehoumpressive) 
Resolving horizoutally. we have. 
Par=Pav Cos 15 
54. SSecan 
oe Puce 2A t(remuled 
Joint F 
Resolving vertically, we have. 
Pr= 361 Censile) 
Resolving horizontally, we have. 
Pee ~ 241 (tensile) 


Produce CB to meet FA produced at 0 


A 
Let BOA -f 
RF CE 


nL Setanta 
tan Y= ye ay. 
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a OA=2 m 

To find the force in the member BE pass section 1 — 1 as shown. 
Consider the equilibrium of the forces acting on the left hand side of 
section |-!. Take moments of these forces about O. .We have the 
following moments : 

(<) 24x 2=48 tmv\a 

(ii) 35 X 4a 144 tm 

Hence we require a balancing aativlockwise moment of 

(144—48)=96 tm about O. 


This moment is supplied by the moment of Pos. about O. 
Let the perpendicular distance between O and the member BE 


be p 
Hence Poe X p = 96 
Pea 
P 
But p=6 sin 45° 
= 6 = 
om 32m 
Po BO Ei (compressive) 
32 pNes 


To find the force in the member BC, consider the equilibrium 
of the forces acting on the left hand side of section !—1. 


Take moments about E. We have the following moments : 
(7) 24x 4=96 tm. (% 

(ii) 36X2=72 tm \A 

Hence we require a balancing anticlockwise moment of 


96—72 =-24 tm about E. 
Let the perpendicular distance between FE and the member BC 


q. ; 
Hence the batancing moment about E provided by Poe is equal 
to Pre q. 
: Pocg==24 
4 
Poe = a 
But = sin 8 
But tan @6=4 
sin A= glen 


1 5 


I 5 ef 


ax 24'S 


= Pre 6 
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Poc=4V/5 t (compressive) 


The forces in the members which have been computed are 
tabulated below : 


Sc eT eT 





Ae a te ey ee esos, 


Force (tonnes, 











Member Wer anne gl ica ager et ote cones OR 
| Cumpressive | Tensile 
eS ee 
pete ee 
BC 4,/ 5 | 
ae oe 
| 24 
iF _— 





tr 
Q 
| 
| 


a ES Fe ny 





rns 


Problem 475. Determine the forces in the various members of a 
pin-jointed framework shown in Fig. 774. All loads are in kg. 

Solution See graphical solution at the end of the chapter. 
Analytical Solution 

Let the joints, be named as sLv vn in Fig. 774. 


Let He and Ve be the horizuntal and vertical reactions at E. 


100 kg 100 kg 







r 


oa 
+. 
. 


4 


“% 





Fig. 774 
Taking moments about A, 
We lave 
He X 3== 100 x 2-+ 100 x 4=600 


as ; He =200 kg. 
Resolving the forces at E horizontally, 
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we have, 
Pea cos 8200 
Pea= 200 
cos 0 
But tan @= 2 
4 
op sin 0 
and cos 8 -= 
a Pez 0p = 250 kg. (compressive) 


Resolving the forces at E vertically, 
we have, 
Ve =250 sin 8 


=250 x + =150 kg. + 
Vertical reaction at A4==2UU0 —150=50 kg. + 


Bore 
and Horizontal reaction at 4=200 ky. 
Joint C 

Resolving the forces vertically, 

we have, 

Pea sin 8 = 100 
Pu= l 00 100 x 5 

sin ( 


Prax oP kg. (compressive) 


Resolving horizontally, 








we have, 
Po=Pea cos 8 
500 : 4 400 
~ 3 53 
Pa= ae kg. (tensile) 
Joint B 
Resolving vertically, 
we have, 


Poa=100 kg. (compressive) 
Resolving horizontally, 
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we have, 
400 
Poa= 3 kg. (tensile) 
Joint A 
Resolving vertically, 
we have, 
Poa sin §=50 
Page 0X5 =: 250 
3 °&2»3 


Pass ke (rendie) 


The forces in the various members are tabulated below. 
eC TREES CAT aC TEN Etta ence nsengereastemeeneseengs 





{ 
| Force (kg) 
Members ee 
| Compressive ! Tensile 
|——- ete ene ak b. foes 
| a a 
! : 
ea eee cere . eee ee i, 400 
BC | cE 
es cl ge eer 
! 500 | 
CD | 3 
1 Z ’ 
pn ene eeeereeneenianein eee mannan = 
DE 250 
| | 250 
AD | | =a 
me tre remem eeremeemnnetenate rete ttn ween =e ; ee nn Lo nen REC cee et art commer i wecwme moe me pent -—o, 
DB | {00 | 





EE ee mm ee we weer metesremrveneiia amma Pee eoemetarevmveme,  AarmRReNr EWS ae are ea ee ee 


Problem 476. Find graphically or analytically the magnitude and 
nature of the stresses in all the members of the truss «*awn in Fig. 
776, 


Solution. See graphical 2 at 
solution at the end of the 
chapter. 

Analytical Solution. 

Let Va and Va be the 
reactions at the supports. 

Taking moments about the 
end A, 





we have, 
Vax 1]0=:2 x 2°5+4 x 7°5 
S 35 7 
Va=to= 7! 
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Fig. 777 
Joint A 
Resolving the forces at A vertically 
we have, 
Pa sin 60° =-> 
2 
Pa= = a = oe f (compressive) 
Resolving horizontally, 
~ we have, 
Poae=Pad COS c=, cos 60° 
Poe= ee t (tensile) 
2vV3 
Joint B 


Resolving the forces at B vertically we have the following 
vertical components : 


(i) Vertical component of Pees 73 sin 60" == tt 
(ii) Downward Icad of 2 ¢ | 
Hence we require a downward force of 4 ¢ for equilibrium. 
". Vertical component of Ps. should be equal to } ¢. 
Po. sin 60 = 4, 
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I 
Pox, a “aj t (tensile) 


Resolving the forces horizontally, 





we have, 
Poc=Pvs cos 60°+ Pre cos 60° 
ene ee el 
oy 5 2 Oe aa 2 
,=v3t Te ve) 
Joint E 


Since the vertical components of Pe: and P.- should balance, 
we have, 


1 . 
Pec= vz (compressive) 
Resolving the forces horizontally, 


Pea=PeatPed COS 60° + Pe. cos 60° 


Niet iy. 1 o 1 ° 
= 903 + 73 cos 60°-+ V3 cos 60 


Roped tno ene pee alae 
5/3 0 V3 23° 23 
7 
Peas - 2/3 t (tensile) 
Joint C 
Resolving the forces vertically we have the following vertical 
componenits : 
(i) Downward load of 4t | 
(ii) Vertical component of Pre 
] 


—— sin 60°=4 ft + 
V3 


Hence we require an upward force of-- Eee 
This will be provided by the vertical component of Pea 


Pea sin 60° = als 





Zz 
: je 
oe Pca= > V3 
7 , 
Poa= y3 t (compressive) 


The forces in the various members are tabulated below : 
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Force (tonnes) 
Members 


| 
| Compressive | Tensile 
| | 
! _ F 
BC ! v3 | | 
| 














7 
ca 
i ee /3 
DE is 
| 2.73 
Sas 
EA | oe 
a | 2 2.73 
BE | | 1 
Dee De eee eee Ne 
: 1 
EC | 5 | 


Problem 477. Fig. 778 shows a shear leg crane lifting a 40,000 
kg. load. The legs are 12 m long and 6 m apart at the base. The 
back stay is 14m long. All 
members are pinjointed and 
A, Eand Care at the same 
level on the ground. Find 
the force in the various 
members. 

Solution See graphical 
solution at the end of the 
chapter. 

Analytical Solution 

Consider a_ vertical 
plane containing the member 
AB. This plane will intersect the plane of the Sangte EBC along BD. 
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Now let us imagine that the members BE and BC are removed and a 
eS BD is provided. The frame now takes the shape shown in 
Fig. : 

: If now the force in the member BD be B 
determined, then the forces in the members 
BE and BC can be easily determined since 
the force in BD represents the resultant of 
the forces in the members BE and BC 





Dd 





Now to find the length BD, consider 


the true shupe of the triangle BEC (Fig. 780) ‘eM lem 


BE== BC==12 m. 

ED=DC=3 m. 

BD==/12° - 3? 
= 135 m. E 3m D 3m @ 
= 1162 m. Fig. 780 


Let the imaginary member BD be inclined at « with the hori- 
zontal and let AB be inclined at 8 with the horizontal. 





COS a == ue 
11°62 
ase a =64° 3)’ 
and BF=5 tan 64° 31’ 
5 tan 64° 31’ 
ret 
B= 48° 31’ 
Lies AF=14 cos 48° 31'=9°274 m 
ro AD =9°174—5=4274 m 


Let the vertical component of the reaction at D be Vu. Taking 
moments about A, we have 


sin B= 


Vax AD@40,N00 X AF 
AF 
Va-~40,0 
1= 40,000 x * “Dp 
___ 10,000 x 9°274 
+274 


= 86820 kg. t 
Vertical component of the reaction at A 
= V.. = 86820 — 40,000 = 46820 kg | 
Resolving forces at D vertically, 
we have, 
Pwo sin «= 86820 
86820) 


Joe, 
Sin a 


OF MAT ERIALS : 


_ 86820 
sin 64° 31' 
: Pa» = 96160 kg. (compressive) 


Resolving the forces at A vertically, we have 


Pa sin B= 46820 

46820 

Pa 

sin 6 

_ _ 46820 
~ gin 48° 3] 

aoe Pav= 62480 kg. (tensile) 

Now to find the force in each of the members BE and BC, 
consider the plane containing the triangle BEC. By symmetry, forces 
in BE and BC are equal. 

1.é., Poo= Poze. 

Since the resultant of Poe and Po: is Pos, we have 

2Po- cos 8= 96160 


oie Mule 
But sin 12™7 
= 14° 25’ 


96160 __ 
Pre “9 cos 14°2 5' = 49650 kg. (compressive) 


-. Force in the back stay BA 
= 62460 kg. (tensile) 
and Force in each leg, i.e., in the members BE and BC 
= 49650 kg. (compressive) 
Problem 478. Determine the reactions and the forces in the 
members of the vertical frame shown in Fig. 78/. 


Solution. See graphical solution at the end of the chapter. 
Analytical Solution. 


__ Let the vertical components of the reactions at the left and 
‘ight supports be V and V2 respectively. 


Taking moments about the left support, we have 
Vox l0=1x15 


3 
Vary: tt 


2 


_ Since the right support is a roller support there will be no 
horizontal reaction at the right support. Hence the external horizon- 
tal force of 1 ¢ will be balanced by the horizontal reaction at the left 
support. 


ieee onside 
Vi=2 5 tt 


age 


Hence horizontal reaction at the left support=H=1 t 
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Fig. 781 Fig. 782 


Joint 3 


_ Only two forces are present at this jou. we., P32 and P34. 
Since these are the only two forces at the joint 3 and since these wie 
not along the same straight jine. we have, fur the equilibrium of the 
joint 3, 

P39- P31 °-0 
Joint 1. Resolving the forces vertically, we have 
Py_4=2 ¢ (compressive) 
Resolving the forces horizontally, we have 
Py_97=1 t (compressive) 
Joint 2, Resolving the forces along the line 2-6, we have, 
Pe_g= | cos 45° 
1 
Po-g= —;; t (compressive) 
6 2 P 
Since the vertical components of P2-¢ and P24 must balance, 
we have 


Pot — genie) 


Joint 4. Resolving horizontally, we have, 
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P45" a cos 45° 
P3-5=4 t (compressive) 
Resolving vertically, we aa 


Pur2-s5 sin 45° 


3 
P4.7= 5 (compressive) 


Joint 6. Resolving vertically, 
P¢_g = 


Resolving horizontally. 


j 
—, sin 45°=i ¢ ressi 
2 3 t (compressive) 


oes rn 
P55 VI cos 4§°= , t (tensile) 


Joint 5. Resolving the forces along the line 5—9 


Ps.9=( 5 +) ) cos 45° 


] 
a P3_9> 3 t (compressive) 


Since the vertical components of Ps_7 and P3.9 should balance, 
we have, 


| ; 
P5_7> V2 t (tensile) 
Joint 7 Resolving vertically, we have, 
3 | 
Pao 2 oo i 
7-0 5 9 cos 45 


ww 


Pr10= 9° 7a : =] t (compressive) 


Resolving horizontally, we have, 
matt anette nat 
P78 7 098 1 (compressive) 
Joint 9. Resolving vertically, 
| ie We 0 
a ee 4 
Po-1) , a sin 45 
P9.11=1 t (compressive) 
Resolving horizontally, we have, 


I eel 
Py x=, cos 45" = > t (tensile) 
along a line 8—11, we nave, 


ns 


> , ) eos 45° 


\ 
Joint &. Resolving the forces a 
Poi (5+ 
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l 
7a t (compressive) 


Since the vertical components of P 
balance, we have, e-11 and Pgio9 should 


1 
Ps_10= /2 t (tensile) 
Joint 10. Resolving horizontally, we have, 


I a 
Pyo-11=!— cos 45° = t (tensile) 
The forces in the various members are shown in F1 782 d 
tabulated on page 892. ae 


$164. Graphic Statics. Girders and frames can also be analysed 
graphically. When analytical solutions are difficult a graphical 
solution may be found convenient. While the analytical methods 
provide absolutely correct results, the graphical methods provide 
reasonably accurate results. 


Bow’s Notation. A force is designated by two letters which 
are written on either side of the line of action of the force. 


(i) 

8 Fig. 783 (i) shows a force with the 
letters 4 and B on either side of the line of 
action of the force. This force will be called 

Force AB as AB. A force has a point of action. With 
respect to the point of action of the force 
: the letters used to designate the force are 
(if) Q : ; 
: pronounced in the clockwise order. 
eee Similarly the force shown in Fig. 783 
(ii) will be called as PQ. 


tet 
(ii) /N a 
Similarly the force shown In Fig. 783 
(iii) will be called as MN. 
“srce NM 
Fig. 783 


£165. To determine the resultant of a sysfein of forces 


Fig. 784 shows three parallel forces AB=10t, BC=8t and 
CD=12t. Let it be required to find the resultant of these forces. To 
a convenient scale, draw ab=10t, be=8F and cd:=12t. Choose any 
pole o. Join ao, bo, co, do. 

Take any point | on the line of action of the force AB Through 
|, draw 1—2 parallel to bo to meet the line of action of the force 


| 
| 
: 
| 
: 
| 
: 
| 





| 


| 


| 


4 


wi corey es 7 = 
wd! , 
x ! : 
Bs fae fa | ee ees 
gee Fe ay Pei fof tae 
2 =. ! ! | : : | | >| 
2 Se 
oO & | f | 
Z | | ane 
ee eas 
a 4 oa 
Ee ea 
Si ; | 
0 | | | 
FE ~ : | | l re ~ | | = ae : ia. 
3B. | | | 
: | | | | 
e | | | ! 7 
a a ! oe 
a ae 
se es ee ea Bee: eee 
| | | | | 
sf be ee 
he, 3 pe | 
Poaspielelsleieiqgicltels 
s a Nn ow \o ON = { ° ~~ tf | <—S | A 
| ! | ! 
} | : | i } | 
ee es tee | | ae ae 
aa A eee ee Gee et ge AS eee, ee et es 


eemeeeeee | ee fee 


| ra se 
ee | 
oS | ~ 

aes coe 

| | 

2 

; 

| | 

“Si 


8—10 


+mmannnn, 


8-11 
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BC at 2. Through 2 draw 2—3 parallel to cu to meet the lin 
; e of 
action of CD at 3. Draw 1—4 and 3--4 parallel to ao and do 





Ot ‘ 
bt 12t . 
a} 8 | Cc 0 ‘ 
“ 
~ 
~\ 
‘ 
5 ~~. ~~ 
~~ ee ~» 
me ~~ ‘ 
Fi a zi 
- ooo 7 
ces f 
a 
£ 
¢ 
a” 
a? 
& 
a 
? 
' a 
ab 
Fig. 7384. Funicular polygen. big. 7°5. Polar diagram 


respectively and obtain the point 4. Through 4 draw a line parallel 
to the given forces. This line ts the line of action of the resultant 
of all the forces By measurement this line 1s 214m from the line 
of action of tbe force AB Now Ict us consider another system of 
forces. Fig 786 shows a system of forces which are not parallel fo 
each other. The various forces are named as per Bow's notavons 
The forces are AB-=100 kg., BC+ 150 kg., CD-- 100 kg. and DIE +86 
kg. 

First draw ab, bc, cd and de to represent the given forces and 
find the magnitude and the direction of the resultant. This 's 
given by ae. 

Take any convenient point o and draw oa, oh, oc and od. 
(o is called a pole). 


Now from any point | on the line of action of the force 4B 
draw a line parallel to bo to meet force BC at 2. } rom 2 draw a line 
parallel to co to meet the force CD at 3. from > draw a line 
parallel to do to meet the force DE at 4. Now from the points I 
and 4, draw lines parallel to ao and co respectively and obtain the 
point of intersection 5. Through the point 5 draw a line parallel to 
ge. This line represents the line of action of the resultant of the 
given forces The pulygon 1 2 34 5 is called the funicular polygon, the 
Strin.2 polygon or the link polyzon The polygon along with the furces 
AB, BC, CD and DE is called the funicular diagram 

The figure abc deais called the force polygon. The force 
polyzon along with the radii oa. of, vc, od and ov is called the polar 
diagram. The graphical solution ts found tu be convenient particularly 
when. the given forces have different peints of application and do not 
converge at the same point. 
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1onkg. 150kg. — wokg, 





A/ B 





y 
“{ 


Fig. 736 


8166. To determine the reactions at the supports of a simply suppor- 
ted beam. 


Fig. 787 shows a simply supported beam 6 metres long witii 
the supports at the ends. The beam carries point loads 10 t and 16f¢ 
at distances 2m and 4m from the left support. Let us determine 
the reactions V1 and V2 at the left and right supports. — 

The forces on the beam and the reactions are named following 
Bow’s notations. Now the polar diagram and the funicular polygon: 
are drawn as follows : - 


Draw ab to represent the force AB equal to 107. Draw bc to 
represent the force BC equal to 16 ¢. _ Select any convenient pole 0. 
Join oa, ob, oc. Now through any Convenient point.1 on the line 
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~ 
“N 
~ 
~ 
t ~ 
12 on 
~ 
| \ 
C2. e7° 
br =~ soe ro a I 
< / 
¢ / 
/ 
t 
/ 
: é 
lot Y 
/ 
/ 
/ 
? 
/ 
c 
Funijcular polygon Fig, 787, Polar diagram 


of action of V1 draw a line |1—2 parallel to ao to meet the iine of 
action of the force AB at 2. Now through 2, draw a line 23 parallel 
to bo to meet the line of action of the force BC at 3. Now through 
3, draw a line 3—4 parallel to co to meet the line of action of the 
reaction Vg at 4. Join !|!—4. The figure 1 —-2-—-3—4 is the funicular 
polygon. The line 1—4 1s the closing line of the funicular polygon. 
Now through the pole o draw ud parallel to this closing line | —4, 
to intersect the load line at d Now darepresents V; and cd repre- 
sents Vg. By measurement Vj=da=12 t and Ve==cd=14 1. 


Problem 479. Determine the forces in all the members of the 
truss shown in Fig. 788. The inclined members are at 45° to the hori- 
zontal. 


Solation. 





{1 .7-8 
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Since at Earoller support has been 
provided the reaction at £ should be nor- . 
mal to the roller base, i.e., at £ the re- 
action is horizontal. The resultant of the 
two loads of 200 kg. each applied at the 94 
joints D and C will act through the 
middle point of DC. Now the forces 
keeping the trussin equilibrium are the ¢ So 
following : : : 
Fig. 789 


(i) Resultant external load 200+ 200 
== 400 kg. 

(ii) Horizontal reaction at E 

(iii) Reaction at A. 

These forces are concurrent. 

Hence the reaction at A should act in line with the line joining 
A and the middle point of DC. 

Having determined the directions of reactions, we proceed as 
follows : 

Name the various forces adopting Bow’s notation as shown. 
Draw pq, gr to represent the applied loads of 200 kg each applied at 
the joints C and D 

Draw a horizontal line rs through r (which is parallel to the 
reaction at £). Draw ps parallel to the reaction at A and thus 
obtain the points Siace at E there are only three forces, two of 
which are along a straight line, the third force, i.e., the force in AE, 
i.c., the force st, is zero. Hence s and ¢t coincide in the stress diagram, 
tr represents the force TR, i.e., the force in ED. 


Now consider the joint A. The forces at this joint are : 
(i) Reaction at 4, i.c., SP 
(ii) Force in AB, ie., PU 
(iii) Force in AD, i.e., UT. 
Now through the point uv draw a line tu parallel to the force 
UT. Draw pu parallel to the force PU. Thus, obtain the point u. 
Obtain other points in the stress diagram similarly. Drawing uy 


parallel to UV and po parallel to PV obtain the point v. Obviously 
vq should be horizontal since it represents the horizontal force VQ. 


To find the force from the stress diagram 


For instance to find the force in the member AB. consider 
eifher the joint A or B- Let us consider the joint 4. At any joint 
the forces which are named following Bow’s no‘ation should be 
pronounced in the clockwise order, i c., the force in AB, at the joint 
A should be pronottaced as PU and not UP. Hence at A. the force 
in ABis PU. Now find the direction of py in the stress diagram. 
Now the direction of the force in 4B at A will be the same as the 
direction pu. Mark an arrow along 4B at A in the direction pu. The 
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force AB at A pulls the joint A and hence AB isa tensio 
The member AB will of course pull the joint B also. ae member. 
along BA at B. 


' Following the same principle mark the arrows along the extre- 
mities of the various members indicating whether they are tensile or 
compressive. 


Now the forces in the members of the structure can be scaled 
from the stress diagram. These are tabulated below : 


A TE en tne eRe RE etn cree eee OP ee ene eee eee 





= fe asad ~ - _~ ~ so 











| MEMBER FORCE 

| (kg.) 

| Designation by Designation 

end joints as per Bow’s | Compressive Tensile 

| Notation 
AB PU 200°0 
BC PV 282°8 
CD VQ 200 
DE TR 600 | 
EA ST 0 | 0 
DA UT 565°6 
DB UV 200 
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Problem 480. Determine the forces in the various members of 
the structure shown in Fig. 790. 


(6 tone $ 





¢ 
je—--— ——— 6 metres —_____ 
Fig. 790 
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Name the various forces following Bow’s notation. 
Draw pq to represent 16 tonnes. 

Reaction at C= OR=8 tonnes. 

Reaction at A=RP=8 tonnes. 


1 TONNES 





Fig. 79i Fig, 792 
Measure gr vertically and equal to 8 tonnes and obtain the 
point r. aa 
Now obtain the various points in the stress diagram in succes- 
sion in the following order : 2 
Draw rs and ps parallel to RS and PS and obtain the point s. 





| farce 
Member | (tones) 





Designation by Designation 





| 
end join. as per Bow's Compressive Fensile 
Notation ! 
I a ann 

AB | PS 15°5 : 
BC QT 15°5 

AO SR | 9°6 

co TR 9 6 

Bo ST | 106 


Ree sce Ea aN Tae ima a age SR See SISTA 
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Draw st and qt parallel to ST and QT and obtain the point ¢. 
Now tr should remain parallel to TR. 


The forces in the various members of the structure may be 
scaled from the stress diagram. These are tabulated on page 898. 


Problem. 481. Determine the forces in all the members of the 
truss Shown in Fig. 793, All the inclined members are at 45° with the 





horizontal. 
Solution. 

i 
d. G _R 

é 
om. A (A) 

P 
a 10 TONNES 
WO TONNES 
me, 
; | 


em.—_—__—_——- ae 


Fig. 793 Fig. 794 


Name the various forces following 
p u,v Bow’s notation. 
Darw pq to represent the force PQ 
=10 tonnes. Draw qr and pr parallel to 
QR and PR and obtain the point r. 


Draw ru and pu parallel to RU and 
PU and obtain the point u. 


Draw rs and qs parallel to RS and 
QS and obtain the point s. 

Draw stand ut parallel to ST and 
Fig. 795 UT and obtain the point t. 

Draw tw and pw parallel to TW and PW and obtain the 


point w. 


a 5,W? 


Draw tv and qu parallel to TV and QV and obtain the point 2. 


The forces in the various members may now be sealed from thi 
stress diagram. These are tabulated on page 900. 
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Member Force (tonnes) 
Designation by Designation by ~c 
end joints Bow's Notation Compessive Tensile 








Problem. 482. Determine graphically the forces in the members 
of the roof truss loaded as shown in Fig. 776 and tabulate the forces in 
the mempers of the structure. (A.M. I. 
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Solution 





Fig. 797 

The various forces are named following Bow’s notation. 

The resultant of the external loading will act normal to the 
roof through the joint C. The reaction at the right end will be 
vertical. The reaction at the left support should therefore pass 
through the point of intersection of resultant external loading 
and the vertical through the support at the right end. Thus the 
directions of the two reactions are known. 


Draw 1—2, 2—3, 3~4, 4—5 and 5—6 to represent the forces 
applied at the joint 4, B, C, D, and E. Draw 6—7 vertically. Draw 
l—7 parallel to the reaction at the left support and thus obtain the 
point 7. 

Draw 7—8 horizontally and 2—8 parallel to 2—~8 and obtain 
‘he point 8. 

_ Draw 8—9 parallel to 8—9 and 3—9 parallel to 3—9 and 
obtain the point 9. 

_Draw 9—10 parallel to 9—10 and 7—10 parallel to 7—10 and 
Obtain the point 10. - 
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Imagine that the members CF and FD are removed and instead 
of these a member GD is provided. 
Hence discard the forces 11—12 and 12— 13, and introduce the 




















_ force a—f 
ee 
Member | Force ' tonnes) 
foe tenis z al rere by Compressive Tensile eT 
end joints Bow's natation 
ee ee ee 
AB | 2—8 | 517 | 
So 
cD ia | 4—12 $°17 | ee 
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Draw 10—z paralleldo CD and 4—« parallel . 
obtain the point «, pen gen 
Draw a—B8 parallel to GD and 5—8 parallelto roof and obtain 
the point 6. 
Draw B—14 parallel to GE and 7—14 horizontally and obtain 
ow the point 13 can be obtained as the point of iatersecti 
of 14—13 and 5—13. oe a 


Point 12 is the point of intersection of 13—12 and 4—12. 

Point 11 is the point of intersection of 12—11 and 10—I1. 

Point 15 is the point-of intersection of 14—15 and 6—15. 

It will be seen that the points 14, 15, 16, 17, 18, 19 and 20 will 
all coincide. 

The above method is called the method of substitution. 


The forces in the various members may now be scaled from the 
stress diagram. They are tabulated on page 902. 


Problem 483. Find graphically or otherwise 1 
members of the structure shown in Fig. 798, se the forces in the 





lig. 799 Fig. 800 
Graphical Solution 


The various forces keeping all the joints of the structure in 
equilibrium are named following Bow’s notation. 

Draw ab to represent the force AB of 101 Draw bf and af 
parallel to BF and AF and obtain the point f. Draw fd and bd 
parallel to FD and BD and obtain the point d. It will be seen that 
the points d, e and c will coincide. 

Now the forces in the various members may be scaled from 
the stress diagram. These forces are entered in the following table : 


Memt er Force in the member 


_ (tonnes) 
Designation ! Designation 
by end joints ! by Bow's Compressive Tensile 
Notation 
UU, AE 22°36 
U,U, AF 22°00 
U,L, BF 22°36 
EL, DB 20°00 
O,L, ED 0 0 
U,L, DF 10 








Problem 484. Find graphically or otherwise the tension in the 
chain me ee forces in the members of the structure shown in Fig. 801, 
ation. 


i - 78 can — 
LX 
‘\ 





sos 











Fig. 801 Fig. 802 
The forces on the structure are named following Bow’s 


notation. 
The structure is in equilibrium under the action of 
(i) The applied load of 2¢ 
(ii) Tension in the chain 
(iii) Reaction at A 
These three forces should therefore be concurrent. Using this 
condition the direction of the reaction at A can be determined. 
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Draw pq to represent the force PO=2 1. Draw pr horizontally, 
j.e., parallel to the chain and qr parallel to the reaction at A and 
obtain the point r. 


Draw rs and gs parallel to RS and QS and obtain the point s. 
Draw st parallel to ST and pt parallel to PT and obtain the point t. 
Now the tension in the chain is given by the force RP. By 


measurement rp=1°89 t. Nowthe forces in the various members 
are tabulated below : 














Member | Force (tonnes) 
Designafion by Designation | | 
end joints By Bow's Compression Tension 
foe PGA te ECE DI ae pre tha ee au 
AB RS 2°83 | 
BC RT 3°04 
cD TP 2°39 
DA SQ 1°98 
DB ST 114 





Problem 485. Find the factors in the members of the structure 
shown in Fig. 803. (A.LM.E£.) 


Solution. The direc- 
tions of the reactions 
may be determined as 
follows. 

The right support 
(Joint 11) is a roller sup- 
port. Hence the reaction 
is vertical. The external 
loads applied are the 2 
tonnes load and the I 
tonne load on the joint 
1 applied vertically and 
horizontally respectively. 
The resultant of these 
two forces, the vertical 
reaction at the roller sup- 
port and the reaction at 
the hinged left support 
are in equilibrium, and 
should therefore be con- 
current. Using this prin- 
ciple the direction at the 
reaction at the hinged 
support can be deter- 
mined. . 
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The various forces may now be designated following Bow’s 
notation (Fig 805). 





( 

3 

() TS 
Fig, 804 Fig. 805 


Selecting a suitable scale, draw ab horizontally to represent 
force AB of 1 t. Draw be vertically to represent the force BC of 
2t. Draw cm and am parallel to the vertical reaction of the roller 
support and the reaction of the hinged support and obtain the point 
m. It will be seen that the points c and f will coincide. Draw cd 
and ad horizontally and vertically respectively parallel to the 
forces CD and AD and obtain the point d. Draw de and fe parallel 
to DE and FE and obtain the point e. Draw ei and aj parallel to 
El and Al and obtain the point i. Draw eg and cg parallel to EG 
and CG and obtain the point g. Draw ih and gh parallel to 1H and 
GH and obtain the point 4. Draw Aj and al parallel to HJ and AJ 
and obtain the poiat j. Draw 4/ and cl parallel to HL and CL and 
obtain the point /. Draw k and jk parallel to LK and JK and obtain 
the point K. | 

The forces in the various members may now be scaled from 
the stress diagram. These are tabulated below : 
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eee ‘ 
| 
Member | Force (tonnes) 
Designation by Designation by Compressive Tensile 
end joints Bow’s Notation =e . 


1—2 CD | 1 | 
2— F 0 


| 
> |e 





| 0 
3—6 CF 0 0 








4—5 | El 0°50 | 
5—6 EG | 0°50 
7-5 | 1H | | 071 
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Ss ~< | | He | 0°71 | 
rake HJ 0:50 | — 
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Problem 486. Find the forces in the members of the truss shown 
in Fig. 806. 


Solution. 





100 kg. 100 kg. 





Vig, 807 


Name the various forces following Bow’s Notation. Adopting 
a convenient scale, draw ub and be vertically representing the two 
loads of 100 kg. each. Draw cf and Df parallel to CF and BF and 
obtain the point f- Draw fe and ae parallel to FE and AE and 
obtain the point e. Draw ed and cd parallel to ED and CD and 
obtain the point d. The forces in the members may now be scaled 

\ from the stress diagram. These are tabulated below : 
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are _—«909 
Member Force (kg.) 
Designation by Compressi 
Bow's Notation | Pico ste Tensile 
c oe 
- pas 
CF | 166.7 | 
FE 100 | 
ene cite As 
ep | Me 
BC | 250 | 





Problem 487. Find the forces in the members of the truss shown 
in Fig. 808. 
Solation 


2t 4 





Fiz. 808 
Name the various forces following Bow’s Notation. 


Draw pq and gr to represent the vertical loads of 2 and 
41. Select a pole O. Join po, go and ro. From any point on the 
left reaction (say from the left support itself), draw a line po parallel 
to po to meet the load line of 27. From the point of intersection 
obtained draw a ray parallel to.ro to meet the load line of 4t. From 
the point of intersection obtained draw a ray parallel to ro to meet 
the load line of the reaction at ) and thus obtain the funicular 
polygon. Through the pole o draw os parallel to the closing line of 
the funicular polygon to mcet the line pgr ats. Now rs represents 
the reaction at the right support and sp represents the reaction at the 
left support. Now all the points in the stzess diagram are obtained 
In succession. 
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Fig. 810 


Draw pt and st parallel to the forces PT and ST and obtain the 
point t. Draw tu and qu parallel to TU and QU and obtain the 
point v. Draw uo and re parallel to UV and RV and obtain the 
point v7. The forces in the members may now be scaled from the 
stress diagram. These are tabulated below : 
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ee eee Saeenneenanavasuonuntisnsnasiesasecoesstetsunnes, 




















Member Force (tonnes) 
Designation Designation by | 
By Ead Joints Bow's Notation Compressive Tensile 
AB | PT 29 
BC | QU "7 
CD VR 4°0 
DE | SV | 20 
EA | ST 1°5 
BE | TU 0"6 
| EC | UV 0°6 | 
| | 





Problem 488. Find the forces in the members of the structure 
shown in Fig, 811. (A.M.L_E) 


Solution. 





36¢ 
Fig, 811 


Name the various forces following Bow’s notation. 


i le 
Draw pq vertically to represent the load of 36 #. Select a po 
O and compete the funicular polygon as explained in oS ee 
problem. Through the pole O draw ov parallel to the closing line 
of the funicular polygon to meet the load line pq atv. Now ap 
represents the reaction at the right support and qv represents the 
reaction at the left support. Now the various points in an coe 
diagram may be obtained in succession. These forces are tabulate 


on page 912. 
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p 

















Fig. 812 
Member Force (tonnes) 
Designation Designation by Compressive Tensile 
by End Joints Bow’s Notation 
AB VR 33'9 
BC VT 89 
CD VU 14°4 
DE PU 8 
EF PS 24 
FA QR 24 
BF RT 36 
CE TU 16 
BE ST 22°6 


LA ET TILE TT TTT aaa Sa Oa ee ANTE 
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Problem 489. Fig. 813 shows a shear leg crane liftin 40 
kg. load. The legs are 12 m long and6 m apart at a oe ee 
back stay is 14m long. All members gre pinjointed and A, E. and C 
are all at the same level on the ground. Find the forces in the varinue 


members. 
Solution. 


913 





Fig. 813 
In place of the members BE and BC introduce the members BD 
so that BD, BA and the load of 40,000 kg. are on the same vertical 


oF 





Fig. 814 Fig. 815 Fig. 816 


plane. Solving this structure graphically the force in the member BA 
Which is represented by RP by Bow’s notation, is given by rp in the 
Stress diagram. By scaling from the stress diagram. 

rp =62,500 kg. (tensile) 
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Now qr represents the force in BD, 
Now draw the real shape of the triangle EBC. 


This is shown in Fig. 816. Plot D on this diagram. Alone BD 
measure a distance equal to gr. Now resolve this force into the 
comporents along BE and BC as shown, by completing the parallelo. 
gram. 


The component along BE 


=Component along BC 
= Force in BE or BC 
=49,600 kg. (compressive) (by scaling) 
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Simple Mechanical Properties 
of Metals 


From an engineering point of view, properties connected with 
metals are elasticity, plasticity, brittleness, malle:bility ard dueti- 
lity. Many of these properties are contrasting in their nature so 
that a given metal cannot exhibit simultaneously all these properties. 
For instance mild steel exhibits tre property of elasticity Copper 
possesses the property of ductility. Wrought iron is malleable, lead 
is plastic and cas! iron is brittle. 


When a ductile metal is subjected to a tensile test it is found 
that the tensile stress is proportional to the strain upto a certain 
limit. Slightly before reaching the proportionality limit the elasti- 
citv of the material will be just broken down. On further increasing 
the load, the material will wield or flow so that the material is in a 
semi plastic stage. Further increase of load will result in extensions 
which increase with time The ‘ncrease of load makes the strains 
to increase at a higher rate with the stresses until finally local 
stretch of the material occurs. This is marked by the formation 
of a waist. In this condition due to the considerable decrease in 
cross-section even a smaller load than the load at which the waste 
was formed, can produce further elongation. As elongation continues 
the sectional area cont:nues to become smaller <o that the load 
necessary to produce further extensions will be gradually reduced 
until fracture occurs 


$167. Tensile stress-strain diagram for mild steel 


Fig. 817 shows the stress strain diagram obtained for mild 
steel 

If the specimen is loaded 

axially the stress-strain dia- 

grarn is linear upto the point 

E A. The ratio of stress to stram 

i.e, Young’s Modulus for the 

linear portion OA is usually 

211x108 kg /cm* If the speci- 

men is strained beyond the 

point A, the stresses must be 

reduced almost suddenly to 

maintain equilibrium The 

0 reduction of stress AB occurs 

STRAIN © quickly and hence the exact 

Fig. 817 nature of the curve between. A 
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and B is unceiiain. Further straining continues at an almost constant 
stress along BC. From A to C the material is taken to yield. The 
point A is called the upper yield point and B is called the lower yield 
point. Beyond the point C, the material becomes a little hardened, 
and hence the stress again increases with strain. At D the stress 
reached is the greatest, based on the original sectional area of the 
specimen. The stress at D is caJled the ultimate stress. The stress 
falls from D to E and the specimen fails at the condition E. Wheno 
the ultimate stress is reached the waist just begins. 


Properties of some important engineering matertals are tabi- 
lated below - 
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Working stress 

This is the stress to which a material °s actually subjected to 
in a stressed condition. For the safety of members, certain stresses 
are specified as the permissible stresses. A member must be so 
designed that the stress on it is less than the permissible stress. 


Factor of safety 

It is necessary that the working stress should be well below 
the elastic limit and to achieve this condition the ultimate stress is 
divided by a factor called the ‘factor of safety’ to obtain the work:0g 
stress. 


Problem 490. A mild steel bar specimen of diameter 20 mm. 
4s subjected-to a tensile test. The bar was found to yield under a load 
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of 825 tonnes, and the specimen attained a maximum load of 15°50 
Nees and ultimately broke at a load of 7°25 tonnes. i 


Find (i) the tensile stress at the yield point 
(ii) the ultimate stress 


(iii) the average stress at the breaking point if the diameter 
of the neck is 10°75 mm. Gok . 


Solution. Original sectional area of the specimen:= “ (2)8 


= 3'142 cm? 
8°25 x 1000 frm 
Se ee 
= 2626 ke./em.4 


Ultimate stress means the nominal stress corresponding to the 
maximum load 


Tensile stress at yielding = 


155 x 100 


: eee eae of ey 
Ultimate stress 3143 kg./cm. 
= 4933 kg.fem.* 
Area of the specimen in the necked portion = . (1 075)? cm.” 
= (9076 cm.” 
Average stress at the breaking point 
09076 “BN 


= 7987 kg./em.? 


$168. Measurement of Ductility 


When a mild‘steel test bar is subjected to a tensile test, jt 1S 
observed that the elongation is practically distributed uniformly over 
the bar, till tue maximum load is reached. After reaching the 
maximum load the cross-section decreases due to local yielding at the 
yield point. 

Two tethods are in use to estimate the ductility of the material. 
The first method is based on the total elongation produced in the 
specimen while the second method is based on the total reduction tn 
sectional area. 


First method 


Let L=length of the test bar at fracture 
i=length of the test bar before application of stress, 


Percentage ctongation=(“7/x 100) 

Since local yielding occurs before the fracture of the specimen 
the percentage elongation depends on the length of the specimen. 
Suppose the test bar is marked off in centimetre divisions, the 
percentage elongation of 1 cm length in the fracture zone will be 
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very large. The effect of local yielding becomes less important if the 
length of the tes! bar is more. Hence it is really necessary to always 
specify the length of the test bar for which the percentage elongation 
has been computed. 


The following table shows the percentage elongations for 
different values of the original length of test specimens. 
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Tinal ' | $ 
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pee sow oe eee ar pare i : 

— i oe 
ercentage | Pe ee 
elongation | 80 ' 47°7 | 39 25 | 32°84 20°61 2870 {27420 2625 | 
‘ ' \ 





In the above results, the percentage elongation has been 
determined without taking into consideration tse sectional area of 
the specimen. ror specimens of differeat scctivnal area the percentage 
elongation may slighily vary. 


According to Prof. Unwin, for geometrically similar bars the 
results for percentage elongation are found to be comparable, 


Let /=original length of the specimen 
y=loca! extension 
x =total extension 
Then it is found 
x=p+zl 
where z is a coefficient. 
_ The local extension y is found'to depend on the area A of the 
Specimen such that, 
y=SVA where S is a coefficient. 
x=SVA +2l 
If the coefficients S and z are hnown it is possible to reasonably 
determine the elongation of another bar of the same meterial having 
different dimensions. The following problem illustrates this method. 
Problem 491. The following results refer toa tensile test bar 
(i) Diameter of test bar==22 mm. 
(ii) gauge length «x 20 cm. 
(iii) yield load =§°62 t. 
(iv) Maximum load om 12°90 t. 
(v) Load at the instant of failure= 10°95 t. 
(vi) Total elongation a 5°75 cm. 
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(vii) Elongation up to the point 
of maximum load = 4°56 cm. 
(viii) Area of the reduced section \__ : ? 
at fracture = 499 cm. 


From the above results find the results for a tensile test bar of 
the same inaterial 25 nm. diameter ant lS em. vauge length, giving 
the elongation percentave and foadart the instant of fracturc. ores 

Solution. Consider t.¢ 22 mm. diameter test bar 

Total extension=vV=S V4 +2l 

zl =elonga*ion up to the point of may. load =450 cm. and 
x=5'75 cm. 
= Syl 4 2x sl= 375-4 N= VIS om. 


on 
4 


Sectional area of the bar=A-= — (2°2)°==3°801 cm.- 


4 
1°25 
= - Te =0'64] 
V 3°8U1 
But zl=450 
. 450) 
a te Ry =() 225 


¢ 


Sree oe Soe 
yield stress = sgpj7 == 208 Hem, 


Till the maximum load is reached the elongation is uniform 
and the sectiona! area at maximum load can be determined from the 
relation, 
length Xsectional area at max. load =original length x original area 

(20-+-4'5) sectional area at max. load =20* 7801 

20 x 3°80 
Sectiona! area at max. load= ace =:3102 em ~ 


Max. load 

Max. stresS= -... - —— 

sectional area at max. load 
. 12 90 

~~ 37102 

= 4°159 t/em.? 
Percentage reduction in area 

3°80! aa [ "99 . ° 
= = 47°64% 

3°01 x 100 = 47°64% 


- them." 


mas am 10°95 = S'S 2 
Stress at sfailure= 99 5501 t/em. 
Summary of results 
S=0°641 
z=0'225 
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yield stress =2°268 t/cm.? 
Max. stress=4°159 t/emn:.2 
Percentage reduction in area = 47°64% 
stress at failure=5°501 t/cm.? 
Now consider the 25 mm. diameter bar. 
of the same material, the corresponding proper 


Since this bar is also 
be the same as given in the summary of results 


ties for this bar wil] 
above. 


Area of the second specimen= A= (2°5)?=4°908 cm.2 
Total extension=x=SV/ A +2 


= 0'6414+/ 4908 +-0°225 x 15 
= 1°420+3°375==4°795 cm. 


Percentage elongation eats x 100 


l 
4°795 
SCS x 100 
= 31°97%' 


yield load=yield stress x sectional area 
= 22°68 X4°908=11°12 t 
length of rod at max. load Xsectional area at max. load 
= Original length X original sectional area. 
.. Sectional area at max. load= Sea = 4'005 cm.” 
.. Max. load = Max. stress X sectional area at max. load 
=4°159 x 4°005=16'65 ft 
Percentage reduction in area= 47°64). 
Decrease in area of the section=0°4764 x 4908 cm.? 
=2°338 cm.” 
Sectional area at fracture # 4°908— 2°338 = 2°570 cm." 
Load at fracture=stress at fracture x area of fracture 
== 5°501 X2°570—=14°14 ¢ 
Second method of determining the ductility 
In this method the ductility is expressed in terms of the 
percentage reduction in area. 


Let A=area of the section before the application of the load 
A’ =area after elongation. 





Percentage reduction in area=( see x 100 \e% 
Hardness 


The hardness of a meterial is the resistance which it can offer 
to indentation by other bodies. 
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Tests om hardness may be classified into (i) Scratch tests 
(ii) Indentation tests. 


(i) Scratch test — 


This consists of pressing a loaded diamond into tke surface to 
be tested, and then pulling the diamond so asto make a scratch. 
Depending on the load required to make a scratch of a given width 
or depending on the width of the scratch made with a given load the 
hardness number is determined. 

(ii) Indentation test 


This test consists of pressing a body of a standard shape into 
the material whose hardness is to be tested. The hardness number 
is based on the hardness number of the Joad and the indent 
produced. 


Brinnell’s Method 


In this method a hardened steel ball of a given diameter is 
squeezed into the materia] to be tested, under a fixed load. Usually 
a load of 3000 kg. is applied and the steel ball has a7diameter of 
10 mm. 

Brinnell hardness number 


Load in kg. 


= Spherical area of indent in sg. mm. 
P 


Spee aoe 
Pi bgp 
where S=Standard load (kg.) 


D=Diameter of the steel ball (mm.) 
d= Diameter of indent (mm.) 


§169. Impact Testing 


For deciding the suitability of a material which is expected to 
resist repeated shocks, the ordinary static tensile test 1s not found 
Satisfactory. Testing machines have been devised so that a specimen 
can be subjected to a single shock or a number of repeated shocks. 
The energy required to break the specimen is taken as a measure of 
the resistance of the material against shock loading. 


The Izod testing machine 


This testing machine consists of a heavy pendulum which 18 
pivoted at the top two supporting A frames. The pendulum 
carries a pointer which moves over graduated scale graduated in 
kg. metre and fixed onthe top of the machine. The specimen 
will be made of square section 10 mm. side and is notched in one 
face. The notch is 2 mm. deep and has a radius of 0°25 mm. at the 
bottom. The specimen is firmly held in a vice and fastened to the 
base of the machine. 


The notch of the specimen should be at the top of jaw of the 
vice and facing the pendulum. Now the pendulum is raised so that 
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the energy stored is 
16% kgm. By using a 
trigeer the peadulum is 
released so that the pen- 
dulum_ while swinging 
will knock the specimen 
and break it. The 
residual energy in the 
pendulum is noted on 
the graduated scale. The 
difference between the 
initial and the finai 
energy represents the 
energy required to break 
the specimen. ’ 
S170. Fatigue of Metals 
sometimes we 
come across members 
which are subjected to 
loads which vary con- 
tinuously fiom = one 
mugnituce to another. 
Sometimes a member 
may be subjected to even 
a reversible loading, 7.c., 
the member may be subjected to repeated tensile and compressive 
stresses. It is found that members subjected to such repeated stresses 
fail at stresses lower than the ultimate stresses determined by static 
tests. This property of metals is called fatigue of metals. 


According to Wohler’s experiments the following ccnclusions 
have been arrived : 


(i) Reversed stresses of magnitude Jess than the static breaking 
Stress may cause failure if repeated a sufficient number of times. 

(ii) When subjected to fluctuating stress the resistance to frac- 
ture depends upon the range of stress within certain limits. 

It is also found that within a certain range of stress the number 
of cycles of fluctuations of stress required to cause failure becomes 
infinite. This range is called the Limifing range of stress or the 
endurance limit. 
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Elements of Reinforced Concrete 


General principles of design. Fig. 819 w 
sho's two bars made of concrete and steel hav- 
ing the sarje length £ and cross-sectional area 
A. Let the two members be subjected io a total 
load W. Let Ws and W- be the loads transferred 
to the steel and concrete members Let Fs and 
E. be the Young’s moduli for steel and concicic 
respectively, 


Since the change in Jength of ¢ :h member 
will be the same, we have, 


Strain in conercte---strain in stec! 





Wo Ws 
Ake AE. 
Mt We 
"AB. Abs Fig, 819 
W 


” ACB +-Es) 
Stress in steel 


_ pe We Bs We 
A E A 
Stress in concrete 
_ We 
oot 
pt 
Ee 
Es 
t==mic where m= Ek 
This ratio is called the modular ratio between stecl anc 
c 
concrete. 
Suppose the modular ratio equals 18. 
We have, 


Stress in steel= 18 x stress in concrete 
923 
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Load on steel =W;s= ELE. W 
Es 
Ec 
= 7 Es W 
aE 
eee 
m-+ 1 
If m= 18, 
_.18 
Wis i9 W 
; 1 
ee Wom 5 W 


Hence, we find that the steel member is subjected to a greater 
load than concrete. Hence, steel when provided in combination with 
concrete will be very useful in sharing a considerable part of the load 
on the member of composite section. 


$171. Assumptions 


The analysis and design of a reinforced concrete member sub- 
jected to bending are based on the following assumptions : 


(a) Plane sections transverse to the centre line of a member 
before bending remain plane sections after bending. 


_ , (b) Elastic modulus for concrete has the same value within the 
limits of deformation of the member. 


_ _ (ce) Elastic modulus for steel has the same value within the 
limits of deformation of the member. 


___ (d) The reinforcement does not slip from the concrete surround- 
ing it. 
(e) Tension is borne entirely by steel. 


(f) The steel is free from initial stresses when embedded in 
concrete. 


(g) There is no resultant thrust on any transverse section ot 
the member. 


Of the above assumpuvuns, the assumption that plane sections 
transverse to the centre line of a member, before bending remain 
plane after bending may require further clarification. 


Fig. 820 (a) shows a beam subjected to an external loading. 
Consider sections AB, CD, EF, GH, IJ, etc., which are at right angles 
to the centre line of the member. After the beam bends, the various 
fibres are subjected to deformations of such amounts that these 
planes respectively occupy the positions 41B,, C1 D1, Fifi, Gi, J, 
etc. This is illustrated in Fig. 820 (5). : 


Fig. 821 (a) shows a simply supported singly reinforced beam. 
Consider two sections AB and CD unit distance apart. Let the beam 
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je 


be subjected to an external loiding. Let 4,C, be the length of the 
topmost fibre. | 


Let BeC2 be the length of a fibre of concrete at the level bf the 
reinforcement. 
We have strain in concrete in the .op fibre 
=AC— AC; = er 





BO, 
Fiz. 821 ; 

Similarly, strain in concrete 
just surrounding the steel 

=e B,D -~ BD = e: 

Since, there is no slip bet- 
win steel and the concrete sur- 
tounding it, the strain in steel 
4 also equal to ee 

.. Stress in steel 





Fig 822 t=- Eee, = mEve. 
Stress in concrete surrounding stev! 
saz C1 > faci ee FE. ‘ * 
Es 
i 
Ci= 
m 


_ Fig. 822 shows the stress distribution in concrete across the 
section of the beam. 
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$172. Neutral axis. The neutral axis for a beam section is the 
line of intersection of the neutral layer with the beam section. 


Phis is a straight line dividing cross-section into tensien and 
compression zones One of the basic assumptions made in the anaiysis 
of reinforced concre:e. beams is that the tension is borne completely 
by steel. Hence, it is important to note that in determining the 
neutral axis, the concrete in the tension zone should not be taken into 
account The tension should be considercd as resisted by the steel. 
If the area of the rcinforcement is Ae and the tensile stress in the re- 
inforcement is f, the total tension resisted 

== T= Ait 
=A:mC: 
=(mAt)Ce 

Hence, a reinforcement of area A: can be regarded as equivalent 
to an area imAe) of concerte. Let 6 and dbe the breadth and effective 
depth of the beam section. (Effective depth is the depth from the 
compression edge to the centre of tensile reinforcement). Let n be 
the depth of neutral axis. 


One of the assumptions in the analysis is that there is no 
resultant thrust on the section 


ie., Total compression = Total tension 
.. Compression arca x average compressive stress 
=area of tensile reinforcement X stress in steel 





5 20 26. (25 30 35 30 
STRESS Rav g (aia) 


rig. 823 
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ee 
bn ~~ = Att i) 


Further, by the georetry of the stess diagram (Fig. 822) we 
have, 


eee Cc <S " i 
Equating the moments «f areas of compression and tension 
zones about the neutral axis, we have, 


Bae 
3 = =m 4: (d--n) .. Git) 


Besides the above resuits, the following result will be found 
interesting, 


we have, 
¢ — n 
(t/m) d-n 
win 
t d-n 
: bes HI oe IE) 
Putting ae eae 
: md -- mn-=nr 
n(m-+r)=md .. div) 
n=| Ue |e 
~Lom+r 
Putting n=mnd, 
We have, eee Ay 
e€ ny my r} 
With m=18, we have 
aes 18 
118+ 


Fig. $23 shows the values of m for various values of r 
Alternative expression for n 





ny ete ic a 
m+r pone 
c 
; mce+t 
$173. Lever arm ne 


This is the distance between the point of application of the 
resultant compression and the point of application of the resultant 
tersi'n. The point of application of the resultant compression is at 
the evel of the centroid of the compressive stress diagram, i.e, ata 


depth of a from the compression edge. But, the resultant tension 
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is ut the level of the reinforcement since the tensile resistance of 
concrete is ignored. 


Lever arm=a=d——> ...(vii) 


Sometimes the lever arm is expressed as the product of a co- 
efficient a, and the effective depth. 


a=aid 
But a=d— = 
ad=d— : 
eas 1 on 
3 d 
a=1— a ...(viia) 


§174. Moment of resistance 
This is the resisting moment offered by a beam section to 
resist the bending moment at the section. 


Moment of resistance 
==total compression or total tension x lever arm 


M.R.= bn, ( d—- ms (viii) 


M.R. =: 4ut( d— | .. Cx) 


ee! 


Sometimes the moment of resistance is put in another form. 


Cc _ ia 
M.R.= Me=édn, ( d 3 } 


Put n=md 
M=b mds ( a- "3% } 
M-=-} nif Jeo 
Ss M=O bil? 
where O=4n ( eas )e 


§175. Balanced or economic or critical sections 

A section may be reinforced with such an amount of steel, that 
when the most distant concrete fibre in the compression zone reaches 
the allowable stress in compression, the tensile stress in the reinforce. 
ment reaches the allowable stress in steel. For instance, if the allow- 
able stresses in concrete and steel are 50 kg./cm.* and 1400 kg./cm?., 


BLEMENTS O. kEINFORCED CONCRETE 
respectively, then the section is so much reinforced that when the 
extreme Compressive gtress in concrete reaches 50 kg.icm *, the tensile 
3 i » ; ie ; 
stress in steel reaches 1400 kg.fem.*_ A section reinforced to satisfy 
this Oe is called a balanced or economic or critical section 
The neutral axis corresponding to this condition j ‘critical 
ifton ts called the eritic 
neutral axis. ee 
Let ac be the depth of critical neutral axis. 


Moment of resistance of 
C:50kqrer the section 


= ye =MR.-ban, © ( ie 
Pe 2 3 
ite of or, 
="M.LR = Ar ( d~— 


cand ¢ shall be taken at 
the allowable values 





Fig. 824 
Oe mtr 
Taking ¢=50 kg.fem.4, t= 1400 kg pom® and m = 18. 
_ t _ 400 | 
Te 50 “e 
eT ee 
ny = 


“18+28 46 23 
Lever arm factor 


ied a 
= (eee eee 
==] (43 0°87 


Lever arm=a=0'87 d 


M.R. == dnc ( a-" ) 


Z : 
Oe ole. 
=> 1x7 x87 d 
oy ee 
aoe M.R. =8°50 bd? 
If M R.=@ bd’, Q~=8'50 
Also, 
Total compression= total tension 
bic ; “Ait 
9 50 oe 
bx 54 dx A: x 1400 
At — 9-00699 


a bd 
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vs A =0°699") of bd 


The values of m, a and Q for various working stresses are 
given in the table with modular ratio m= 18. (See page 930). 


§176. Unbalanced section 


If the steel reinforcement provided is more or Jess than what 
is required for a balanced section, the section is termed an unbalanc- 
ed section. Unbalanced sections may be further classified into under- 
reinforced and over-rcinforced sections. 


$177. Under-reinforced section 


This is a section such that the amount of steel provided 1s less 
than what is required for a balanced section. Hence if the stress in 
steel just reaches. the 
allowable stress, the cor- 
responding extreme com- ‘ 
pressive stress im conerele Coy _— _ C< 50kgka’ 
will be less than its allow- fF [~~] 
able limit. Suppose the n 
allowable stresses in con- ae 
crete and steel are 50 kg./ i a0 - 
em.” and 1400 kg./cem.- and | : 
m=18. For the under- a = 
reinforced section, when 
the stress in steeel just Fig 874 
reaches 1400 kg/cm." the 
corresponding stress in concrete will be less than 50 ke./em.? (Fig. 
825). The depth « of the actual neutral axis is less than the depth ne 
of the criticai neutral axis The moment of resistance of the under- 
reinforced section will be Jess than that of the balanced section. 


The moment of resistance ts given by 
; n 
Ni.R. = Aut d-—- = \ 
3 

the stress ¢ being taken at the allowable stress for steel. 
$178. Over-reinforeed section 

This is a section such that the amount of steel provided 1s more 
than what is required for a balanced section Hence, when the stress 
in concrete reaches us allow- 


<—_ ~@ -@-@ —@- 


able limit, the corresponding : ’ 
stress in steel will be less eee -= see SorgEm 
than its allowable limit Sup- ( ] | 

€ 






pose the allowable stresses in 
concrete and steel are 50) Nek rh eter 


pA 
kgJem2 and 1400 Ag fem." a Se 


pate hee, 
and m=<=1t8. For the over- 
reinforced section, when the 
stress in concrete reaches 
50 kg /em.2, the correspond- Fig. 826 
ing stress in steel will be less 


> eco f-i- mw i EP 
ee ee a 
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than 1490 kg./cm. (Fig. 826). The depth» of the actual neutra} 
axis in this case will be greater than the depth n of the critica} 
neutral axis. The moment of resistance of the over-reinforced section 
will be greater than that of the balanced section. The moment cf 
resistance is given by 


epee alee lee 
M.R. in (a =) 


the stress c being taken at the allowable stress for concrete. 
§179. Types of Problems 

In singly reinforced sections we come across the following types 
of problems : 


Type A. Data: Dimensions of the scction, permissible stress 
in concrete and steel and modular ratio. 


Required : Moment of resistance of the section. 
This type of problem may be solved as follows: 


(i) First determine the position of actual neutral axis by 
equating the moment of concrete area in compression about the 
neutral axis to the moment of equivalent tension area about the 
neutral axis 


i.e., use the relation, 
om =:mA(d—n) and find n. 


(it) Find the position of critica) neutral axis, corresponding to 
the given safe stresses in concrete and steel 


(iii) Ascertain whether the section 1s under-reinforced or over- 
reinforced. If the actual neutral axis lies above the critical neutral 
axis, the section is under-reinforced. But, if the actual neutcal axis 
is below the critical neutral axis, the section is over-reinforced. 


(iv) If the section is over-reinforced concrete attains the maxi- 
mum stress earlier than steel, and the moment of resistance is given 


by 
c n 
M.R.=br-s (4-2) 
Taking -c™permissible stress in concrete 
and n=depth of actual neutral axis. 


If the section is under-reinforced, steel attains the maximum 
stress earlier than concrete, and the moment of resistance is given by 


M R= Atl d-2 ) 


Taking t= permissible stress in steel 
and n=depth of actual neutral axis 
Type B. Data: Dimensions of the section, Area of reinforce- 


ment, Bending moment M and modular 
ratio. 
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_ Required : Stresses in concrete and steel. 
This type of problem may be solved as follows : 


(i) Determine the position of the actual neutral axis. 


_ (ii) Find the stress in concrete by equating the moment ot 
resistance to the given bending moment 


I.e., use the relation, 


bn a qos )=m and find c. 


2 3 
(iii) Find the stress in steel from the relation, 
me n 
t  d-n 


Type C. Data: Permissible stresses is concrete and steel 
Bending moment M and modular ratio. 


Required : To design the section. 
This type of problem may be solved as ;follows - 
(7) Determine the depth of critical neutrai axis in terms of the 
effective depth d 
i.e., use the relation 
Cc Ne 
tlm se d— rte 
(ii) Choose a convenient width 5. By equating the moment of 
resistance to the given bending moment find the effective depth 


i.e., use the relation, bn- a ( d— oy )=m and find d. 


(iii) Find the areu of steel by equating the total compression 
on the beam section to the total tension on the beam section. 
ie., use che relation, 


and find ne in terms of d. 


brie ; = Art and find A:. 


The following probiems illustrate the above types of problems. 


Problem 492. 4 reinforced cunc-ete beam section of width b and 
effective depth d is reinforced on the tensiun side only. If the allow- 
able stresses in concrete und stcel are SO kg.icem4 and 1400 kg.fom.? 
and m=-18. determine for a balanced section (i) the depth of neutral 
axis, (ii) the moment of resistance and (iii) the percentage of steel 
reinforcement. 


Solution. Sieei ratio 


a t 1400 __ 53 
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wd Oe 
~ 18+28 
d 


d 
peed 
‘23 

Cc Mec 
M.R. = bane > ( a— 3 ) 
9 50 3 
py ax a( ea a] 
M.R.=8°50 bd? 
Total tension=Total compression 


Att = bre : 


9 
Ai X 1400=b x oY dx 


At : 
hd = 0°00699 


Percentage of steel reinforcement 
=()'699%,. 
Problem 493. The cross-section of u singly reinforced concret: 
beam is 30 cm. wide and 40cm. deep to the centre of the reinforce 
ment which consists of four bars of 14 mm. dia. Uf the Stresses in 
concrete and steelare not to exceed 50 ke [em.* and 1400 kg ;cm*, 
determine the moment of resistance of the section. Take m= 18. 
Solution. See Fig. 827. 
A:=4xX 1°54=6°16 cm.” T 


=bhX 


50 
2 


306M. — 





Position of actual neutral axis Equating 
moments of compression and equivalent tension —j 


zones about the actual neutral axis, we have 40cm | 
30n? ; | 
=-5~- = 18 X 6°16 (40—n) 
n?-+6'16n—246'4=0 
n= 13°89 cms. 
For a balanced section, Fig. 827 


: t 1400 
Steel ratio=r= Serre ee 28 
Depth of eritical neutral axis 
rr 
m+r 
18 
~ 18+28 





=fe == 


~ X40 cm. 
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=15°€5 cm. 
But n=13°89 cm. 
Hence n<ne 


oe The section is under-reinforced and steel will attain the 
maximum stress earlier to concrete 


M.R.=A: t ( Ae a) 


616 x 1400 ( 40— oe ) ky. cm. 


I 


. 


= 305030 kg. cm. 


Problem 494 (S.1). The cross-section of a singly reinforced 
concrete beam is 30. cm. wide and 40 cm. deep to ihe centre of the 
reinforcement which consists of 4 bars of 14 mm. diameter. If the 
stresses in concrete and steel are not to excced S N/mm? and 
I 40 Dae determine the moment of resistance of the section. Take 


Solution. 
Ac =a yr ae= 6°16 cm2 


Position of actual neutral axis. Equating moments of com- 
pression and equivalent tension zones about the neutral axis, we 
have, 

30 n° 
= = 18 K 616 (40--71) 


n?-+ 7392 n—-295 7=0 
n== 13°89 cm, 
For a balanced section, 
140 
— 


3 t 
Steel ratlio=r= = = 28 


Depth of critical neutral axis, 


=] ( c i 
= He os Pe { 
m+r 


48 2 
—\ he ~40=- L565 cm. 


Hence N<o Ne 


- The section is under reinforced and steel attains its maximum 
stress earlier to concrete. 


M.R.=Att ( a—-2-) 


=6'16 x 14000 (4 = pS. \n cm, 


= 3050310 N cm. 
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Problem 495. A singly reinforced concrete beam 25 cm. wide and 
40 cm. deep to the centre os tensile reinforcement has a_ span of 5 
metres and carries a total uniformly distributed load of 1250 kg. per 
metre including its weight. The stresses in concrete and steel are not 
to exceed 50 kg./cm.* and 1400 kg./cm.* respectively. Find the stec} 
reinforcement necessary. Take m=18. 


Solution. Total load per metre 


= 1060 kg./m. 
Span == 5 metres 
Maximum bending moment 
2 
M= tee Ko x 100 kg. em. 


=390625 kg. cm. 
M.R.= Qbd*= Q x 25 x 402 =390625 kz. cm. 








390652 
O=~95x 1600 ~9 77 
ia M=9'77 bd? 
If the section h-d been a balanced section, 
m 18 
ner a ae 
50 
Balanced M.R. 
=5x0'39 dx > ( d— CBee. } 
2 3 
== 8°50 bd? 


Since the moment of resistance of the beam has to be greater 
than that .of the balanced section, the bear is to be over-reinforced. 
Concrete attains its maximum stress earlier to steel. 

: c= 50 kg./cm.” 


M.R. of the beam 
Cc n 
= nt a—+_| 


=25 nx > ( 40-2. )=390625 kg cm. 


2 
n ( 40-5 | 
390625 
or ¥6355 ee 
1 one 
40 n—-3— = 625 


n2—120 n+1875=0 
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Solving, 
we get n=18 46 cm. 
Stress in steel is given bv 

mc n 

t  d=n 

18x50 18°46 
t  40—-18°46 
no 54 ees 


= 1050 kg frm 
Total compression =Total tension 


bn =Ar.t 


25x 18°46 >) Ar x 1050 


25% 18 46 x 50 
A FO ree: 
2X 1050 
= 10°98 em. 
Problem 496 (SI). A singly remforced concrete beam 25 em. 
wide and 40 cm deep to the centre of the tensile reinforcement has a 
span of 5 metres and carries a total uniformly distributed load of 
12500 Newtons/metre inclhiding its weight. The stresses in concrete 
and steel are not to exceed 5 Nimm? and 140 N/[n.m® respectively. Find 
the steel reinforcement necessary. Take m-- 18. 


Solution. Total load per metre =12500 Newtons/metre 
Span =5 meires 


12500 x 5? 
Maximum bending moment ==M-- g Nm. 
= 390625 Nm. 


= 39116250 Nem. 
M.R.== Qbd2= O25 - 402 = 3906250 N em. 


oe Q-.97T7 
If the section had been a balanced section, 
m Ix 9 


Me mde WKE1GO 23 


Bee SUN ae eta teins 
Balanced M.R.~-bX 4, 4%", ( d—~sa- d |= 85 hd 


But the M.R. of the given beam section = 97°7 bd? 
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Since the moment of resistance of the beam has to be greater 
than that of the balanced section, the beam is to be over reinforced, 
Hence concrete attains its maximum stress earlier to steel. 


Hence =§ N/cm* =500 N/mm.” 
M R. of the beam section 


te eeeC le cae eat. 
mm (a a) 


=25n x el 40-2 } = 3906250 N cm. 


n®—120n+1875=0 
Solving, we get n= 18°46 cm. 
Stress in steel is given by, 
mec n 
tt d—-n 
18x 500-1846 
t ~ 40— 18°46 
: t= 10500 N/cm.* 
Total compression= Total tension 


bn zat t 
25 x 18°46 x ee ** 10500 


fp 25% 1846 «500 
2 10500 
= 1/098 cm. 

Problem 497. 4 reinforced concrete bcam 30 cm. wide by 60 cm. 
total depth has a span of 6 metrcs Find the neeessary tension rein- 
forcement at the mid span to enable the beam to carry a load of 880 
kg./m. in addition to its own weight. 

Concrete cover below the steel centre 

== FS cpg, 
Weight of R.C C. 

== 2400 ke iem3 
Allowable stress in steel 

= 1400 kg tem * 
Allowable stress in concrete 

==50 kgJem.* 

Modular ratio m= /1& 

Solution. Dead load per metre length 
=03 x0°6 X 1 x 2400=: 422 kg./m 
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Superimposed load on the beam == 800 kg. /rit. 
Total load per metre = 1232 kg.Jm. 
Maximum bending moment 
1232 x6" 
=M= 8 X100 Ag. em. 


= 554,400 kg. cm. 
Let the M.R. of the beam be Qhd? 
Obd? = 0 x 30 x 56 $2 = 554400 


_ 554400 
30 x 56 52 

O=-579 
ae M-=:5°79 bd- 
For a balanced section, 
with cx 50 kg.fem.? 

r= 1400 kg icm.* 
and m= 18 
M.R. of the balanced section --$ 5 bd? 


But the M.R. of the given beam = 3°79 bd* 

Since the M.R. of the beam is fess than the M.R. of rhe balane- 
ed section, the beam should be designed as an urder-reinforced 
beam. Steel] attains its maximuin stress earher to concrete 

t-- 1400 a8 fom 


Corresponding stress in concrete 1s g:ven by 
nic i 
“t d-n 
: n 
cm oa 
1400 
ee ay 
Effective depth = §6 Sci, 
L400 ul 
"18 865 Hn 


M.R.:=bn 5 | d- . | 


1400 n (5 5 no 
= a 46°S-- = 55 , . 
on 2x18 56°5-—n ‘ 3 954,400 kg cn 


2 ee 
| 565-5 ) 554,400 x 36 


ee erent ee ote 


ae 56°5—n 30 x 1400 
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nn? ( 56°5— 7) 
me =475°2 
Solving the above equation by trial and error, 
we get n=18°88 cm 
1400 18°88 
Se ee i 2 
c="Ty X 56 5—188g KE lem. 
==39 kg /cm.* 
Total compression =Total tension 
bn ==Art 
39 
30 x 18°88 x “9 =A:rx 1400 
ae URIS O88 3? ae 
=""1400 QO 
=7°89 cm? 


Problem 498 (SI). A reinforced concrete beam 30 cm. wide and 
60 cm. deep has a span of 6 metres Find the necessary tenston 
reinforcement at mid span to enable the beam to carry a load of 
8000 Newtons per metre in addition to its own weight. 


Concrete cover below the steel centre=3'5 cm. 


Weight of R.C.C. = 25000 N/metre® 
Allowable stress in steel = 140 N/mm.? 
Allowable stress in concrete = 5 N/mm.* 
Modular ratio =m=18 

Solution. 

Dead load of beam =0°3x0°6 X1 x 25000=4500 N/m 
Superimposed Icad = 8000 N/m 





Total =12500 N/m 


Maximym bending moment 
2 
=u in 6° 5<100 N em. 
= 5625000 N cm. 
Let the M.R. of the beam section be Q ./? 
QO X30 x 56° 5* = 5625000 
O=5877 
M.R.=58°7 bd? N ecm. 
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For a balanced section, 


with c=5 Nimm.4= S00 Nien 
t=140 N,mm.2= 34000 Niem,? 
and m-=18 
M.R. of the balanced section 
=85 dd" N cm. 


Since the M.R. of the given beam section is less than the M R. 
of the balanced section, the beam should be vesigued as an wader 
reinforced beam. Steel attains its maximuni stress earlier to concrete. 


t=--14000 Nem. 


BIG me Ee 
i dn 
noe n—- 14000 n 
er den WB 565 
ee 14900 és n 
Toe LS 56°5—n 
M.P.-=hn c.f Ea 
14000 n ( n 
-30nx De ee ete 
WSIS Sh Son ml 
=: *625000 
ne 56 5— ; 
oa a 48? 14 
56 4--n 8 
Solving by trial and errors, we get 
n=18°99 cm. 
14000 1389 


C= 18 * (56°5—18°99) 
393°8 Nicm.* 
Total compression =- Total tension 
ony = A: ft 
“30% 18°99 x 2 _- Ae X 14000 
4, 0 X1899 | 3938 
‘= “T4000  * 2 
=8'01 em*. 
Problem 499. The moment of resistance of a rectangular singly 


reinforced beam of width b cm. and effective depth d cm. is 10 bd? 
kg.cm. If the stressses in the outside fibre of the concrete and in steel 


942 STRENGTH OF MATERIALS 


do not exceed 50 kg.Jem and 1400 kg./cm.* respectively and the 
modular ratio equals 18, determine the ratio of the depth of neutral 
axis from the extreme compression fibres to the effective depth of the 


beam and the ratio of the area of the tensile steel to the effective area 
of the beam. 


Solution. 


For a balanced section, with c=50 kg./cem.2, t=1400 kg./em2 
and m=18, the M.R. of the section = M=8'50 b./?. 


But the M R. of the given beam =10 bd2. Since the M.R. of 
the given beam 13 greater than the M.R. of the balanced section, the 


beam should be over-reinfurced Hence concrete attains its maximum 
stress earlier to steel. 


Let n=actual depth of neutral axis 
n 
ae 
apes pce Vea 9 
M.R. bn ( d i } 10 bd 


. bmd x + ( d— nd) 10 bd? 


3 
2 
n— ~ =()'4 


ny?—3m1+ 1°2=0 
Solving, we get m=0°476 
Stress in steel is given by, 


mc n md ny 


em 


re 


t  d—-n d-nd 1-n 
t=mc ae 18 x 50 x 0 ~0°476) fem? 


0°476 
= 769 ke./cm.2 
Total compression = Total tension 


bn = Aa.t 
‘ 50 
bx 0°476d x , =: At x 769 
At 0476x25 |. 
bd = a7 7 0155. 


Problem 500 (SI). The moment of resistance of a rectangular 
singly reinforced concrete beam section of width b cm. and effective 
depth d cm. is 100 bd® Newton centimetre. If the stresses in the out- 
side fibres of concrete and steel do not exceed 5 N/mm." and 140 
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N/mm.2 respectively and the modular ratio cquals 18, determine the 
ratio of the depth of neutral axis trom the extreme compression fibres 
to the effective depth of the beam and the ratio of the areca of the wensile 
steel to the effective area of the beam. 


Solution. For a balanced section with ce ~-5 N/mim?2=500 
Nicm.?, t=140 N/mm.? = 14009 N/om? and m=-18, the MR. of the 
beam section = M=85 bd? V cm. 


But, the M.R. of the given beam section is 100 bd* N cm. 
Since the M.R of the given beam section is greater than the M.R. 
of the balanced section, the beam should be over-reinforced 


Hence, 
concrete attains its maximum stress earlier tO steel. 


Let a=depth of actual neutral axis 
Let : = Ny 
C n 
M.R.=5n &( d 3 ) 
= 100 hd? 
b mdx ( — me )=100 bd? 
m| Ea )=0r4 
ny —3m+12=6 
Solving we get m=0 476, 
Stress in steel is given by, 
me mo omd om 
t d-n d-md \-n 
(ane eh 
1—0°476 
=18.500/| 0°476 
=9907 N/cimn.? 
Total compression= Total tension 
bn 5 =Ait 


bx0'476d x Se = Ar» 9907 


Ay 0°476 « 250 


= 012 


Problem 501. The moment of resistance of a singly reinforced 
rectangular reinforced concrete beam of breadth b cm. and effective 
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depth d cm. 6 bd® kg. cin. If the stresses in the extreme fibre of con- 
crete and in steel do not exceed 50 kg{cm.2 and 1400 kg.J/em2 
respectively and the modular ratio equals 18, determine the ratio of 
the depth of neutral axis from the outside compression fibres to the 
effective depth of the beam and the ratio of the area of the tensile steel 
to the effective area of the beam. 


Solation For a balanced section, with e=50 kg./em.*, t= 1400 
kg./cm.? and m= 18, the moment of resistance of the balanced section 
=8°5 bd? 
But the M.R. of the given beam is only 6 bd?. 


Since the M.R_ of the given beam is less than the M.R. of the 
balanced section, the beam section should be under-reinforced. Hence 
steel attains the maximum stress earlier to concrete. 


Hence t= 1400 kg /cem.* 
Corresponding maximum stress in concrete is given by, 
BO 7 attics 
1400 da 
ie. 1400 n 
~ 48 ° d-n 
Let n=1d 
x 14000 ma 
~ 18 ° d—md 
_ 1400 (- ny 
a 18 |l—n, / 
py, & Bee Vie 2 
M.R. bn ( 3 6 bi 
1400 nm )( md : - 
ee —_—— — ~~ }=6 bd* 
b md, al oe d 3 


Bae 
mi( 1 “. 6xX2x 18 


—m — 


“lI—m ~~ 1400 
m>| i- a | 
=(0°154 
I—n 
Solving the above equation by trial and error, we get 
ny =0°34 
. n=0°34 d 
14nn 0°34 9 
2c C=: 12034 kg |cm. 


= 40 kg./cm. 
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Total compression =Total tension 
C 
bn-> = Ait 


b x0'34dx%) — Asx 1400 
As _ 0°34 20 


bd ~~ ~—-1400 

Problem 502. A reinforced concrete slab has an overall depth of 

10 cm., the effective cover to the centre of the reinforcement being 2 cm. 

If the stresses in concrete and steel are not tuexceed 50 kg fem." and 

1400 kg |cm.", find the safe uniformly distributed load which can be 

laced on the slab. The slab is supported on beams spaced at 5 metres 

centres. Find also the spacing of 10 mm. diameter bars to resist the 

maximum bending moment. The maximum bending moment for a one 
wi? 

metre wide strip of the slab be taken as —> kg. m. where w is the 


=0°00486 


load on the slab in kg. per metre® and | is the spacing of the beams in 
metres. Take m=I6. 


Solution. Corresponding to 


c=50 kg./com.* 
t= 1400 kg fem.” 
and m=18 
For the balanced section, 
M.R.=8 5 bd? 


and the lever arm a=0'87 d. 
Hence the moment of resistance offered by the balanced section 
per metre width 

=8°5 x 100 x (10—2)2 kg. cm. 

= 54,400 kg. cm. 
Let the safe distributed load on the slab be w kg./metre?®. 
Maximum bending moment for a | metre wide strip 

wl2 wx3? 


= = Tg % 100 kg. cm. 


_ Equating the maximum bending moment to the moment of 
resistance, we get, 
2 
wx = x 100 =54400 
54400 x 12 
os Ws: 9x 100 
= 725'3 kg./metre?. 


The above load is the total load on the slab including the weight 
of the slab also, 


kg./metre* 
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Dead load of the slab per square metre 


=1X in x 2400=240 kg./metre® 
Net external load which the slab can support 
= 725'3—240=485'3 kg./metre* 
Area of steel Ate x 
sf AMO) od ag 
="1400x0°87x8 °”" 
=5'58 cm? 
Spacing of 10 mm. diameter bars 
B area of | bar x 100 
Total area of steel per metre width 
0°79 x 100 
«5°58 
= 14°2 em. 
Hence, let us provide 10 mm. diameter bars at 14 cm. centres. 
$180. Effect of varying the steel ratio on the depth of neutral axis and 
the moment of resistance 
For this discussion let us consider M7 150 grade of concrete. 
Permissible compressive stress in concrete 
= 50 kg./cm.? 
Permissible tensile stress in steel 
= 1400 kg./cm.? 
Modular ratio =18 
For a balanced section depth of the neutral axis is given by 
mo on 
t d—n 
18x50 on 
a 1400 d—n 





Lever arm 2eege, aa 0 20e 


=0°87 d 


Moment of resistance=M.R.=3 n +-( * a ; } 


= bX 0°39 dx 2e- x 0°87 a 
=8°5 bd? 
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= 0 bd? where O=8 50 
Total tension =Total compression 


AiXt =bn- 


At'X 1400 =b x 0°39dx -~ 


2 emer O, A x25 
=0°00696 
Percentage of steel=100 p=0°696% 


Now for all values of n less than 0°39 d the corresponding 
values of the lever arm a, 100 p and the M.R. are tabulated in the 
following table (page 948). For this range in tbe value of n the 
section will be an under-reinforced section. The moment of resistance 
should therefore be estimated corresponding to the maximum tensile 
stress in steel. 


Now let us consider a further range of values of a from 0°39 d 
toO07d. These sections are over-reinforced sections and hence for 
these section the moment of resistance should be computed corres- 
ponding to the condition of maximum stress in concrete. The values 
of a, 100 p and the moment of resistance for various values of n are 
tabulated. 


It is worthy to note : 


(i) As the percentage of steel increases the depth of neutral 
axis n also increases. 


as VARIATION OF MOMENT OF RESISTANCE WITH a 
1-0 RESPECT 0 THE - OF REINFORCEMENT - 

mae sak mses 
FEE 

aaa pamela ‘ = 


7-0 7 YN ee eo 


ear f 


Sty oe 


ale CSE 


20. 
1Ot- 
CO! 02 03 04 05 06 07 OB OF9 FO FI £2 £9 O15 WOOT 
PERCENTAGE OF STEEL *100 P 
0:50 ngfem® ¢:1400 kgfcm* AND mxIB 


Fig. 828 
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Properties of Under-reinforced Sections 
m=18 Stress in Steel= 1400 kg./cm.2 
Caancrr ee er eS TST SOD Ae cscs 
| Percentage Safe Moment Mf 


Lever arm of steel of Resistance O= bd? 
a 100 p M=p bd ta 


0°03 





Properties of Over-reinforced Sections 
m= 18. Stress in Concrete=50 kg./cm.? 

















Safe Moment 
Percentage of Resistance Daan 
a of steel i bd? 
100 p M =ba-> a 








0°39 d | vem 0870 d | 9 2 | 8°50 bd? | 8°50 

0°45 d | osso@ 0°850 d | 1°02 re | ose 9°56 bd? | 9° 56 

0°50 d | 0°833 a | re | wa 2 10°41 bd? | ees, 

0°55 d | 0817 d ba 7 | 11°23 ba? ih i: ae 

0°60 d . | 0'800 d | 2 so | 12°00 bd? | 12°00 
ate @ as a 





0°70 d | 0°767 d | 4°54 - 13°42 bd? | 13°42 
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(ii) As the percentage of steel increases the lever arm de 
creases. 

(iii) The safe moment of resistance increases rapidly and 
somewhat uniformly as 100 p (percentage of steel) varies from 0 to 
0°69. For further increase in 100 p the safe moment of resistance 
increases at an appreciably slower rate. The critical point at which 
the change in rate of increase of moment of resistance occurs repre- 
sents the condition for a balanced section. Hence it is important to 
note that by providing more steel than the requirement of the 
balanced section though it is possible to increase the moment of 
resistance, it is uneconomical due to appreciably slower rate of 
increase of the moment of resistance. (See Fig. 828). 


S181. Doubly Reinforced Beams 


Beams reinforced with steel in compression and tension zones 
are called doubly reinforced beams. This type of beam will be 
found necessary when due to head room, appearance considera- 
tions the size of a beam is limited. The beam with its limited 
dimensions, if reinforced on the tension side, may not have enough 
moment of resistance to resist the bending moment. By increasing 
the steel only on the tension zone the moment of resistance cannot 
indefinitely be increased. Usually the moment of resistance can be 
increased by not more than 25% over the balanced moment of 
resistance, by makiag the section over-reinforced on the tension 
side Hence in order to further increase the moment of resistance 
of a section of limited dimensions, a doubly reinforced beam ts 
provided. Besides this a doubly reinforced beam is also used in the 
following circumstances : 

(i) The external live loads may alternate, i.e., may occur on 
either face of the member. 

Ex: A pile which is lifted in such a manner that the tension 
and compression zones may alternate. 

(ii) The loading may be eccentric and the eccentricity of the 
Inad may change from one side of the axis to another side. | 

(iii) The member may be subjected to a shock or impact or 
accidental! lateral thrust. 

Analysis of a doubly reinforced section 

Neutral axis. Fig 829 shows a 
doubly reinforced beam 5b cm wide 
and d cm deep to the centre of tensile 
reinforcement. 


Let A- and At be the areas of 
reinforcement in the compression and 
tension zones. 


Let n be the depth of neutral 
axis. 





Equating moments of areas on Pig. £29 
either side of the neutral axis, about the neutral axis, we have, 


one x mAAn— de)— AcAn —de)= mA(d— n) 


i a + (m—1)AAa—d-) =mAd—a) zaC)) 


If the stresses c and ¢, i.e., the stresses in concrete and tension 
reinforcement are known, we have 


mc = pels { AC 
t d—n @as 

It is very important to note in the cese of a singly reinforced 

beam of chosen dimensions, in order that the actual neutral axis ma, 


coincide with the critical neutral axis, there is a certain definite 
amount of steel required. 


But, in a doubly reinforced beam of chusen dimensions, the rein- 
forcements Ac and A: may be adjusted in an infinite number of ways so 
that the actual neutral axis and the critical neutral axis may coincide, 


Since total compression =Total tension, we have, 
C=T 


Bec bn 4-(m -i)Acc’s=4st betS) 


Stress in compression stecl Vf e° is ve stress in Coucrele at 
the level of the compression steel the stress in compression steel = mk 
n- 
But Ce Sit 


¢* 
» 


Stress in compression steele, - - 


Moment of resistance 


This is computed by taking moments of the compressive forces 
about i: centre of gravity of the tension reinforcement. 


eo ee Gee ree Vie aera eee aa 4) 
M.R.= La ) ( 3) Gn 1} 4. ¢' (d -d.) A) 


$182. Types of Problems 
The foliowing are the types of problems we come across in the 
analysis of doubly reinforced sections. 
‘ : ~ : 
Type 1 Data : Over.!! section, Ae. A an:t the vorking stresses 
can. 
Required : Mou:ent of resistance. 


Solution. The position of the actual neutral axis first deter- 
mined (see Fg. 13. The pesition of the critical neutral axis is founc 
from Eq (2) with the given values of the working stresses c and fr. If 
the depih of actua! neutral axis is greater than the depth of ciritical 
neutral axis, concrete will attain its maximum stress earlier. Henc- 


the M.R. is worked out from Eq. (4) taking c at the given working 
n—de 





stress. c should be taken as Cc. 


If the depth of neutral axis is less than the depth of critical 
axis, the steel in the tension zone reaches its maximum stress earlier. 
The stress in concrete corresponding to the working stress of tin 
the tension reinforcement is found from Eq. (2). With this value of 
c the M R. is found from Eq. (4). 


The following example illustrates the above type. 


Problem 503. A beam of reinforced concrete is 25 cm wide and 
48 cm deep to the centre of tensile steel. It is reinforced with four 
bars of <Q mm diameter a» compressive steel at an ve cover of 5 
em. and with four bars of 26 mm. diameter as tensile stecl. If the 
stresses in concrete and Steel are not to exceed 50 kg.[cm.* and 1400 
kg.jcm.* respectively, determine the moment of resistance of the section. 
The modular ratio= 18. 


Solution 4c = 12°57 cm.? 


Ar=21'24 em? fae 
Depth of actual neutral axis Ac 
Taking moments about the neutral axis, 
we have, 
2 
25 -+-(18—1)12°57 (n—5) 48cm 
718% 21°24 (48—n) 
Solving, we get n=22°17 cm. 
The depth of critical neutral axis is r 
given by A; 
18x50 Me 
1400 ~~ 48—ne Fig. 830 
nm. = 18°78 em. 


Since the depth of actual neutral axis is greater than the depth 
of critical neutral axis, concrete attains the maximum stress earlier to 


steel. 
Stress in concrete will be allowed to reach 50 kg./cm.? 


= $0) kg.fom? 
: J ft ~— di eee oe < 5 
ae c= Sap X50 3873 kg/cm. 
M &.=25 xz17x->| a¢— 727) 18-1257 
38°73 [48— 5} kg. cm. 
= 562,600+355, 800 =918,400 kg. cm. 
Type 2 Data: Overall section, Ac and At, Max. BM, 
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Required : Stresses c and ¢ in concrete and tensile stee! 

and also in compression steel. 
Solation. The position of the actual neutral axis is first deter- 
mined from Eq. (1). Express the moment of resistance in terms of 


the stress c im concrete and equate to the given bending moment. 
From this eqation the stress c in concrete is determined. 


: n—dc) 
The stress in compression steel == mc’ = (nw de C. 


The stress in tension steel is given by the relation 
mc on 


t  d-n 

The following example illustrates the above type. 

Problem 504. A doubly reinforced concrete beam is 25 cm. wide 
and 50 cm. deep to the centre of tension reinforcement. The arzas of 
‘the compression and tension steel are 12:9 cm." each. The centre of 
compression steel is 5 cm. from the compression edge. If m=18 and 
the bending moment at the section is 700,000 kg. cm.. calculate the 
stresses in concrete and steel. 

Solation. See Fig. 831 


Taking moments about the neutral le | 
axis, we have, 


2 

23° + (18—1)12°9(n—5) 

= 18 x 12°9(50—n) 

Solving, we get n=16°40 cm. 


Let the maximum stress 1n concrete 
be c kg./cm.2° 


Stress in concrete at the level 
of the compression steel 













e & 
Ac2l2-9 cm? 


socm 








t —d,- 
=m -—C. 
[ Ay* 12-9082 
16°40—5 ce © ee = 
164 ~ Tig. 831 
=0°6952 c 


M.R. == bn £( d—4.) + (m—1)Ace (d—dc-) 


=5% 1645] 59152 | +-(18—1)12'0 x 0°6952c 


(50—5)= 700,009 kg. cm. 

9128 c+6860 c=700,000 kg. cm. 
15988 c=700,000 kg. cm. 

a c=43'77 kg. cm.? 
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Stress in compression steel = 18 x 30°43 = 517°74 ke./om2 
Stress in tension steel=(“—” me 


(-0--16'4) 3 ‘ 
= ec X1BX 4377 ke fem- 
=1614kg.jem* 
Type 3. Data : Overall section, the maximium bendiag mo ment, 
safe stresses c and ¢ in concrete and steel 


Required : A- and At. 


Solution. With the working stresses c ana f aetermine the depth 
of critical neutral axis Find the Af.R. in terms of the stress in 
concrete and equate to the given bending moment. This equation 
will involve only A- as the unknown which can be determined. 

By equating total compression to total tension, find Ac. The 
following example illustrates this type. 

Problem 505. 4 rectangular beam reinforced on hoth sides is 
30 cm wide and 75 cm. deep. The centres of steel are 5 cm. from 
the respective edges. If the limiting stresses in concrete an steel are 
50 kg./cm.2 and 1400 kg./cm.* respecti- 
vely, determine the steel area for a }-—-s0cm——o 
bending moment of 1,400,000 kg: cm. 

Take m= 18. Ae 


Solution. The section will be 
designed as a balanced section. n 


The depth of critical neutral 
axis is given by, 





18x50 Ne v= A 
Ne =27'39 cm. 


Stress in concrete=c= 50 kg./em’. 


Stress in concrete at the level of 
compression steel 
j A 
-* 50 kg./em.? f 


=f = 


27°39 
= 40°87 kg./cem.” Fig. 832 
M.R.=—30 x 27°39 2 


27:39 
[ = | 


4+-(18—1) Ac x 40°87(70— 5)= 1 400,000 kg. cm. 
1,250,000-+45160 Ac=1,400,000 
oe Ac=3°32 cm.” 


Total compression =Total tension 
30 x 27 39 x +18 1) 3°32 K 40°87 == .4¢X 1 00 


20540 +2307 == 1400 .4- 

a5 Ace:16 22 oan 8 

§183. The steel beam theory 
This is a method ef designing doubly reinforce) beams. The 
theory assumes the following : 
(i) compression is resisted c«!y by compressicn steel ; 

(ii) tension is resisted only bs teasion stcel ; 

(iii) stres$ in compression stec' - stress in tension steel ; 

(iv) concrete serves only as a y4 of an [ beam whose fianges 
are represented by the cer.,ression and teision reinforce- 
ment. : 

In this method areas of compression and tension steel are equal, 

ee Ac = Ay 

The M.R. of ihe beam is, ther: -re, given by, 

Are til—d)or dt’ wt) 

MM 
Av=A): : ‘ (4) 
fy ud om él, i 

A stress of f (400 Az cat.z uc.» be assumed in ictermining the 

reinforcement. 

Problem 506) 0 4 rectasicvulur om reintorced ov hoth siks ts 

30 em. wide and 7> cm. dec The — ures of strel ar 3 cm. fron the 
respective edges. Find the reinfis vent rogadirea the $tecl beam 
theory, for a bendia: momen of (20 COO AZ cnr. 

Solution. Distance between ¢ = tpressivit and tension reinforce- 

ment 


-75—>5 =65 cr: 
Allowing, f- i400 ag. om." 
L4caa: 


fe 1; e . cm. - 134 cl : 


“1400 
8184. Shear stresses in homogencou~ sections 

Fig. 833 shows a simply supe. ied beam subjecied to concen- 
‘rated load W at the centre 





, 


We find that the shear force at the section 4BC)) - -”.. 
2 


Hence, the cross-section ABCD h 
as to offer ¢ 
site resistance. If really the i i » | eae ae 
y the intensity of the shear resistance ts uni- 
i? 
drea ABCD 
But, actually, the intensity of shear resistance #3 aot un;"orm. 


Now consider the beam shown in Fig. <44 subjecied to a toad 
system. Ccnsider two sections 1-1 and 2-2, x anart. Let the bead- 


form, the shear stresses at the section would have been 





Fig. 834 


ing moments at sections I-1 and 2-2 be Mand { \f--dAt) respectively. 
New consider an elemental part of the beam, of width b and tnick- 
é 
4 


ve 


ness dy and length dx, situated at a heigh: of» from the neutral 
laver. This part is separately shown in fig 53° 

Let J be the moment of inertia of the cr. -s-section of the iwam 
about the neutral axis. 


Bending stress on 


the elemental part at 
seeriun (1-1) oO w 
wee ENE 
a ec a reuetaesnts 
Bending stresses 00 ey ‘ a oer 
the clemental part at A % 
section (2-2) f ———— fF NG 
Mt+dM - ey: 


.", Net force at the ; 
elemental! part O A 


= df area of cross- 
section of the elemental tiv. 833 
par: 
dM 
=df. bdy= 7 ¥: Guy 


* Total force on the part of the beam of Jength dy and of 
area as shown shaded (Fig. 835) 
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a Ve 
=| ; ydy= OE hayes 


y y 
dM | 
=F x moment of shaded area about the neutral axis 


dM 
aT Ay 
where A= area shaded 
y =distance of C.G. of shaded area from the N A. 
Cut this net force should be balanced by horizontal shear. 
Let q be the intersity of hcrizontal shear stress. 
* Horizontal shear resistance =force on the part of the beam 
of length dx and of area shown shaded 


b dx. ga AD 


_ dM _ Ad 
I~ Gx Tb 
But aM =§.F. at the section=S 
dx 
< 8a. eet) 


This is the intensity of shear stress in a horizontal direction. 
But, this also represents the intensity of shear stress in a vertical 
direction (by the principle of complementary shear). 
$185. Shear distribution in a beam of rectangular section 

Consider a beam b cm. by d 
cm. Let the shear force at the sec- 


tion be S. The shear stress q ata 
point y cm. above the neutral axis 1s 


given by 


S 
qg=—-X moment of area 





Ib 
above the point considered about 
the N.A. Fig. 836 
S ,fd_. \f ad 
<# Har iz) 
2 
Sf d? 
q= a+ —y ] ... (ii) 


Hence, the distribution of shear intensity follows a parabolic 
law. This is shown in Fig. 836. 
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We find that the shear stress 





d 
=0 at y= — 
aD 
and the shear stress is maximum at 
y=0 
re S ; d* = Sd 
2F 4” gi] 
: bd 
Since [= 77 


Sd?12. 3 8S 


Foe 8 bd 2 bd 


But a = average shear stress. 


bd 


Qmux = a doesrcue 


§186. Shear stresses in an R.C, beam 


957 


In the case of reinforced concrete beam in which it is assumed 
that tensile stresses are not resisted by concrete, the distribution of 
shear stresses will not exactly follow the law of equations (i) and (ii). 


However, for the compression zone of the 
section, the shear distribution follows 
the law of equations (i) and (ii). The shear 
stress in concrete in the tension zone is 
constant, as shown in Fig 837. 

' The shear strsss in concrete in the 
tension zone therefore is the maximum 
shear stress. This can be determined as 
follows : 





Fig. 837 


Consider the concrete beam subjected to a bending. Consider 
two sections I-1 and 2-2 dx apart. Let the cross-section of the 


beam be b cm. and d cm. effective depth. 


Let the bending moments at sections 1-1 and 2-2 be M and 


(M-+dM) respectively. Let the lever arm 


=g=d— a 


Tension in the reinforcement at section I-1l 


M 
=T=— 


Tension in the reinforcement at section 2-2 


=T+dT 
_ M+dM 
q 
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Fig. 838 
.. Net force on the reinforcements tending them to move 
«drat 
a 


If the reinforcement be firmly bonded with concrete so that 
the reinforcement will not slip out of concrete, then the net force in 
the reinforcement will induce shear stress equal to 

SB cre were ME oes tse sO nm tell 
Horizonta! shear area of beam between section 1-1 and 2-2 


_@4T aM 1 1. dM 
I "bdx ~ a bax ~ ab. dx 


dM 
dx 





since the S.F.=S=- 


B|u §.|% 


q> .. (ili) 
This is the horizontal shear stresses in concrete which will also 
be equal to vertical shear stress intensity. 


$187. Effect of shear stresses 


Consider a rectangular block ABCD acted upon by shear 
stresses g as shown in Fig. 839. The effect of the shear stresses is to 
deform the block to the shape shown in Fig. 839 (c). We find that 
compressive stresses are developed on the diagonal plane AC 
and tensile stresses are developed on the diagonal plane BD. 
It can be easily shown that the intensity of diagonal compression or 
diagonal tension is also equal to the shear stress q applied on the 
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block. If the materia! of the biock is weak in tension, the failure 
will occur along the diagonal B}) and the block will be split up into 
two along this plane. If the msicrial is weak in compression, then 
failure can occur by crushing along the plane AC. 


he B 
OD — > C 
fa) 





Fig, 839 


Concrete ts a material weak in tension, and strong in compres- 
sion. It is at least ten times as strong in compression as in tension. 
Hence if a concrete block is sabjected to shear stress failure may 
result by diagonal tension. 


The I.S_ specification has specified that the safe diagonal 
tensile stress for concrete is 5 ke /em.2 for M_ 150 grade concrete. 
Hence if the shear stress which jy also equal to the diagonal tensile 
stress is less than 5 kg./cm.*, the concrete block is safe. If the shear 
stress exceeds 5 kv./cm.* then the block requires to be strengthened 
by diagonal or vertical reinforcement. See Figs. 840 (a) and (6). 


Further the design will not be considered safe even with such 
reinforcements if the shear stress exceeds four times the allowable 
Shear stress, i.c., if the shear stress exceeds 4X5=20 kg./cm.?, the 
size of the block should be suitably increased so that the shear stress 
does not exceed 20 kg./em?. 


stifpecamerecsmommone me eer 
eee ae eee 
(a) cb» 
Fig. 840 


Hence summarising the above, we have, 
when g<5 ke./km.” : no shear reinforcement is required. 

g>5 kg/em.2). shear reinforcement is provided to 
and g<20 kg./cm.?_j ° resist the diagonal tension. 

q>20 kg./em.” = size of the block is to be changed so 
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that the shear stress will not exceed 20 
kg.{om*. 


A Figs. 841 (a) and (6) 
show how such diago- 
nal tensile stresses are 
developed in a beam. 
Suppose a failure by 
diagonal tension occurs 
so that the part ABCD 
is split up into the 
parts ABC and DCB. 
In order to safeguard 
the structure against 
such failure by diagonal 
tension, reinforcement 
connecting the two 
parts ACB and DCB 
(6) are tequired. These 
Fig. 841 reinforcements are 
called shear reinforcements. As already suggested, [in Fig. 842 (a) 
and (b)] the reinforcemeut may be provided vertically or diagonally. 


Wher the shear reinforcements are provided vertically they are 
called stirrups. These consist of bars of 6 mm. to 10 mm, diameter 
bent round the tensile steel, as shown in Fig. 842 (a). 


@ 
S 


{a) 


ee ow a mw oe 
que as Ge oF a & 


>» 


NOMINAL BARS FOR ANC. HORING 


THE VERTICAL STIRRUPS 
fi (@) 3 


@b) 
Fig. 842 
It is also necessary to 


provide small diameter bars 
of 10 mm. to 12 mm. in the 
compression zone of the beam 
in order to properly anchor 
the stirrups. In Fig. 842 (qa) 
each stirrup consists of two 
legs as shown in the cross- Be Seana 


section. In such a case we 4 LEGGED STIRRUPS 6 LEGGED STIRRUPS 
say the stirrups are two-legged. x tb) 
In some cases in order to Fig. 843 
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resist greater shear stresses it becomes necessary to provide several 


legged stirrt ps (four-legged, six-le ed ore) 
Figs. 843 (a) and (6). gged, efc.). These are shown in 







aa 


A 


—  weeneny + ceee me nase eotrne ier, aren 





ENDS OF STIRRUIPS 

RESIST NEGATIVE 

BENOVNG MOMENT 
IN Sf AB 


Fiz, 344. Two-Legged Stirrups in 2 Beam. 
Vesign of vertical sci raps 


Let ns assume that the concrete has failed by ydiagona) tension 
so that) the stirrups whch are all bon 
eraseing the crack are subjemed tO a 
lead equar to the masimum shear force 
S, which t the wimeastheepd reaction. 
mee Fig. 845 Letoas alsa assume that 
the cracker’ pling is tnclined at 45°) to 
the centre line of che beam and that it 
extends over & ‘erizuntal d:stance equal 
to the lever arm a of the beam. Fig. 845 


Let 4 area of one strrup 
ree? gtieaable stress in tension in one stirrup 
= 1400 bo fom? . 
p:- pitch of stirrups 





+ * . » a 
Number uf stirrups in tue horizontal distance a= 


a 
.. Total load on the SH UD See Av. Wo § 


roa Awled 


v(ty) 


A. should be determined taking into account the number cf 
legs provided in each stirrup 

Since the shear force decreases from the ends towards the 
centre, the spacing cf these stirrups will be close at the ends and 
can be increased towards the centre. As per our code of practice, the 
spacing of these stirrups shall not exceed the lever arm distance of 
the beam 


Ss. 
Strictly at sections where the shear stress g= a less than 
the allowable limit of 5 kg./em.3, shear reinforcement is not 
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theoretically required. But it is a practice to always provide stirrups 
even if the induced shear stress is less than 5 kg./cm?. 

w/metre ig. i 
distributed load of w kg./metre. 
Let ihe span of the beam be 
I metres. 


We have 
wl 
ego eee 
Qmac ab ab 


This occurs at the end. 


I.ct the section where 
the shear stress is 5 kg./em.? 
be afta distance of x metres 





Fig. 846 from,the centre. 
Xe 2 
at q/2 Ginag 


From the above relation, x can be determined. 

Hence for a distance of x on each side of the middle point. 
shear reinforcement is not theoretically required, but practically pro- 
vided to a nominal extent at a spacing not exceeding the lever arm 
distance of the beam. 

For the distance cf (+ x ) from each end stirrups are pro- 
vided in accordance with the requirement of Eq. (iv). The dis- 


tance ( sox ) from each end may be divided into a number of 


sections and the shear forces at these sections can be determined. 
The pitch of stirrups corresponding to these sections can now be 
calculated. This will assist ia deciding about changing the pitch at 
suitable sections. 
Problem 507. A-beam 25 cm. wide, 50 cm. effective depth and 
6 metres span supports a total load of 19050 kg. including its weight. 
Find the maximum shear stress and determine the spacing of 10 mm. 
Stirrups. 
Solution. Assunte c=50 kg./em.? and t=1400 kg./em." m= 18 
a=0'87 d 
_ 19050 
“ 50 


_S_ 9525 , : 


This is greater than 5 kg./cm,? 


9525 kg. 
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.. Shear reinforcement is necessary. Further the sh i 
4 Stress Is 
less than 4X 5=20 kg./cm®. Hence, the dimens; ear 
not be changed. ensions of the beam need 


Suppose two-legged 10 mm. bars are t ; 
their spacing will be suggested for stirrups, 
_ Avtwa 
p=- ee ne 
2% 0 79x 1400x0°87*50 | 
9525 = 10 3 Cm. 


Let us, therefore, suggest 10 mm. di < 
at 10 cm. centres. Pe ameter two-legged stirrups 
Let the point where the 75 
shear stress equals the allowable 
safe shear stress of 5 kg./em* be 
x metres from the centre. 
ac ae 
3 8°75 
x= sage ‘T1 metres 
Hence shear reinforcement is needed for 3~1°71 =1'29 metres 
say 1°30 metres from the support. 
For the middle 2°4 metres nominal stirrups at 25 cr. centres 


may be provided. 


$188. Inclined or diagonal reinforcement. When inclined rein- 

forcements are provided, they consist of main tension reioforcement 

‘ bent up ata certain angle as shown in Fig. 

848 Bars are usually bent at 45° with the 

horizontal Bars can be bent up only if the 

remaining bars are sufficient to resist the 
prevailing bending moments. 


Suppose Av is the area of reinforcement 

bent up. If tw is the stress in these bars the 

3 vertical component of the tension in these 
Fig. 848 bars= Auftyu sin 45°=0°707 Act. 


Usually tw is taken at 1400 kg./em?. 

If this quantity exceeds the maximum shear force 5, then the 
shear is safely resisted by the bent up bars. Ofcen with the bars 
which can be spared to be bent up the shear value of 0.707 Awtw may 
be less than the maximum shear force. In such cases for the balance 
shear force of (S—0°707 Avte) vertical stirrups should be provided. 
However, vertical stirrups are always provided with a spacing not 
exceeding the lever arm distance of the beam. 

§189. Lattice girder effect. (a) Single system. It is not enough if 
bars are bent up just near the ends to resist the shear. In order that 
the beam is safe against shear failure, shear reinforcement is provided 
Potent the length whether with diagonal steel or with vertical 
§ 






er —e 


tig. 847 
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When a number of bars are available t., be bent. up to rest 
shear, itis usual to assume that the beam is equivalent to a tess 
consisting of concrete compression members anJ steel tension mem- 
bers as shown tn Fig. 849. 


be 1 $14 QQ ---—ee - - uain-- oT wt 4i42 
Q 









8 D é Ki 
fi 
‘i i 4& / ae : 
a ff ey cieh, 
t fe NY ; : 
ae UNL 
£E i eae 

| 14a —— 
Fig, 849 


The usual arrangement is to assume the first imaginary 
pression member 48 at 67}° with the hovizontal. The inclined 
tension membe:s are at 45° with the horizontal. 


With such a system, the shear resistance at any seet.on 
=Awtw sin $5°= 0707 Auto 


The tension members of this tmagimary truss are provided uy 
the bent up bars Bending up bars are possible only when a gad 
number of bars are present at the bottem and a number of them are 
no longer required to resist the bending moment The arrangenen! 
shown in Fig 850 is called a singte system of bent up bars The hewht 
of the imaginary truss is equal to the lever arm disiunce a 


From the geometry of the triangle 4BC of the truss, we hive 
AC: CB =ay 2-+4l4a 
ie, the bars bent up at C are bent from u point at a distance 
of 1°414 a from the support. 


If the inclination of the bars be at any angle © with the hovizon- 
tal, the arrangement would be as shown ia Fig 851). 


£ 


+ 
en acer A PRE 2 ane sa TER, grpnencnien ast NEN me mgh- mnie RE ine 





Fie, 850 


It is worth noting that if the bent up bar say CB its at @ with 
the horizontal, the compression member CD should be bisecting the 


“ + 180-6 0 
angle BCE so that BCD=DCE='" =90- ,- If this arrage- 


3 
ia 


ment is not done, 7 e¢., if the compression members are not taken at 
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ae 
90 —-;- with the horizontal, we find the design of shear reinforcement 


-_ 


becomes unecononnical. 


Sometimes the imaginary compression members are also taken 
at 45° with the horizontal while the bars are also bent up at 45° as 
shown io Fig. 851. 


pm np ta 
' 
ik, Bae, Fane om manne Aina eames D 
a bat 
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Fig. 853 

In such cases ‘while ‘culating the snear resistance at any 
section by the expre. iG O07  Aut+. cate shoud be tuken to assume 
avalue of &. such thn exces oc resife cresses are not developed in 
the horizontal parts the ben oars. 

A value of fh - °° 707. 9 awable teusile stress in steel should be 
used while calculatir the she i resisiance. Suppose the allowable 
tensile stress 1 1405 hefem*? he valve of t. in this case should be 
taken at 0'707 ~ 1400 --990 4s cm.2 

(hb) Double sysiem. If in addition to the bars bent up as shown 
in Fig. 849, additiona! bars are also bent up as shown in Fig. 852, the 
arrangement 1s called a double system arrangement. 


Ox 


Se Saale ante aeeenann uate cente aned 
so 
\ 
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xe 
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e. 





Fig. 852 
In this case the shear resistance at any section=2X°707 Aufy. 


$190. Limiting the shear stress. It was stated in an earlier 
paragraph that the shear stress should not be allowed to exceed four 
times the safe shear stress of concrete Hence if the safe shear stress 


of concrete is 5 Ag./em ? the shear stress in no case shall be allowed 
to exceed 4.x 5==20 kur ‘em®. 11 may be felt as to why there should be 
an upper limit to the shear stress. It may also appear that after all, if 
the shear stress has cx.ceded ite safe stress of 5 kg./c n.*, shear rein- 
forcement of proper amount may be provided. But it should not be 
forgotten that there suould act also be any failure by diagonal com- 
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preisson. Suppose the shear stress is so large that the diagonal comp. 
ression stress can just reach its working stress. Corresponding to this 
the diagonal tension would require such large amount of steel that 
concreting will become difficult which will result in air pockets. The 
concrete in such a case would consist of a number of disjointed 
concrete pieces separated by steel bars: 


§191. Bond 

One of the main assumptions in developing the theory of rein- 
forced concrete is that the reinforcements do not slip from the concrete 
surrounding it. When concrete sets and thus harcens, it wil! firmly 
grip round the reinforcements. It is because of this grip between 
concrete and steel, the two materials share the applied loads. Once 
this grip is absent the reinforcement provided would serve no 
purpose. 

Suppose the reinforcement of the beam shown in Fig. 853 has 
lost the grip with concrete. 


CROUCH O OO INI oT OOM OA TORI cao mth 
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Fig. 853 


Then it is just as good as loosely providing a reinforcemcat in 

‘es present earlier. When the beam is loaded the steel rods slip 

ad the beam fails since the reinforcement has not really shared the 

oading. Hence this grip between the concrete and steel is very 

mportant and the gripping stress, hereaftc: called the bond stress, 
should therefore be within a limit. 

It may be realised that the function of this bond in reinforced 
concrete members is exactly the same as the function of rivets in 
Nuilt up plate girders which consist of web plates and flange angles 

nd cover plates. If for instance the flange angles are not properly 
iweted to the web plate the flange angles will not function. If 
ne number of rivets connecting the flange angles and the web is 
asufficient, these rivets will fail and immediately the flange becomes 
separated from the web: In almost the same manner when the 
induced bond stresses are very large the bars get separated from the 
concrete or let us say the bond between the concrete and the steel 1s 


| 
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broken and this will result in the load of the beam to be resisted 
ouly by the concrete. The beam will thus fail by tension even 
though sufficieut amount of steel from bending moment considerations 
fas been provided. Bond stresses often are not receiving that much 
good attention which they deserve. While designing particu.arly, 
beams subjected to heavy loads and footings, bond stresses shall 
always be determined and shall be compared with the allowab'e bond 
stress. 


$392. Direct bond 


In Fig. 854 (a) iS shown a bar embedded in concerete only fora 
short length ; while in Fig. 854 (6) is showna bar embedded for a 


hd se ae ae 










OIRECT BOND 


Fig 854 


arcater length. It is obvious that assuming the bars not to fail, it 
requires a vreatcr Joad to pullout the bar in the arrangement of 
fig, 8544; than what is required to pull out the bar in the arrange- 
mort of Fig S54 ces 


The intensity of bond stress 
Load in the bars 


et A remetton, 


Contact area of the bar with concrete 


Tet dis. the length of embedment 


iW 
Bons Stress zt So = a 
x al 
where d--diameter of bar 


\ is catied the average bond stress. Let the bar be subjected 
fO its maximus stress f, 


,__ nd” 

y= a t. 
nd* 
4 at 
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_ at 
Length of embedment =/= 45; 


The ‘IS. specification allows a value of Sx=6kg./cm.2 for 
M 150 grade concrete. 


If t= 1400 kg./em.2 
and Sv=6 kg./cm.? 
_ daX1400 
we have I= 4X6 
- [= 58 d (1) 


The practice is thus to provide a bond length of 58 diameters. 

The following are the faciors that give the property of a good 
vond between concrete and reinforcement. 

(a) Sufficient cover for reinforcement. 

(>) Richness of concrete. 

(c) Using twisted bars, welding the stirrup bars with the 

main bars. 

(d) Roughness of steel. 
§193. Local bond 

Consider an R.C. beam subjected to a certain loading. Consider 
two sections 1-1 and 2-2 distami dx 
apart. See Fig. 855. Let the bend- 
ing moments at sections 1-1 and 2-2 
be M and (M-+-dM) respectively. 
Let the lever arm distance he a. 


Tension in steel reinforce 


; M » 
ment at section 1]-] = 7 and Tension 





in steel reinforcement at section 
_._MrdM 
— @ 


Fig. 855 


2-2 


; : dh 
Net force in the tension reinforcement ina length dx== ag 


For, this length of reinforcement, the bond force between the steel 
and the concrete=(Z0) dx So where (20) is the total perimeter of 
reinforcement. Equating the force of bond to the net force on the 


dM 
.ensile reinforcement, we have, (20) dx. So= oat 
_ 2M ._}_ 
Se= Te | “a{Zo) 
dM a 
But FHS. 


S 
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This bond stress induced due to the rate of change of bending 
moment is called the local bond stress. 


I.S. specification has recommended a safe ,ocal bond stress of 
10 kg./em.? for M 150 mix concrete. 


Ss 
aSo sd) 


From this, the perimeter of bars required to limit the bond 
stress to 19 &g./cm.~ can be computed. 


Hence reinforcement required from bond considerations must 


be provided though from bending moment considerations no 
reinforcement mav be required. 


Eq. (3) shows that the required perimeter of reinforcement 
is proportional to the shear force. For a simply supported beam, for 
instance, the bending moment atthe support is zero and the shear 
force is Maximum. 


Hence some bars are to be maintained in the bottom such that 


In designs the Eq. (2) is in the form Z0= 


the perimeter of bars provided is at least= —— . The remaining bars 
b 


may be curtaled at such piaces where they are no longer sequired 
for bending moment. These bars may also be bent up at suitable 
places to ser\e as shear reiniorcement. 


§194. End anchorage 
Bars «vmbedced in cceierete are sometimes hooked so as 
to have prejer auchorage 
with concrete if Lars are ad -| 
provided woeh heovks, the ee 
necessary i737) «: bond /_-- 


length can ©: reduced. A | f 4d a 
hook shall wiways vonfirm \\WG 
to the specircatiors shown = ~ 


in Fig. 856. The anchorage wag, 856, A standard hook. 
value of the Look sone ts 
considered ¢* i6d «ere dis naeter of the bar. 

In th. ceneection } specification has stated the 
following : 

Anche. ce Sac at & ‘ud ina remforcing bar may be 
ascumed iu to. oa enebets ey quivalcat to that of the length 


1 


of the bar ° ar th » «hameter of the round bar for 


: 

each 45° th. card. vt, pin . | 

(a) Vhe cadiue oi the a he pot less than twice the diameter 
of the round har 

(A) Tie tangin of the straight part of the bar beyond the end 
of the curse be at ‘erst four times the diameter of the round bar , 
and 

(c) Whatever the angle rough which the bar is bent, the 
assumed anchorage value shou.d not be taken as more than equi- 
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valent to a length of bar equal to sixteen times the diameters of the 
round bar. 


Bars in tension. In the tensile reinforcement the length mea- 
sured from any section tothe end of the bar plus the equivalent 
anchorage value of hook shall be such that the average bond stress 
induced to develop the actual stress at the section shall not exceed 
the permissible average bond stress. In the case of the tensile rein- 
forcement of circular section, the length measured from such section 
up to the beginning of the hook shall at least be equal to n times 
the diameters of the bar minus the anchorage value to the hook. 


_.._ Actual tensile stress in the bar 
Four times the permissible average bond stress 

In no case shal! such vatue of » be less than 12. 

Bars in compression In this case, the length measured from 
any section to the end of the bar shall be such that the average bond 
Stress induced to develop the actual stress at the section shal) not 
exceed 1'25 times the permissible average bond stress. In the case 


of bars of circular section the length measured from such section 
shall be at least cqual to # times the diameter of the bur where 


where ni 


Actual compressive stress in the bar 


new of 


~~ Five times the permissible average bond stress. 


In no case the value of 7 be less than 12. Hooks are unneces- 
sary. But when a hook is provided it shall not be accounted for 
anchorage purposes. 


§495. Reinforcement 


Reinforcement used shall comorm to the requirements of 1S. 
432 specification for Mild siec!l and high tensile steel bars and 
hard drawn stec! wire for coneret. reinfercement (Revised). The rein- 
forcement shall be free from fvose mill scale, loose rust, oi! and 
grease orany such harmful matter, immediately before placing the 
concrete. Thereinforcement shall be placed and positioned strictly 
following the requirements shown in the structural drawings. 


196. Bending Bars Bending bars shall be done with great 
caution. Often this job does no’ receive that much attention which it 
deserves. ending bars are eapected to fulfil certain definite functions 
and hence bars must be bent se that there is good advantage of the 
worked out design. There are instances of failures of structures for 
want of correct bending. even though the designs worked out are 
not faulty. 


$197. The necessity of he nding r inforcement. Bars z2re pee 
under different circumstances. They may be bent to form hooks so as 
to develop proper anchorage. Sometimes bars have to be tent sv as 
to form Joops as in the case of stirrups as shear remforcement. Bars 
may also be bent to resist diagonal tension They mzay also be bent 
up to form necessary rienforcement for hogging bending moments. 
The following are the types of bend we normally come across : 
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(a) Hooks at the end 
of bars in beams. 

(6) Bars bent up at (@) 
ends and hooked in (b) 
beams for resisting 
diagonal tension. 

(c) Bars which serve 
for positive bending 
moment which are (¢) > 
bent up to resist C.. 7 


negative bending 


moment. (d) 

(d) Bars bentto form * fn ane 
loops to serve as C___/ 
shear reinforce- 
ment. 


These are shown in 
Fig. 857. Fin 857 


The IS. code has further recommended the following : 

Splices in tensile reinforcement. Splices at point of maximum 
tensile stress shall be avoided wherever possible ; splices where used 
shall be welded, lapped or otherwise fully developed. In any case 
the splice shall transfer the entire computed stress from bar to bar. 
Lapped splices in tension shall not be used for bars of sizes larg: 
than 36 mm. diameter, such splices shall preferably be welded. 


For contact splices, spaced lateraliy closer than {2-bar dic 
meter or located close: than 15 cm or 6 bar diameters fron uly 
outside edge, the Jap shall be increased by 20) per cent or ‘tirrup 
ar closely spaced spirals shall enclose the -phee for its full lened. 

Where mre than one half of the bars are spliced within a 
fensth of 40-bai diameters or where snhees ate made ab pomnts of 
iBaxtmum stres. ypecia! precaution shat be taken such a. cereasaig 
the fongth of the lap, and‘or using spire's or clo viv spaced Stress 
aroun! and for the length of the sphe- 

Splices in compression reinforcement Whos dappe Sophos are 
used. the lap lengths shall conform tr tho tej) coment: tome ved 
eatlicr Welde:! splices may be u-cl inster of apne td casey, 
Wherz bar size exceeds 36 mm dhamene achi st plies todt preter. 
ably be used. In bars required for compressa only the commres. 
sive stress may fe transmitted by bearing oP square cuterst. hebb oy 
concrete contac’ by a suitably welded acse or mechaniva govice 

In column, where longitudinal bars are offset ata sphee. the 
slope of the inclined portion of the bar with the axis of the column 
shall not exceed 1 in 6 and the portions of the bur ahove and below 
the offset shall be parallel to the axis of the column. Adequate hori- 
zontal support at the offset bends shall be treated as a matter of 
design, and shall be provided by metal ies, spirals or parts of the 
floor construction Metal ties or spirals so designed shall be placed 
near (not more than eight-bar diameters from) the point of bend. 


Ce ee ee 
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_Périnissible Stresses in Steel Reinforcement 


Permissible stresses in kg./cm* 





£ 





ws OW nv S 
££ Fon mw >~t~ 
: Sosy | 3fss | ess 
z. Type of stress in the steel 5 3 a a 2 ES & SES 
~ x 
a shl= | SSa5 ess 
SEeau | Ess": ze. 
BAB Yo Us SO. 
Seu5 | Beet | Bes 
SESS [| SENs [| Ce 
“ * : “ as 
(i) Teasion ; Other than ia 
(a) helical reinforcement in 
a column and (6) sbear rein- 
forcement. 
Upto and including 40 mm ie Half ihe sur 1°00 
ranteed yie 
Over 40 mm. 1300 Stress suber 
to a maxi- 
mum of 1900 
(ii) Tension in helical reinforce- 1009 1300 1609 
ment ina compression mem- 
ber. 
Gi!) Tension in shear_reinforce- 1400 1400 1400 
ment, 
(iv) Compression in column bars 1300 1300 13¢0 


(v) Compression in bars in a beam The calculated compressive stress in 
; or slab when the compressive the surrounding concrete muliiplied by 
| resistance of the conerete is the modular ratio. 
| taken into acccunt 


(vi) Compression in bars in a beam 
or slab where the compressive 
resistance of the concrete is 
not taken inta account. 


Upto and including 40 mr. 1400 Half the gua- 

ranteed yield 

stress subject 1900 
to a maxi- 
mum of 1900 


Over 40 mim. 1300 


Note 1, When mild stecl c mforming to grade H of LS. : 432-1960 is 
used, the pernsissible stress shall be reduced by 10 rer cent, 
or if the design details have already been worked out on the 
basis of mild steel conforming to Grade 1 1S. : 432-1960, the 
area of re:nforcement shall be increased by 10 per cent of that 
required of Grade I steel. : 

Note 2. Yield stress of steels for which there is no clearly defined yield 
point should be taken to be 0°2 per cent of proof stress 
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The horizontal thrust to be resisted shall be assumed a 

~ s 1$ times the 
horizontal component of the nominal stress in the aennee portion 
of the bar. Offset bars shall be bent before they are placed in 


forms. 


Joining or Lapping. The length of Jap in reinforcement shall 
not be less than : 

(2) For bars in tension : 

bar diameter x .- — .. actus! ease Pg seg eg 
four times the permissible average bond stress 
or 30-bar diameters whichever is greater. 
(6) For bars in compression :‘ 


: actual compressive stress 
bardiamener =. eee ne stress 

five times the permissible averuge boud stress 
or 24-bar diameter whichever is greater 


Minimem spacing of reinforcement The minimum horizontal 
distance between paralle! reinforcements shal! act be less than the 
following ° 

(i) Diameter of bar when bars are of the same diameier. Pa. 
meter of the thickest bar when bars of more than onc size are used, 


Gin} Maximum size of coarse ageregate plus 6 mm. If the 
aggregate size be taken as 19 mrv., this spacing eyuals 2S non, A 
greater distance shuld be provided when convenicnt, 

The vertical distance between two burizontal main bars shall 
be not less than “mm. But this does not apply at a splice or lap 
and when such retnforcements are transverse to cuch other. 

Cover. All reinforcements sbali have a cover of concrete and 
the thickness of suck u cover exclusive of plaster or other deco- 
rative finish, as per 1S. code shall be as follows : 

(a) At cach end of a reiaforcing bar - not less than 25 mm. 
nor Jess than twice the diameter of such bar. 

(4) For longitudinal reinforcement in a columo-—not less than 
40 mun. por less than the diameter of bar. In the case of columns 
of minum dimensions of 20 cm. or less, whose bars do not 
exceed 12mm. dia —25 mm. cover may be used. 


(c) For longitudinal reinforcement in beams ~not less than 25 
min. nor less than diameter of such bar. 

(d) For tensile, compressive shear or other reinforcement in a 
slab— not less than 13 mm, nor dia. of reinforcement. 

(ce) For any other reinforcement—not less than 13mm. nor 
less than the diameter of reinforcement. 
§198. T-beams 

Strictly rectangular beams are uncommon in reinforced con- 
crate since the beam carries in almost all cases a slab with which it 
is monolithic. Hence the structure becomes a slab which is stiffened 


ee weree 
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by concrete ribs. The slab and the rib due to their monolithic nature 
form a T-beam. The flange of the T-beam provides the necessary 
resistance to compression while the vertical rib provides the depth 
and hence the necessary lever arm. The width of rib must be such 
as t0 accommodate the tens:!e reinforcement. 


sy e 7 , 4 yy oe ers 5 * ete onenres 
Gi 60 is oe : 










seeap 


Fig. 858 
§199, Width of flange of a T-beam 


A certain portion of the slab on'either side of the beam can 
be considered as forming the compression flange. The width B 
(see Fig. 858) of the flange which can be considered as acting effecti- 
vely with the rib depends upon the span of the T-beam, the 
breadth of the rib, the overal] thickness of the rib and the spacing 
of T-beams. 

If the spporting beam happens to be an end beam, the flange 
of the beam is present only on one side of the beam and the beam 
in such a case is called on L-beam. 

The width of flange of T and L beams may be determined from 
the following requirements recommended by IS. 456 specification. 


(a) For T beams, =p tbr+6d, 


(b) For L beams, B= 5 +Bet-3 cls 
where | = effective span - 


br== width of the rib. 


It is important to note that the part of the slab considered as 
the flange of the T-beam can function with the beam only when 
the flange has adequate reinforcement transverse to the beam and it 
shall be built integrally with the beam or effectively bonded together 
with the beam. 

In this connection the I.S. code has stated the following : 


The flanges of the T-beam or L-beam may be part of a slab 
which is spanning either transverse to the beam or in the same 
direction as the beam. In any case the flange shal] have adequate 
reinforcement transverse to the beam and it shall be built integrally 
with the beam. However, where the main reinforcement of a slab, 
which is considered as the flange of the T-beam or L-beam is parallel 
to the beam, transverse reinforcement extending to the length indi- 
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SECTION 2 


Fig. 859 

cated in Fig. 859 shall be provided near the top surface of the slab. 
if the quantity of such reinforcement is not specifically determined by 
calculation, it shall be not less than 60 percent of the main reinforce- 
ment'in the centre of the span of the slab constituting the flange. 

Depth of Rib. This is determined by the effective depth of the 
beam, The effective depth of a 1 or L beam is the distance between 
the top compression edge and the centre of the tensile reinforcement. 
In preliminary computations the depth can be taken as 7’, of the 
span for heavy loads, +, to .’- of the span for medium and +s to ,'; 
for light loads. Some designers follow the following specifications, 
viz. 

The ratio of effe tive span to overall depth cf a beam shall 
not exceed the following : 

Simply supported beams : 20 

Continuous beams no 


Cantilever beams > 10 


§200. Width of rib 


This shall be such as to accommodate the necessary tensile rein- 
forcement. The width shall also be such as to prevent lateral in- 
stability. This width is generally between $ and § of the depth of 
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the rib. More often architectural requirements fix the width which 
shall be the same as the width of the supporting column. 


$201 Neutral axis of a T-beam 


The depth of the neutral axis can be determined by equating 
moments of areas on either side of the neutral axis. Three cases 
arise, viz. 

(i) The neutral axis may be situared within the flange. 
(ii) The neutral axis may be just at the bottom edge of the slab. 

(iii) The neutral axis may be below the slab. 

Case (i). Neutral axis within the flange (Fig. 860). 

Such a beam will be- ie; a 


have as a_ rectangular | oe eas 
beam of width B. 





Taking moments 
about the N.A. 


2 
Bn = m4Ai(d—n)...(1) 


Case (ti). In this case 
n=ds=thickness of the 
slab. 

Hence Eq. (1) still holds goad, 


Case (iii). Neatral «xis below the slab (Fi 861). 


This is the usual 
case. In this case, taking 
momenis about N.A. 





We have, 
ds \  bAn— de? 
Ba, (x as )+ ‘ 
=mAt(d—n) ...(2) 


In these computa- 
‘tions it is usual to ignore 
[the compressive force in 
cthe rib of the beam. 





(n — d, 


Hence, it is usual to discard the term br in Eig. (2) and 


hence practically, we have 
Bas ( n— | — maida) ...(3) 


It is to be noted that the above amendment on squation (2) is 
made only to simplify the calculations. The compression area of the 
[-beam has thus been taken as Bas. 
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§202. Lever arm of the T-beam 


This is the distance 
between the line of action of 
the resultant compression to 
the line of action of the 
resultant tension. 


Let the maximum com- 
pressive stress in concrete be 
c kg./cm.® Let the compres- 
tig. 862 Sive stress in concrete at the 
bottom edge of the flange be c’ kg./em.? 

The centre of gravity of the resultant compression is situated 
ata depth } from the compression edge ; Dis the actual depth of 


centroid of the pressure trapezium corresponding to the flange 
(Fig. 862). 





LEO 2e. ods 





J cte 3 (4) 
Lever arm e:q=d—J 
ake n—ds 
But Cc =( ne c 


Substituting in Eq. (4), we have, 


2(n—ds) 
c+ te 


F ids 
C+ n~d c 
Mh 
a SN 2ds | de AS 
aes, ey) als (5) 


Eq. (5) may be found to be more convenient than Eq (4). 
Moment of Resistance of the beam 
M.R.=Total compression or total tension x lever arm 


M.R.=Bae5£ (q—y) (6) 
Substituting for c’ 
oa: nad ; 
M.R.=Bds ——2——— (d—y) 
qs 
bees) 
M.R, = a c Bd.(d—}) (7) 


M R. is also equal to A: . t(d—}) 20(8) 
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Problem 508. An R.C. T-beam with a flange width of 102 cm. 


has a tension steel of area 22'8 cm’. 


18 and 


Taking the modular ratioas 


the permissible stressesin concrete and steel as 50 kg./em* 


and 1440 kg./cm.? determine the moment of resistance of the beam. 
The thickness of the flange is 13 cm. and the effective depth of the 





Fig. 963 
n=17 cm. 


Since this value of n is greater than the thickness of tie slab 
our assumption that the neutral axis is below the slab is correct. 


Depth of critical neutral axis is given by 


18x50 _ im 


~ 1400 51—ne 
Mh =: 19°9 cm, 


beam is S51 cm. 


Solution. 
At=22°8 cm.2 


Taking moments 
about the neutral axis 
and assuming it to be 
situated below the slab, 


We have, 
102 x 13(7— 6°5) 
= 18 x22 8(4! --n) 


Since n<ne steel attains the maximum stress earlier. 
Distance of C.G. of the total compression from the top edge 


== 


3n—2ds 
2n—-d = 3 
_ 3X17-2*13 


de 


13 


Daly ig. aS 


or alternatively, 


3 ctec’ 


But pas aay es 


n 
= ()'235¢ 
a Je 
1°47 
1°235 
= 5°16 cm. 


x 


e+2Xx0235e 
c+0'°235¢ 


13 
5 em 


= o+2e dy 


3 
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es Lever arm=a=d—j 
== 31—S°16 cm. 
= 45°84 cm. 


M.R. =A: t(d—j) 
=22 8 x 1400 X 45°84 ke. om. 
== 1,463,000 kg. cm. 
Problem 509. 4 7-beam has a flange width of 120 cm, the 
Hanve thickness 6 ine (Gon. The reinforcement canssts of Share of 
Soma adiaticter aed rh an clective depth of 40 car ifthe stresses 
ore canmercte amd stoic! shall not ereced SO khg..em* and 1402 kg tem? 
respcctivel’ find (a0 moment of resistance of the beam sectiuin, Modu- 
far Fania 1s. 
Solution 
1: -2262 cm2® 
Assuming tht the neutral axis is below the slab, taking moa- 
ments ahout the \.4, we have, 
P20 Pep St GR 22°62 (SO—v) 
ue YRA7 om. 
Since ace. our assumption about the position of neutral ants 
is Correct 
Denth of cetical neotral axis is given by 
Soo Y 
(45 ofr? ir 
ms a =1S6S om, 
Since ain. steel will attain the maximum stress earlier 


3n—2d. d: 


ed 4 
_ 3 ¥1387—2% 10 10 


2xK1seT aie 3 
<=406 cn. 
“. Lever arm -d--}3=40 —4'°06--35°94 cm. 


M._R. - - Act (d--3) 
= 22 62 X 1400 x 35°94 kg. cm. 
== 1139000 ke. cm. 

Problem 510. The breadth and thickness of the jlange of a 
T-beam are 17Q em. and 15 cm. respectively. Steel reinforcement of 
area 45 24 em 3 (5 provided at an effective depth of 70 cm. If the 
modular ratie equaly 18 find the stresses in concrete and steel if the 
moment of resistanve of the beam section is 32,000 kgm. 


PORTE SM 
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Solution. Assuming the N.A. to be below the flange, takine 
moments about the V.A. we have, 
170 x 15 (n—7°5)= 18 x 45°24 (70—n) 
n=22'63 cm. 
yen 2de 
2n—d: j 3 
2% 22'63—-2X15 15 
2x2263—15. ° 3 “™ 
=6°26 cm. 
Lever arm ==(d—Y)==70— 6°26 =63'74 cm. 
M.R. ==At t (d—9)=32000 x 100 
==45°24x1x63'74 
= 32000 x 100 
32000 x 100 k 
45°24 x 63°74 “F 
=-1,110 ke.Jem?. 
Scress in concrete is given by 
[8Xc__ 2263 
110 70—22°63 
cx 29°45 kg./em* 


$203. Axially Loaded Columns 


A column forms a very important component of a structure 
Columns support beams which tn turn support walls and slabs. It 
should not be forgotten that the failure of a column results in the 
collapse of the structure. The design of a column should therefore 


receive importance 


$204. Axially loaded celamns. An axially loaded column ‘s 
one in which the line of thrust of the load supported by the column 
coincides with the longitudinal axis of the column. 


§205 Plsin concrete columas. Columns whose unsupported 
lengths do not exceed four times the least lateral dimension may 
be made of plain concrete Further the load should be axially 
applied. Columns of greater lengths should be adequately rein- 


forced. 


$206. R.C. columns. Columns may be cast to any of the 
following shapes—square, circular, hexagonal, octagonal, cfc 
Longitudinal reinforcement (or main steel) is provided to resist com: 
pressive loads along with with concrete. As per IS. 456--a rein 
forced concrete column shall have longitudinal stee] reinforcement 
and the cross-sectional area of such reinforcement shall be not less 


t /om?® 
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than 0°87, nor more than 6% of the cross-sectional area of the 
column required to transmit all the loading. The object of sti- 
pulating 2 minimum percentage of steel is to make provision to 
prevent buckling of the column due to an accidental eccentricity of 
the load en it. The object of stipulating a maximum percentage of 
siecl is to providereinforcement | _,, ,, 63a 

within such a limit to avoid 1PAUll, Cal ~  p ANS 


congestion Of reinforcements ee ee eee 
wireh would make it very diffi- | | 

cult te place the concrete and | 

consolidate it. This may be | + 
best realized from the following | Se ele 


two examples. Consider two 


-_-— -— w& fon een Wane: 


columns 45 em. X45 cm.’ (a) Fig. 864 tb) 
Reinforcement required at 0°8% of gross areas x 452 
=16°2 cn? 


This may be provided by four bars of 24 m,,,. diameter with an 
area of 18°10 cnz.* [Fig. 864 (a)}. 


‘ ; ( ” 
Reinforcement required at 6% of the gross area= ve x 45- 
= 121°S cm?, 

Even if the bigger diameter bars be selected, say 32 enin. dia- 
nivter bars, we will require 16 bars of 32 mm. diameter providing 
a total area of 8°04 16 12864 cm.” |Fig. 864 (t)]. The difficulty 
of placing concrete between the 16 bars of 32 mm. diameter with the 
overall size of 45 cm X48 cm. may be quite apparent. Practically 
the maximum percentage of steel may be limited to 4 per cent of the 
gTOSs arca sO as to ensure a good and sound concreie. 


It the ratio of the Jength to least radius of gyration is less than 
}2, the requizement regarding minimum amount of steel wil! not 
apply. 

The longitydinal reinforement should be laterally ticd by 
transver-e links to provide a restraint against outward buckling of 
each of the longitudinal bars. I.S. 456 code stipulates that the 
diameter of longitudinal bars shall not be less than 12 mm. and_ that 
the diameter of the transverse reinforcement shall be not less than cone 
fourth of the diameter of the main rods and in no case Jess than § mim. 
in diameter. 


In the case of pedestals and columns in which the Jongitudinal 
reinforcement is ignored for purposes of calculating the permissible 
load on the column the longitudinal reinforcement shall not be less 
than O15% of the gross area of the column Section. 

$207. Spacing of transverse links. This shall not exceed the 
icast of the following : 


(a) The least lateral dimension of the columns. 
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(b) Sixteen times the diameter of the smallest longitudi 
reinforcing rod in the column. ongitudinal 


(c) Forty-eight times the diameter of the transverse reinforce- 
ment. 


$208. Cover. The minimum cover to a column reinforcement 
equals 40 mm. or diameter of bar whichever is greater. 


909. Effective length of a colamn. The effective length of a 
column is not necessarily its actual length. It depends on the degree 
of fixity of the ends of the columns. The following table (page 983) 
gives the effective lengths (corresponding to the actual length ; 
which refers to the length of the column from floor to floor or 
between properly restrained supports). This table is in accordance 
with 1.8. 456 code. 


§210. Safe loads on R.C. columns. 


Short columns. A column will be considered as a short columr 
when the ratio of effective length to its least lateral dimension does 
not exceed 12*. 


$211. Permissible load on a column 

Reinforced concrete columns may be designed by the following 
methods : 

(i) method based on the elastic theory. 

(ii) 1.S. code method. 


(i) Method based on the elastic theory 


Let A be the overall area of the column section. 

Let the area of compressive reinforcement be 4c and let the 
modular ratio be 7. 

Let the compressive stress in concretc be ec. 


Since there is no slipping between the reinforcement and the 
concrete, strains in conc.ete and steel are equal. Hence to satisfy 
this condition 


Stress in steel = modular ratio X stress in concrete 
t= 1c 
Let W be the load on the column. 
*. Load on concrete+load on steel = W. 
c(A es Ac)=Ae mc=W 
7. dAt(m—1) Ad=W 


*For more exact computations a column can be regarded as a short 
column when the ratio of the effective length to its least radius of gyration does 
not exceed 50, 


tae & zs 
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Theoretical Recommend- 
Degree of end restraint of compression member value of ed value of 
effective effective 
length length 


Effectively held in position and restrained against | : ; 
rotation at both (/ e. both ends are fixed) oe j O53 I 0°65 / 


Eifectively held position at both ends, restrained 
against rotation at one end (i.e. fixed at one end o7/ 0°80 / 
and hinged at the other end) 


Effctively held in position at both ends, but not 
yeoua nes against rotation (fe., both ends are 1°00 J 1°00 / 
inved. 


Effectively held in position and reStrained against 
rotat:on at one end, and at the other partially 1°50 / 
restrained against rotation but not held in position 


Se cement ae — 


Effectively held in posit on at one end but not res- 
trained against rotation, and at the other end res- 2°00 | 2°00 ! 
trained against rotation but not held in position 


Fectively held in position and restrained against 
rotation at one end but not held in position nor 2°00 ! 2°00 / 
1estra ned against rotation at the other end, i.e., 

fixed ut one end and free at the other end 


Safe Compressive Stress in Concrete in Columns (IS 456) 





S.1. UNITS M.K.S. UNITS 
Grade Safe stress in Grade Safe stress in 
of concrete C een of Concrete C teens 
M 10 2°5 M 100 25 
M15 40 M 150 40 
M 20 5°0 M 200 51) 
M 25 60 | M 250 60 
M 30 80 M 300 80 
M 3° 9°0 M 350 90 
NI 40 100 M 4Cc* 100 


pric secnamnnstts 
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On this theory taking c at 40 kg./cm.” (or the stipulated stress) 
the safe load on the column section can be determined. Until recent- 
ly columns were designed on the elastic theory. 


(ii) 1.8. code method 
The safe load on a short column is given by, 


we. area of {jars fee +{ ora of stres | 


concrete In concret steel in stee] 
Safe compressive stress in concrete shall be taken as follows : 


Safe compressive stress in mild steel bars is equal to 130 N/mm? 
(1300 kg./cm”). 


Problem 511. An R.C. column 30 cm.x30 cm. in section ts 
reinforced with 8 bars.of 20 mm. diameter. If the permltssibl? stress 


in concrete is 40 kg./em.* find the safe compressive load by simple elas- 
tic theory. Takem=J8&. 


Solation. 
Area of column=A=30 X 30 =900 cm.2 


Area of steel == Ar=8 X a (2)2=25°12 cm? 


Equivalent concrete area= Ae=A+(m—1) A: 
= 900+(18—1) 25°12 = 132704 cm 


Safe stress Equival 
Safe load=| >4'° § x q ent 
In concrete concrete area 


= 40 X 1327°04 kg. 
= 53082 kg. 
Problem 512. (S.I.) A short column 30 cm.X30 cm. in’ section 


is reinforced with 8 bars of 22 cm. diameter. Find the safe loud on 


the column by simple elastic theory. Take m=18 Safe +iress in 
concrete is 4N/mm?. 


Solution. Area of the column 
= A=30 x 30=900 cm.2 


Area of steel =A1=8X ie (2'2)? =30'4 cm? 


Equivalent concrete area 
= Ag=A+(m—I1)A: 
=900-+(18—1) 30°4 cm.” 
= 1416°8 cm.* 
Safe stress 1n concrete 
=4 N/mm.2=400 Nicm 2 
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Safe load] Safe stress |x Equivalent 
in concrete concrete area 

= 400 * 14168 Newtons 

== $667.20 Aontons 

= 3660 72 Kilonewtons. 

Problem 513. A sho colunn ef square section ts to be desisned 

ta carry an axial load of 1,062,300 ke. Design the colunm by LS. code 
method. | 
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Solution. Let us assume that Af £5) grade concrete is used. 
Hence C= 40 ag.fom * 
and cp= 130) kgeicnt 
Let the sectional a:ea of the colu an be 4 cin? 
Let us assiime 2°, uf area of colunin as steel reinforcement, 
Area of ster} “O02 4 on - 
.. Areacf concretes: A024 vont 
“O98 4 cm - 
ae Sate luad = concrete arcu * safe sivess in concrete 
-- steel area x Sufe stress in steel 
J. O984 404 624 x F300 
= 7] 024000 fy 
e 62 2.4- 2,02,300 
AS Tien 
Size « calumn ~- Wp 39 62 cm, 
Hence provide fi). om <4U cry) 
Area of the column section= L606 cnt.- 
“. 40(16NG-- 4) 4° 2400 


> | ALL Ma 


}26C 4. = 383i 


ny ter 30°74 apd 2 
Provide 8 burs of 22 nam diameter (30°41 cn). 

a Lateral ties. Diameter to be net 

8-22 ml Jess than 

DIA c 
ymm-26cu ae ; | (i) 5 mini 

CENTRES , (ii) One-fourth of diameter of 
ae main steel =} x 22=5'5 mim. 


; | Let us, therefore, provide 6 mm. 
: diameter tics. 
Fig. §65 

Spacing. This shall not exceed the following : 

(tf) Least lateral dimension== 40 cm. . 

(ii) 12 times the diameter of main bar==12 X 2'2=26°4 cm. 


(iii) 48 times the diameter of transverse steel 
=48x*6 -288 mm.==28'8 cm. 
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Let us, therefore, provide 6 mm. diameter ties at 26 cm. centres 
[See Fig. 865]. 


§212. Long columns. When the ratio of effective length of a 
column to its least lateral dimension exceeds 12 the column will be 
regarded as a long column. Suchcolumns are liable to be buckled 
and to include this factor in the design the working stresses in concrete 
and steel are taken at a lower value, by multiplying the usual working 
stresses by a co-efficient C, called a ‘reduction co- efficient. 

Hence for a long column 

Safe stress in concrete==C, corresponding safe stress ror short 


column 
and safe stress in steel=- Cr corresponding safe stress for short 
column 
The co-efficient C; is to be determined from the following 
relation ; 
ef 
Cr== 1°25 485 


: ; ley ae 
For more exact computations Cr = 1°25— 160 Ko ] 


where Cr=reduction co-efficient 
l.¢=eflective length of the column 
b=least lateral dimension 
Kmn= least radius of gyration. 


Values of C’ for various values of He are given in the following 











table : 
| lef | les | 

ee es be te | OG 
sete [enone ea ome ey | 

12 1000 | 24 0750 | 0500 | 48 | or250 
13 0'979 | 25 | 0729 | 0°479 49 | O'22 : 
14 | 0958 | 26 | o708 | o4s8 530 | OK | 
1s | 0937 | 27 | ORR (438 : s1 joke . 
16 | 0-917 : 28 | 0°667 | o4i7 , 52 | o4e7 | 
17 | 0895 | 29 | ged6 | 0396 ' 53) | on146 | 
18. 0875 : 30 | 0625 | 0375} 54} ORS 
19 | 0854 | 31 | 0604 ! 0354 | 55 | 0°104 
20: 0833 | 32 | O53 | 0333 | 56 | 0083 
2 0883 33. | 0563 | - 0313 | 57 07063 | 
22 0792 | 34 | 0's42 | 46 | y292 | 58 0°042 | 
23 (0771 35 0°521 ! 47 3 0271 59 0021 ! 
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Problem 514. A column 38 cm. x 38 cm. x8 
ie. ; metres tong ha: 
support @ load of 80,000 kg. Find the necessary raat ecenent ie the 
column. Take c= 40 kg.[cm2 and cy = 1300 kg.jcom? 


Solution b= least lateral dimension =38 cm. 


ler=length of column =$00 cm. 
; les 800 ‘ 
a 5 38 =21°05. 


This is greater than 12. Therefore, the column is a long column. 
Reduction co-efficient 


a . saa Ls 
Cr=1°25 ASb 
é $00 3 


* Safe load on the long column-= Reduction co-ellicient * safe 
load on short column. 
Let the area of reinforcement be 4. cm. 


Area of concrete==38 X 38 — 4e=(1444—A.) crn* 
Safe load=0'811 [40(1444~- 4.)-4 1300 x Av] 
= $80,000 kg. 
on Ac=33'2 cm" 
This is between 0°8% and 6 of the area of the column 
section. 

8 bars of 24 mm. diameter will provide 319 cm? 
Lateral ties shall also be providesd as in the previous exabiple. 


§213. Continvous columns. Ofte. in multistoried structures, a 
column continues up through a floor from ore storey to another. In 
such cases the main bars of the column munot be first continued up 
either within or outside the reinforcements of the floor beam 
which frames into this column. When the main bars contunue up 
outside the reinforcement of the beam, it is necessary that the width 
of the column should be at least 8 cot more than the width of the 
beam. Sometimes the column size in plan may be smaller above 
the floor than below it In such cases the main bars of the column 
will have to be bent inwards at the floor Jevcl, or alternatively these 
main bars may be stopped just below the fluor level and separate lap 
bars may be provided for connecting the part of the column above 
and below the floor. 


Figs. 866 (a) and (b) show two alternative arrangements. 


6214 Spirally reinforced column. These are circular columns, 
which are reinforced with closely and uniformly spaced spiral 
reinforcement in addition to longitudinal steel. Columns of circular 
section are usually spirally reinforced. Sometimes separate loops 


may also be provided in place of the spiral. The continuous spiral 


MTT NAOT YH THe 
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is adopted in preference to separate loops. A column with helical 
reinforcement shall have atleast six bars as longitudinal re- 
inforcement. 









cL 





bene 
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hi | 


ae. | 


. 
act 
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(a) Columa reinforcement (6) Column reinforcement 
taken within the main taken outside the main 
bars of the beam. Fig. 866 bars of the beam. 


The safe load ona spirally reinforced 
column is given by the following expression 


P= cAntecyAct2trA> 
where P-- Safe load on the column 
.fc~The cross-sectional area of concrete 
in the column core excluding the 
area of longitudinal reinforcement 
(For core diameter see Fig. 867). 


Aus The equivalent (vclume of helical re- 
inforeement area of helical rein- 
forcement per unit length of the 
column). 

A-=The cross-sectional area of longitu- 
dinal steel in compression. 

tu== The permissible stress in helical re- 
inforcement and cy =the permissible compres- 
sive stress for column bars. Thesum of the terms cAk and 2t,A4> 
shall not exceed 0°5 F:-4 where Fc is the ultimate cube strength of 
the concrete req: . d from the work tests. The permissible tensile 
stress in the hclicat reinforcement may be taken at 1000 kg./cm?. 


Problem 515. A column of circular sectionis 326 mm in diameter 
and is reinforced with 6 bars of 22 mm. diameter as longitudinal 
steeland helically reinforced with 6 mm. diameter bars at a pitch of 6 
cm. Find the safe load on the column. Adopt c=40 kg./cm.*, cy= 1300 
kg.[cm® and te=1000 kg./cem.? 

Solution. Diameter of column=326 mm.=32'6 cm Allowing 
40 mm. cover to longitudinal steel, the diameter of the core= 
32'6—2X 4=24'6 cm. 
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Safe load on the column 
P=cAnrtcyAct2toAn 


Av= Volume of the spiral per em run of the column length 
of the spiral per cm. run of the column Xarea of hictical 
reinforcement. 


Length of the spiral per pitch lene 
= ee ah a Ps ene ares of helices! 


reinforcement 
Length of the spiral per pitch length 
== 1% X diameter of centre fine of helical reinforcement 
= 7 X(24°6+0°6)=79' 18 cm. 
79'18X0 28 
6 


Adopting c=40 kg.fem4, cy=1300 kg.fem* and t» 1000 
ke.fem*. 


Av= 3°70 em." 


mx 252 


Safe load =PeAl ae — 22°81 J+ 1300 


%22°81-+4 1000 K 370 Ag 
= 55780 kg. 
= 55°78 tonnes. 
:218. Combined Bending and Direct Stresses 


Often we come across members subjected to direct stresses 
accompanied by bending stresses. A very common example 1s that 
of a column subjected to an eccentric vad or a column of a storeyed 
building. Other instances are in arches, tank walls, chimneys, 
silos, bins, efc. In some cases the direct stress may be predomi- 
nant and the bending stresses may be small. While in some cases 
the bending stresses may be predo.ninant as compared with the 
d:reet stresses. There will also be instances in which both types of 
stresses may be predominant. Let us discuss the case that we 
usually come across. 


When the section is subjected to an axtal load and a moment, 
the ratio of moment to the load is called the eccentricity and 
such a section can be analysed as though the load has been applied 
at the above eccentricity. 


Case 1. Rectangular section subjected to compression and 


‘ending. Eccentricity is less than . See Fig. 868. ‘ 
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Y In this case the resultant stresses in 
) concrete will remain compressive and the 
resultant stresses are given by 
M 
e= — 4+" 
Ae Z 


where P=Eccentric load 
M =B.M. due to eccentric 
load= P.e. 

Z=Section modulus about 
the avis with repect to which the load 
is eceentric. 

Ae= Equivalent concrete are. 
y lor the section | shown in the figure 

Fig. 868 with symmetrical reinforcement we ha*c 
the equivalent area of section 
4.--hD-+-(m—I1)At 
where A; ~bctal area of reinforcement. 
Equivalent moment of ne about the axis XX 


1 m—1 ) A: [2-4] 





bes 
> y 
= 


o— 


The resultant stresses are 
}? = P.e ( D ) 
te An Te 2 


The following example» !lustrate the above case. 

Problem 516. A rectang./ar reinforced concrete section 70 cm. 
deep and 45 em. wide is reinforced with 7 bars of 28 mm. diameter 
placed at an effective cover of J cm from the top edge and seven siitr- 
lar bars at the same effective cir from the bottom edge. Determine 
the maximum thrust on te ses rien, which can he applied ata ats 
tance of 10. cm from th centr: line if the compressive stress in cor 
crete is not to excced SU kg (com * Take m= 18. 


Solution. —| 
cal 45cm 
e=10 crm. 5 Chi 






D 7 
ESET IPGT cm 2.1 @6806838080 
hee 
6 


Total area of steel pro- 
vided = 2 x 43°1=86'2 cm.* 

Equivalent area of concrete 
for the given section 

= 4-=hbD+(m— 1A: 

== 45x 70 + (18— 1) 86 2¢m.* 

= 4615 40m = 

Equivalent moment cf 
Inertia about the contre! 
axis XX 


@000090 


Fig. 869 
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bps D 
= f,= 13 +(m—1) Ar ( 9 — de) 
45708 


os = +17 x 86°2 (35—5)* cm.4 


== 2,605,110 em.4 
Maximum compressive stress in concrete 
PM 


me ari 7 Ve 
. _?P__, Px10 
“. 50= 46154 7t 2005Ti0 ** 
P=i42,400 ke. 


Problem 517. The horizontal thrust for a two-hinged arch is 
found to be 11,000 kg. The crown section of the arch is a square of 
ide. It is reinforred with 6°03 cm.* of stecl above the centro- 


30 cm. si 
jdal axis and equal amount of steel below the axis. The centres 


of steel are respectively 5 cm. from the upper and lower edges of 
the crown section. The sectionis also subjected to a bending moment 
of 100,000 kg. cm. Assuming that the concrete does not failin ten- 
sion, calculate the maximum tensile and compressive Stresses in con- 
crete atthe crown section. Find also the tensile and compressive 
stresses in steel. Take m=18. 


Solution. Equivalent concrete area of the arch section 
Ae 240 30-4 (18-1) K2 x 6°03 cm.* 


"| HOS cn? 
Equivalent moment of Inertia 


ote 3 
pa ae + (18 — 1)2x 6°03 
cm 
= $8000 cm! 
FExtrenic stresses in concrete 
11000 — 100,000 
eee = 1105 = 83000 





x15 kg./em’. 


=9°9541705 kg.icm” 
Maximum compressive stress in concrete 
=9°95-4+17:05 kg./em.* 


=27 kg./em.? 


Maximum tensile stress in concrete 
= 17'05—9'95=7°10 kg.lem? 


Compressive stress in steel 
=18{ 9.95-+4+- ae x17°05 | kg.Jom.? 


=: 383°76 kg.jcm? 
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Tensile stress in steel: “18 ie x 17°05 -9°95 ] kg./cm2 


=: 25'6 kg.lem.2 


Problem. 518. An R.C. column 30 cm < 30 em. is reinforced 
with four bars of 26 mm. diameter placed at an eftective cover of 5 
cm. Find how far from the centre, the line of thrust may pass along 
the YY axis without causing tension in concrete. Take m= 18. 


Solution. Area of 4 y 
bars of 26 mm. diameter 
= 21°24 cm -- ~ 30,C7 as 
Let the maximum mi 
eccentricity be e cm. 
(See Fig. 871) 
Equivalent concrete 


area =30X30+(18—1) 
21°24 cm.% 


=1261 cm? 


Equivalent moment 
of Inertia 


__30x308 
~ 12 | 

+(18—-1) 21°24 x 102 cm.4 
= 103600 cm.* 





If tension in concrete should be avoided the direct and bending 
stresses should be equal for the section. 


Let P be the applied load 


1261 —-:103400 2 
e=:5'48 cm. : 


Problem 519. A two-hinged arched rib has a section 30 cm. 
wide and 90 cm. deep, at the crown. The section is reinforced with 
six bars of 22 mm. diameter at the top and an equal reinforcement 
at the bottom. The reinforcements are placed at an effective cover 
of 5.cm. from the respective edges. If the resultant thrust on the 
section is 100,000 kg. inclined at 3° with the tangent to the arch centre 
line and acting on the vertical axis and 10 cm. from the centre line of 
the section, determine the stresses in concrete and stecl at the top and 
bottom of the section ; modular ratio may be taken as 15, 


Solution. See Fig. 872. 
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Since e=10 cms. which is less than 
*s the stresses will remain compressive. 
Thrust norma! to the cross-section 





= 100.000 cos 3° 

= 99860 keg. 

Equivalent area of the section 

' =30X90+(15—1)x 12x 3°80 ses 
== 3338'4 cm.4 ; 
Equivalent Moment of Inertia /40 
30 x 90 
=~" jy +14 x12 3845-52 
em.4 Fig. 872 

= 18,22,500-+-14,21,440 cm.4 
= 28,43,948.cm.4 


Extreme stresses in concrete 


99860, 99860% 10, 90 Oe lem? 
= 3358 4+8,43,340 * 2 K8-/em. 


= 2992-41581 ke jom2 
Maximum compressive stress= 45°73 kg./cm.* 


Mihimum compressive stress = 141i Ag./cm.* 


Ee 
Stress in steel o 15 29°92 9 > (iS°8) | kg jom.* 


= ASO5S kg.fom” cummpreasive in steel at 
top and 238°95 ky.'cm* compressive in 
steel at bottom. 


When the eccentricity is sc large that excesive tensile stresses 
are developed. In this case the concrete on the tension zone is 
ignored and ,the position of the neutral axis found from first 
principles, 


— ee eon 
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Fig. 873 
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Fig. 873 shows the section ofan R.C. member subjected to 
an eccentric load. The stress at a point is proportional to its distance 
from the neutral axis. 


Let the stress at any point be given by c=ry 
where y=distance of the point from the neutral axis 
and r=a co-efficient of proportionality 


Total compression— Total tension = Thrust on the section 


jf b dy ry+(m—1) Aer(n—de)—mA: r(d—n) =P 


P=r [ + (m1) Adn—dc)—m Ai(d—n) | 


Similarly, Moment of resistance = bending moment 


or Total moment of the induced 
compressive and tensile stresses =bending moment. 
about the neutral axis 


bn. + &n+(m—1) Acr(n—d.)2-+-mAtr(d—n)*= Pe, 
3 
Pex=r| +(m—1Adn—de)*+mAdd—a}? | 


On +-(m— 1)Ace(n—de)*-+-mA:(d—n¥ 





Pen 
fg eg 
P BE +-(m—1)Ae(n—de)—mA(d—n) 
But en=e-+n— e 
‘br? 2 
“g tn—1)A(n—dP-+mA(d—n) 
Cet Gutpte ona. ae Oeee 


> +(m—1)Ac(s—de)—mA:(d—n) 
Hence, for a given position of the eccentric load the depth fof 
peutral axis can be determined from the above relation. 


Problem 521. The haunch section of a bowstring girder bridge 
fs subjected to a bending moment of 1,931,500 kg. cm. and a norma 
thrust of 81,260 kg. The section is 40.cm. wide and 80cm. deep. 
Eight bars of 18 mm. dia. are provided atthe top and an equal rei 

ement at the bottom. The reinforcements are placed at an 
effective cover of 6 cm. from the respective edges. Determine the 
stress in concrete and steel. The modular ratio may be 


gaken as 15, 
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Solution. Ac=A:=20°36 cm.2 


- b:4Qcm - 
See Fig.874. Pe 
Eccentricity from the centre 
of the section : 
ew _1,93,15,000 N A 
=o pe Sie0. 6 
The eccentricity is considerably large 
to produce tensile stresses. 
Hence the depth of the neutral axis Pr 
is given by t 
Fig. 874 
Pr +m — —1)A,(n— d.)?+mAi(d—n)? 
e+n— 3 = ~———— 





> '+(m—1)Adlt—de)—mAAd—n) 


40n8 
“3 +14 x 20°36(n—6)2+-15 x 20°36(74 —n)? 


*, 23°77 +n— * = 4072 


5 + 14 x 20°36(m — 6)— 15 x 20°36(74—n) 
Simplifying, we get 
n> — 48°69n? +2209 '05n— 193212°47] =0 


or n{n*—48 69n-+2209'0>] = 193212°471 
Solving by trial and error, we have 
When n=63 LHS=195966°54 
nw=6§2 LHS= 188124°74 
n==x62°7 LHS=193593'77 
n= 62°6 LHS =192794°73 
=62°66 LHS= 193269 13 
n= 62'652 LHS=193206 24 
n=62°653 LHS= 19321371 


Taking moments about the tensile steel], 


40n-5-( 74% | +(15— 1) x 20°36" ane ex 68 


2 
"081260 (3442377 
. c — 653 56 653 
20x 62°653 5 ( 74-3} +14 20°36 x 29.822. x 68 
= $1260 x 57°77 


66557’ 5c+ 17526°Sc = 46,94,390'2 
c= 55°83 kg./com.2 
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Coriesponding stress in tensile steel is given by 
15x55°83_ 62°653 


eet ee 


f ~~ 74—62°653 


. __1555 83 x 11°347 9 
.° t= —69'653 kg./em. 


t= 151.7 kg./em2 


Examples on Chapter 19 

1. The cross-section of a singly reinforced concrete beam js 
30 cms. wide and 50 cms deep to the centre of the tension reinforce. 
ment which consists of four bars of 16 mm _ diameter. If the stresses 
in concrete and steel are not to exceed 50 kg /em.* and 1460 kg /cm2 


respectively, determine the moment of resistance of the beam. Take 
m= 18. (497, .00 kg. cm.) 


9. Areinforced concrete beam 30cm. wide by 60 cm. total 
depth has a span of 8 metres. Find the necessary tension reinforce- 
ment at the centre of the span to enable the beam to carry a load of 


600 kg./m. in addition to its own weight. 


Concrete cover below the steel centre = 4 em. 
Weight of the beam =2400 kg./metre? 
= 50 kg./cem.* 


Permissible stress in concrete 
Permissible stress in steel 


Modular ratio 


3. A singly reinforced beam is 20 cm. wide and 40 cm. deep 
to the centre of tension reinforcement which consists of four bars of 
16 mm. diameter. If the stresses in concrete and stee] are not to 
exceed 50 kg/cm.” and 1400 kg./cm*;: find the moment of resistance 
of the beam. Take m=18. (325,600 kg. cm) 


4. The moment of resistance of a rectangular concrete beam 
of breadth b cm. and effective depth dm. is 9°15 bd?. If the stresses 
in the outside fibre of concrete and steel shall not exceed 50 kg /cm* 
and 1400 kg /cm.? respectively and the modular ratio equals 18 find 
the ratio of the depth of neutral axis from the outside compression 
fibres to the effective depth of a beam and the ratio of the area of 
the tensile steel to the effective area of the beam The reamis 
reinforced for tension only (0°427 ; G00AS84) 

5. Find the percentage of tension reinforcement necessary {0° 
a singly reinforced balarced rectangular section if the permissible 
stresses in concrete and steel are c and ¢ kg./cm.” respectively and the 


modular ratio is m 
mc? 


Ome 1) | 


=1400 kg./em.* 
218 (12°94 cm.*) 
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6. The section of a singly reinforced concrete beam is subjected 
to a sagging bending moment of 20,000 kg m. If the stresses 
in concrete and steel are not to exceed 50 kg./cm.2 and 140) kg./cm.? 
respectively, find the dimensions of the beam. The width of the 
beam may be made # the effective depth. Take m= 18. 


(51 cm. X68 cm. effective) 


7. A simply supported slab is subjected to a bending moment 
of 850 kg. m. per metre width. Ifthe stresses in concrete and steel 
are not to exceed 50 kg./cm.? and 1400 kg /cm.?, find the effective. 
depth required and the area of steel. Take. m=18. 


(10 cm. ; 6°98 cm.” per metre width) 


8. A simply supported rectangular concrete beam is reinforced 
for tension only. The beam is subjected to a bending moment of 
918,000 kg. cm. Ifthe beam is 30 cm. wide and the stresses in con- 
crete and steel are not to exceed 5) kg./em.? and 1400 ke./cm ? res- 
pectively, find the effective depth and the area of steel. 


(60 em. ; 12°53 cm.) 


9. A doubly reinforced rectangular concrete beam is 30 cm. 
wide and 50 cm. deep to the centre of tension steel. It is reinforced 
with four bars of 20 mm. diameter as comoressive steel at an effective 
cover of 4cem and with four bars of 24 mm diameter as tensile steel. 
If the stresses in concrete and steel shall not exceeed 50 kg./em.* and 
1400 kg./cm.2 respectively, fina the moment of resistance of the 
section. Take m=18 (1,053,200 kg. cm.) 


10. A doubly reinforced concrete beam is 24 cn. wide and 55 
cm. deep to the centre of tensile reinforcement. The areas of com- 
pression and tension steel are 15 cm.2 each. he centre of the com- 
pression steel is 5 cm from the compression edge. If m=18 and 
the sectinn is subjected to a maximum bending moment of 750,000 


ke. em., find the stress in concrete and steel. 
(c= 34 kgfem2 3 t=1020 kg.fom.2 ; tc=463'5 kg.fom.?) 


It. A rectangular beam reinforced on both sides is 30 cm. wide 
and 70 cm. decp. The centres of steel are 4 cm. from the respective 
edges. {If the limiting stresses in concrete and steel are 50 kg./cm.2 
and 1400 Ag.’cm = respectively, find the steel areas for a bending 
moment of 1,300,00U kg. cm. Take m=18. 


(Ac= 4°22 cm.2 3 At=15'99 cm.?) 


(2. An R.C. beam 30 cm. X39 em. in section is reinforced with 
four bars of 24 mm. diameter as compression steel and an equal 
amount as tension steel, the effective cover to the reinforcement being 
Scm. The section is subjected to a bending moment of 3500 kg. m. 
If the modular ratio is 18, find the stresses induced in concrete and 
Steel. (c=37'89 kg.lom2; t=748° 2 kg.Jom.? ; te=396'2 kg.Jcem*.) 
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13. A doubly reinforced beam 30 cm. wide and 64 cm. deep 
is reinforced with four bars of 24 m. diameter as compression stee! 
and an equal amount as tensile steel. The respective reinforcements 
are provided at an effective cover of 4 cm. If the stresses in concrete 
and steel shall not exceed 50 kg./cm.* and 1400 kg./em.* respectively 
and the modular ratio is 18, find the moment of resistance of the 
section. 


What would be the moment of resistance based on steel beam 
theory? (1,373,400 kg. cm. ; 1,419,040 kg. cm.) 


14. A pile 30 cm. X30 cm. in section is reinforced with four 
bars of 24 mm. didmeter, the effective cover to the centre of reinforce- 
ment being 5cm_ The pile section is subjected to a bending moment 
of 1600 kg. m. while hoisting it. If the modular ratio is 18, find the 
stresses induced in concrete and steel. 


(cx 47°56 kg.fem®. ; t=1126 kg.jem2 : t=439;kg./cm2) 


APPENDIX I 
TABLE 1 
Moment Coefficients for Continuoas Beams 
{Equal Spans) (Dead Loads) 
. M= Coefficient X total load on span x span 


Uniformly distributed loads 


O 125 
0-096 0 096 
O17 0-117 
0101 * 007 * or & 
oO N6 0.107 0-116 
0:099 Oo Ost 0-081 0-099 
0116 0107 O107 ONG 


O 100 0 079 0-086 0079 01090 


Point load at centre points 


O 188 
0-203 0 203 


0.175 0-175 
0-213 0-175 0 213 
0-174 0-181 0-474 
0-210 O 183 0:183 0 210 


O 174 0-160 0 160 0 §74 
O-2ti O18] 0-198 o 181 Oat 


Point load at one third points 












0-187 






0 139 





0-139 









O 156 0.166 
0.144 0-100 0-144 















0-155 0-143 O15S§ 
6-143 ol 0-117 0 143 













0.155 0.142 0 142 0-155 
0-143 0 108 0-114 0-108 







0143 
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TABLE 2 
Moment Coefficients for Continuous Beams 
(Equal Spans) (Live Loads) 
M = Coefficient Xtotal load on span X span 





: Uniformly distributed loads 


C175 


OTC 2070 zo 


% i100 0160 


& foe gO, es we ee, 
0 080 9 025 0 080 


t 107 0 071 0 107 


Bae RR a BO ek ee 
007) 0 036. 0 036 0077 - 


O405 0079 0079 0105 


& :: A yy r A a z 
O O78 0038 0C46 0034 9 278 











Point isad af centre points 


O 18a 


Q 150 0 (50 
O- 175 0100 0-575 i‘ 
C Gi 0107 0 16} 
03958 oO 9 Off3 0 158 


O47 O-H2 O13) O12 C17; 


Point load at one.third points 


O 167 


2: Or GMs * 


0434 O s34 


4 <e A a 
0422 w O33 0122 


0 143 O 096 0-143 


tien ake ga aa Oe OM POT 
ie arg 0056 0-056 0 i19 


O fa} 0 106 0 106 O 14} 


0 120 6650 006! 0050 0 129 
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TABLE 3 
Fixed end moments Mas and Mua 
and end slope angles dan and $x, 
Concentrated Loads 
MW 
Mt Dy. | aff M a oe 
AB ea ae 1 ye 2 
c nS Sia 


LOADING SYSTEMS 
Fice BM DIAGRAMS 
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TABLE 3 (Contd.) 
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Fixed end moments Mas and Maa 
and end slope angles O45 and Os, 


fancentrated Loads 


LOADING SYSTEMS 
Free 8.M DIAGRAMS 


LW WW Ww 


statetsts 


eH ETHAN 
3WL 
5 


Lpecpe 

5 ; ; 61646 E 
eau 

SW. T 

/ 

* awl TT 
3 4 

(N-l)w 


M5 AND Ms 
2WL 
Mig >” Mea 


AB BA~~ 32 
M..=-M,.2- 35k 
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993! | 9954! 9977 


1015 
TABLE 10 (Contd.) 
ANTTLOGARITHMS 
menage S 

| pops tet sys ls] elles peescres 
pou 3162 39701 3277 5 3234 | 3192 | 31991 4206] 3214 3231/3a28]s1 713 6 g@] 6 6 y 
BIH 3230 | 3243 | 3257 | 3258 | 3266 4273 3281} 3x89, 3296 33044' 2213 4 Sh 6 6 9 

“dE j33tt 3319 | 3327 | 3334 | 5342) $3505 2357 | 365135731338 112213 9 5 $6) 

es 3388 3395] 2424; 34°: 5422) 3628. 3436 f sags Gast. 3esofr 2213 ¢ 5,66 7 

“4 aan 3475 3483 3491 [ee gue 3$2a! 3532; 35408 2 244 4< 6 6 7 

FSG |, 3548 | 3556) 356°) 35730 021 3589) s507) Goblye.4)3fczpr2273 5 5167 9 
“BS |] 3032 | 3039) _ 9.5 at | cog! 3073 E4084 | sog01 jogs [a7e7 ft 2 5'3 4g 316 7 8 
pO7 A STTS $3726 57 35c 95. | 250137581 3785 | 7 7O1 1784) 79RF 2 dg GL 6 7 8 
g-BG | 3802 | 3851 38.0] 3-4 | 3537] 140] 5855 585915573 887)225 5 4 5167 8 
"BY jf 3890 § 3999139 + pK) By2OE Leddy BES | age [ G06. ae 455,67 8 
BO || 3981 | 3990 | 3999 | 4000 | 4018: 4027/ 40761 gus6lgo45 go6g'i>3'4 5 61 6 7 8 

“61 4074 [40383 | 4093} 4102 grit [qi 2tl sso} gig} ar so. 4nhoir23.4 § 617 8 9 
4-62 |i 4269] 4178 | 4188 | 4198 | 4207 5217| 4227 | .236 £2496 4250/123/5 § 617 8 9 
“GB | 4266 | 4276) 4285 | 4295 | 4305 14315] 4325 | 4335143054355] 123.4 5 6] 7 8 9 
CA f 4365 | 4375 | 4385 | 4395 | 4406] 4510) 4420 | 44 50] age6laa57 it 23,4 5 6) 7 8 9 
FEB i 4467 | 4477 | 4487 | 4408 | 4508 | 4519] 4539] 45391 4550-4580 15 23)4 5 61 7 8 9 
66 457! are ees 4603 | 491 31 4024 | 4634 | 3645 1.46050: 9667 $2 2314 § 61 7 Q10 
47 | 4677 4OBE| 499! 4710 | 4725 | 4732445762 | 4753/4768 a77C 13314 5 71 8 gto 
OB | 4756 £4797 | 4808 (4810 | 483) | 4842 14853 | 4864 | 4875 25N7 1s 314 6 71 8 gto 
1-60 : 4898 $999 | 4920 | 4932 1.4943) 4955 14966 | 4077 | 98e 000 +2315 6 71 8 g10 
TO |i Sor2 | $0234 5035 | $047 50581 so70 5082 | 50931 $505; cas71.624,5 & 7{ 8 ont 
TE: S129] 5140] 515215103 1917615188 | 52091 5202 527415798 '24,5 4 7! 81088 
"FE 1, $248 | 5260] 5272 | $284 | 5297 | $309] 532) 15333153406! 5358512415 6 7) gion 

B73 4 5370} 5383 | 5395 [$408 | 5420| 543315445 | 6458] sarc! 4834973415 6 81 gtom 
4 | 9s $8.06 6962 ° 16634 | $5401 $559] 5572 £5555 | $9981 tesohs 5415 & 8) Qtots 

FS 155-3} sory! s64y | 5662 | 5675 | 5689 | 5702 oh s7a8i aye. it 34ts 7 8{ g1002 
f-20 S752 45763 [5781 | 5794 | $898 | 5821 | 5836 | 6848] 986s 45/1 3415 7 8) gue se 
T7 fh 1Bd 57590715916! 5929 | 598315957 | S970 F 5G34 f $998 B.27134)5 7% Blrotr tz 
| -78 |! 60°" 3603916053 | O07 [60d4 | 6095 [0199 16126 1538-4152 (3416 7 Slrot 13 
“70 H 61664». 30 6194 | 6209 [6223 | 6247 | 62§2 L766 | 628: 6295 15416 7 Q)1Ots 13 
So 6310? “324 6339 | 6353 | 6368 [6393 | 6397 bfigtz [Og27 6442 1346 7 QGLIOI2 33 
“BI I 6457 16475 (6486 | G505 [651605 31 10546 fOcor 10577 /6592]235 6 & Q{ Ir t2 14 
«* lht<07 16622 | 6637 | 6653 | 6008 } 60683 | 699 | 67'41573016745 7235/6 8 glinizie 

“8B | 6761 16776 (6792 (O8OS [6523 [6539] O8ss JOH71 JOR; 0902/2 35/0 3 git t3 16 
“34 fears 6934 6950 1906 | 6982 ] 6095 7Ot5 FO3t! Mm 7, 70031235,6 FIOLTE IZ 
BE} 7079} 006 [711217129 17145 | 7161 17178] 7196 vars pu 42357 § 10} 12 13 25 

98 | 7244} 7201 | 7278/5295 [7311 47328173495 17392 | 73775 !7380 123517 8 rojrz13 15 
BZ 7413174300 7447 (740417487 | 749977 9491 7534 err fazee «3 5|7 910,22 14:16 
88 | 7£86 | 7603 | 7021 | 5634 | 7056! 76744 7O9F | 770917 75 ce CLT nee te 06 
80 i 7762 7780! 77GR 17810 7834, 7852 7870 7859! 7097 7 °°$ 24 517 an {T3 14 36 
BO ': =943 | 2962 | 7950] 7398 | 8017 18535 | 8054] 8072 '8er Cr10} 24 bly QIN) I5 1517 

‘Bl. 918147 [8166 [Si85 [8204 (8222 [8241 526015279/829912 46/8 91911215 17 
8 | 3318 18337 (835615375 | 8395 8a14 | 8433 18453, 5472 |8aqz $2 4.6/8 10 15 | Fe 15 °7 
98 8511 18531 1855: 185701 85901 8610 | 8930 | $650 C70 | F6go] > s G'S ro 121 k4 1618 
8 | 8710} 8730 £750}38770, 35018810! 3548 | 8851 | 5872 | BBg2 | 2 guid idl lag 8418 

] a ’. 

BS |, 8213 | 8933| 8954 | 8974 | 299%! 9016) 9°30} 9057, 9978! 9099 246/819 1037 19 

96 9:90 1.9141 | 9162 1918 5 | gz24 [9220] 9247 | 9208 | 92909381] 246.558 311517 19 
82 | 9933 1935419376) 9397 19419 (9441 [5402193849506 g598 124719. 13,117 20 
98 T9550] 9572 19594 | 9016 | 9038 | 9661 | 908 31.9705 '!9727 | 9750) 247/95 -. 53) 12 18 20 

08 19772 19795 | 9817 | 9840 | 9863 | 9886} 9908 #57198) te [56 a0 


















1016 STRENGTH OF MATERIALS 
TABLE 11 
NATURAL SINES 
| ’ ’ | Mean 
I vy 16 ae | as | Oe | 8 | 86 | ae | ae | Difierenoee 
0°-o [0° | 02 | 03 | 0°-4 | 0° —_ 
| 3] 04] O'S | OO | OF | OB | OD To sla b 
Q || 000 | 0017 | 003§ | 00§2 | 0070 | 0087 | 0105 |or23 0130) 0157 13 6 9/12 1§ 
1 § 0175 Jorge {0209 | 0227 10244 | 0262 | 0279 [0297 | 0314 | 033213 6 9/12 rs 
B || 0349 | 0366 | 0384 | ogot J.0419 | 0436 | 0454 [0471 | 9488 |0506]3 6 9] 12 Ie 
8 |) 0523 [os4t | 0558 10526 1.0593 | 0610 | 0628 Job 45 | 0063 | o6F0 3 6 9/12 2s 
4 || 0695 }0715 | 0732] 0750] 0767 | 0785 1 0802 | 0819 | 0837 085413 6 9/12 15 
& | -0872 | 0889 | 0906 | 0924 10941 | 0958 | 0976 [0993 | 1015 | 102813 6 {12 14f- 
8 +1045 | 1063 | 1080] 8097 | 1115 | 2132 | 314911167 | 218g] r90813 6 Of ta 14 
27 | 3219 [12361 3983] 2278 | 1288 | 1305 | 1323 51340 | 1357 | 137413 6 Oita 84 
8 | 1392 | 1409 | 1426 | 1444 | 1461 | 3478 | 1495 11513 | 1530) £54713 6 9] 1a ry) 
O | 1564 | 15382 | 1599} 5626) 1633 | 86504 1668 | 1685 | 1702 171913 6 gi 12 13 
FO} +1736 | 1754 | 1772] 17884 1808 | 3822 | 3840 | 1857 | 1874 | 189113 6 lia 14 
11 || 1908 }.1925 | 1942 | 19599 2977 {3 2028 | 2045 | 206213 6 g {11 14 
12 | +2079 | 209G | 3123 | 2130] 2147 | 22 2198 | 2235 |.2232]3 6 Oi 11 14 
33 |! -2250 | 2267 | 2284 | 2300] 2317 | 2334 2368 | 2385 | 2402}3 6 8iit 14 
JA f 2419 [2436 | 2453 | 2470] 2487 | 3804 2538 | 2554 / 257113 6 Slit ig 
15 |: -2688 | 2605 | 3628 | 9620] 2666 | 2672 | 2689 | 2706 | 2723 | 274013 6 8/11 14 
les i °2756 | 2773 | ay@@| sop | 3523 | 2540 | 2857 | 2874 | 2890 | 2907 368i 14 
‘17 |] -2924 (3940 | 2957 | 9974 3 3040 | 3057 | 307413 6 Sits 14 
18 |] -3090 | 3107 | 3123 | 3240] 32§6 | 3173 | 3190 | 3206 | 3223 | 3239/3 6 Bi 11 14 
19 || +3256 | 3272 | 32891 3305 3378 | 3387 | 340413 § 8) 11 14 
20 | +3420 | 3437 | 3453 | 3469 3502 | 3518} 3535/3551 | 356713 § 8) 11 14 
£1 || -3584 | 3600 3616 3633 3665 | 3681 13697 | 37141373013 § 8/11 14 
G2 || -3746 13762 | 3778 | 3795 | 3844 | 3827 | 3843 | 3859 | 3875 | 389213 § Siir 14 
28 | -3907 | 3923 | 3939 | 3955 97 #19 | 4035 [405113 § 8] 1t 14 
£6 || 4067 | 4083 | 4099 [41151 413! | 4147 $4863 14179 | 4195 | 421013 5 8/21 13 
DS | +4226 | 4242 | 4258 4274 4305 | 4921 | 4337 | 4352 | 436813 § 8) rr 13 
26 |] -4384 14399 | 4415 | 6437 446 o 45091 452413 § 8/10 13 
87 | +4540 [4555 | 4872 | 45861 4602 | 4617 | 4633 1 4648 | 4664 4679 3 § 8/10 13 
BB || -4695 14710 | 4726 | 4748 ‘02 4818 | 4 oe 313 § 8j1c 13 
29 || +4848 | 4363 | 4879 | 4804 4034 4955 | 4970] 498513 § 8{10 13 
30 | -so00 | 5015 | 5090 | saq5 f gobo] g075 | $090] st05 | $120] 513513 § 8,10 13 
81 | +5150 | 5165 | 5180; $398 | S20 | 5298 ae $255 | $270) §284)}2 § 7/10 12 
BE | +5209 | 5316 15329! 30d | $358 | 5373 | 5358 | 5402 | $457 | 543219 § 7/10 12 
BS | +5446 | $461 | 5476) Saqu 5505 5539 ss ses $563 15577] 2 § 7/10 12 
84 || 5592 | 5606 | S62 | 5695 | 5650/ § 3 | $707 | 5723] 2 § 7) 10 12 
36 | +5736 | 5750) 5754 | $779] $793 | S807 | sSes as 5850] 5864) § 710 13 
86 | 5878 | 5892 | 5906 | §920 | $934 fot 962] 5976 | 5990 | 6004/2 § 7); 9 18 
87 | 6018 [6032 doa 6060 | 6074 103 | O85 [6129 | 614313 § 7/ 9 32 
88 | 6257 16:70 | 6384 | 6198 | 6228 | 622s | 6239 Ga53 6266 |628012 § 7] 9 1! 
80 S25 6307 | 6320 | 6334 16347 | 6362 | 6374} 6 Ggon | 6414¢}2 47) 9 33 
GO | 6428 | 60g! 6q55 | 6468 [648s | 6404 | 6508 | 6528 | 6534 | 654718 4 7) 9 12 
41 tin Gara | 6565 | Goon $3 | ee leeelorks 6678}2 47| 9 3! 
ag 91 | 6704 16717 |6730 16743 | 6756 6783 |6794 |6807 |2 4 6) 9 11 
43 20 1633 bas | 6858 16871 6896 | 6909 16928 |693412 46) 8 11 
a4 | S547 [eos log7s 6997 | 7009 | 7023 | 7034 | 704617059 }8 ¢ 6) § 30 
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TABLE 11 (Contd,) 
NATURAL SINES 
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$406 
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1018 STRENGTH OF MATERIALS 


TABLE 12 


NATURAL COSINES 
(Nembers .n Jifference columns to be subtracted. tne etwas" 


ae ; pas ° 
wr | 2 80° | 38 | ae | 18" 5A 
o°-2 on | 0°-4 0’ 5 | o' 6 on-7 oS | 0° 9 1 


ee cae 3 aN ee spe oe Be wma heernen 
© |, 15000 }2-000 | 1-000 }1-000 }1 000 'T-000 |-9999 eae oool0 vo 
| 9908 9998 | 9998 | 9997 19997 19997 | 999639996 | 9095 9005 fu Oo Of] © 
2 ) 9994 9993 | 9992 ] 9993 | 9990 | 9990} 0989 | 9988 | 998; fo © © 
“9986 | 9985 | 9984 , 9983 | 9982 | 9981 | 99380] 9979 | 9978 | 9977 ;0 0 1 
| -9976 |9974 | 9573} 9972 | 9978 | 9969 | 9968] 9966 9965 | 9963 50 © 


-9962 19960 | 9959 | 9957 19956 | 9954 | 9952] 9951 | 9949 | 9947)0 1 
| 9945 19943 | 9942 | 9940 | 9936 9934 | 9932 | 9930 | 9928 

















= ot we 


9928 19923 |9921 | 9919 9914 | 9912] 9910 | 9907 | 9905 
‘9903 19990 | 9898 | 9895 } 9893 | 9800 | 9888 | 9885 | 9382 9880 
9803 | 986019857 | 9854 | 9851 
9533 | 9829 9826 | 9823 9820 


Reid 19874 | 9871 | 9869 
10 |, -0848 | 9845 | 9842 | 9839 ¢ 


12 | 0816 [9813 | 9810 | 9806 9799 [9796 | 9792 | 9789 | 9785 
19 |, -9781 19778 | 9774 | 9770 9763 1975919755 |9751 | 9748 
13 |! -9744 | 9740 | 9736 | 9732 9724 |9720 19715 | 9711 | 9707 





14 |, 9703 19699 | 9694 | 9690 


9659 19655 | 9650 | 9646 
9613 [9608 | 9603 | 9598 


9683 | 9677 19673 | 9668 | 9664 


96 36 | 9632 | 9627 | 9622 | 9617 
9588 | 9583 19578 | 9573 | 9568 
17 || 9563 $9558 19553 | 9548 | 9542 | 9537 19532 19527 19521 | 9516 
18 || -a§17 19505 | 9500 | 9494 19480 | 9483 (9478 19472 9406 | 9481 
1B |) 9455 19449 | 9444 | 9430 19432 | 9420 19421 [9415 909 | 9403 


20 | ‘9397 19391 9385 | 9379] 9373 | 9367 | 9361 £9354 | 9348 | 2242 
| +9336 [9330 {0323 19317 Loatt | 9304 | 9298 19291 | 9285 | 9278 
| 9272 |9265 19259 | 9252 $9245 | 9239 | 9232 [9225 | 9219 | gzt2 
1 9205 $9198 (9191 | 918419178 | 9171 | 916419157 [9150 |9143 
ge gt 28 | 912! | 9114 | 9107 | 9100 | gag2 [9085 | 9078 | 9070 
, *9063 | 9056 | 9048 | 9041 | 9033 Bog), G0lk 9011 }| 9003 | 8996 
26 | eee &a8o | 8977 | 8G65 | 8957 | S949 | 8942 18934 | 8920 | 8918 
*Bg10 [8902 | 8894 | 8886 | 8878 | 8870 | 8862 18854 | 8846 | 8538 

28 || 8829 | 8821 | 8813 | 8805 | 8796 | 8788 | 8780 | 877% | 8763 | 8755 
| 8746 18738 | 8729 | 8721 $8712 | 8704 | 8695 | 8686 | 8678 | 8669 

















3O || 8660 | 8652 | 8643 | 8634 | 8625 | 8616 | 8607 | 8599 | 8590) 8581 
31 | *8573 8563 | 8554 | 8545 18536 | 8526 | 8517 | 8508 , 8499 | 8490 
32 || -8480 | 8471 | S462 | 8453 13443 | 8434 | 8425 18415 | 8405 | 8306 
83 || -8387 18377 | 8368 | 8358 18348 | 8339 | 8329 18370 8310 8300] 

211 | 8202 


be 8290 8281 | 8271 | 8261 18251 | 8241 | 8231 | 8221 


eS | 8192 | 8181 | 8171 | 8161 P8151 | 8r4r | 8131 | 8124 | 8111 | 8100 


8007 | 7997 
87 |) °7986 17976 | 7665 | 7955 | 7944 | 7934 | 7923 [7912 | 7902 | 7891 
38 || 7880 | 7869 | 7859 | 7848 17837 | 7826 | 7815 | 7804 | 7793 | 7782 
89 |) 7778 17760 | 7749 | 7738 17727 17716 | 7705 | 7604 | 7683 | 7672 


| 
E 7660 57549 7638 | 762717615 | 7604 | 78931 7581 | 7570 | 7559 





86 || -8090 | 8080 | 8070 | 8059 | 8049 | 8039 | S028 | 8018 


ee a PET SN OL SY INE I TOT I AE ORO GOT THE Le RE STE, ERT 
ta 


OOOO CO COD HHO WIIG OR ANA UVUABA BUWUW NHOHNHN Bend 


Al | +7547 17536 | 7524 | 7513 17508 | 7490 | 7478 | 1466 | 7455 | 7443 
42 || -7438 $7420 | 7408 |! 7396 1738¢ | 7373 | 7361 17349 | 7337 | 7325 
43 1} °73%4 17302 | 7290 | 7278 17266 | 7254 | 7242 19230 | 7218 | 7206 
“& {} 7893 [7182 | 7X69 | 7357 17145 | 7233 | 7120 17108 | 7096 | 7083 
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‘MATHEMATICAL TABLES 


TABLE 12 (Contd.) 
NATURAL COSINES. 
_ (Nentbere (a dsiJorencs cohimns to be subtyaces, .0t added.) 









6871 





















82] 6769 | 67561 6743 
43 ff Coc § | 6652 | 5639 | 6626 | 6633 
49 § 6561 16547 16534 | 6424 1 6508 | 6494 | 648: 
GO f 6428 }6414 | 640% | 6388 | 6274 | 6361 | 6347 
G1 § 6293 16280 | 6266 | 6252] 6239 | 6225 | 6211 
- a a 612g } 6115 | 6101 | ¢ 6074 
| “Gol §990 | §976) 5962 | 59.38 | 5934 
64 | -5878 | 5864 5850 | 5835 5825 | 5897 | 5793 
SB | -5736 § 5721 | $707 | 5603 | $678 | 565g | 5650 
66 | -5592 $5577 5563 | $548 5534 | 5519] S505 
57 f $446 {5432 | $417 | $402 15388 | 5373 | $358 
58 f -5299 § $234 | $270 | £255 15740 | $248 {szi0 
sh 5B ft °S$150 155395 | $440 | $205 } 5090 | 507§ | Sono! 
GO § «5009 | 4985 | 4970 | 4955 | 4939 | 49244 4900; 
G1 F-43848 14833 | 4818 | 4802 14737 | 4772 | 4757 
62 | -4695 £4679 | 4664 | 4648 | 4633 | 4617 | 4602 
63 f} -4540 $4524 | 4509 | 4493} 4478 | 4462! 4410 
OS F 4384 | 4368 | <352 | 4337 1 4323 | 4305 | 4209 
GB } -4226 [4210 | 4195 | 41799 4163 | 4147 | 4133 
86 |} 4067 | 4051 | 4035 | 4019} 4005 | 3987 [3971 
87 || 3907 $3891 | 3875 | 3859 5 3843 | 352, | 3813 
8 4) -3746 135 30 | 3714 | 3697 1368: | 3665 | 3649 
by | 3584 3597 £3557 [3535 $3528 | 3502 | 3486 
7O jj -3420 J 3904 | 2237 (3371 13355 | 333 | 3322 
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Analysis of frames, 831 
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Assumptions in theory of bending, 228 


AXiS, neutral, 229, 230° 
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Balanced section, 928 

Bar of composite section, 27 
Bar of uniform stren: th, 47 
Bar of varying Section, 11 
Beams, 158 

Beams- deflection, 389 
Beams of uniform strength, 293 
Beams Of varying section, 469 
Rearing value of rivets, 773 
Bending, 228 

Bending moment, 158, 160 
Beltranrf's theory, 678 
Bending stress, 228 

Betie’s law, 484 

Bond Stress, 966, 967 

Boom, 727 

Bow’s notation, 891 
Brinnel’s method. 921 
Buckling load, 728 
Built-in-beams, 158, 528 
Bulk m: dulus, 86 
Butt-joint, 769 

Butt weld, 801 
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Cantijevers, 158 
Cantilever-propped, 400 
Carriage springs, 510 
Castigliano’s theorem, 485 
Centre of gravity, 119 
Centroid, 119 

Chain riveting, 787 
Circumferential stress, 72. 684 
Clapeyron's theorem, 561 
Clear span, 158 

Close coiled springs, 620 
Columns, 727 

Combined stresses, 338 
Complementary shear stress, 81 
Composite sections, 27 
Compose shafts, 610 
Compound cylinders, 713 
Compoun Stresses and strains, 633 
Compressive siress, 31 


Compressive strain, 31 
Compound section, 27 
Conjugate beam method, 505 
Contunucus beam, 158, 528, 560 
Continuous columns, 987 
Contraflexure-point of, 186 
Core of a section, 342 
Couples, 203 

Couplings, 416 

Cover, 973 

Crippling | ad, 728 

Criic:) load, 728 

Critical section, 928 
Crushing load, 727 

Crtshing s'ress, 727 
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Dams, 371 

Deficient frame, 832 
Deflection of beams, 381 
Deformation, i 

Diagonal compres: !on, 84 
Diagonal tension, 84 
Diamond riveting, 787 

Direct stress, 338 

Direct and bending stresses, 338 
Direct bond, 967 

Doubly curved wails, 7101 
Doubly re forced beams, 949 


Ductility, 917 
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Eccentricity, 339 
Eccentric riveted connection, 791 
Eccentric welded connections, 815 
Economic section, 928 , 
Effective length of column, 735 
Effective length of weld, 802 
Effective span, 158 
Efficiency of joints, 774 
Elastic instability, 728 
Elas:ic limit, 6 

Elastic material, 1, 102 
Elastic moduius, 102 

Ell)pse of strain, 679 

Ellipse of stress, 642 
Encastred beams, 528 

End Anchorage, 969 

End returns, 804 
Endurance limit, 922 
Energy, strain, 47, 101, 102 
Equivalent area, 38 
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Euler’s theory, 728 
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Factor of safety, 916 

Failure of a tiveted joint, 770 
fatigue of metals, 922 

Fillet weld, 800 

Fixed beam, 158, 528 

Fixed e:.d moment, 528 
Fiexural rigidity, 586 
Fhiched beams, 278 

k ramed Structures, 831 
Freely supported heams, 158 
French formula, 774 
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German formula, 774 
Gradually applied loads, 103 
Graphical methocvs, 838 
Graphic statics, 891 

Guest theory, 677 

Gusset plate, 785 
Gyration-radius of, 137 
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faigh’s theory, 678 
Hardness, 920 
Helical springs 620 
Hogging moment, 161 
Homogeneity, 23° 
Howk’s law, 6 

Hoop stress, 72, 684 
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Impact loading, 101 

anes te«ting, 101, 105, 498, 921 
I. entation test, 921 
Inertia-moment of, 136 

Ir tens ty of stress, 2 

Isotropy, 233 

Izod test, 921, 922 
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Johnson's parabolic formula, 749 
Jointsriveted, 769 
Joints-welded, 799 

K 
Kernel of a section, 342 
Keys, 616 


L-beams, 974 ag 
Lame's equation, 
Laminated springs, 500 
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Lap joint, 769, $04 
Lateral strain, 74 
Laterally loaded Straits, 763 
f springs, «00 
Lever arm, 927 
Limit-elastic, 6 
vk 


Loading-gradual, sudden, impact, 101 
Local bond, 969 


Long columne, 986 
Longitudinal Stress, 684 
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Macaulay's method, 423 
Masonry dame, 37! 
Maxwell's law, 483 
Mechanical properties of metals, 915 
Membrane stresses 70} 
Meridiona) Stress, 702 
Method of joints, 838 
Method of resolution, 838 
Method of section, 838 864 
Method of Substitution, 903 
Middle third rule, 34 
Modular rati», 27, 279, 923 
Modulus bulk, 86 
Moduius of elasticity, 6 
Modulus of rigidity, 6 
Modulus o} scction, 234 
Mobr's Circle, 645 

Mobr’s theorems, 459, 460 
Moment area method, 459 
Movnrnt of Inertia, 136, 928 
Moment of resistance, 23] 
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Neutra] axis, 229, 230, 926 
Neutral layer, 229 
Neutral suifare, 229 
Normal Stresses, %0 
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Oblique loading on beams, 210 
Obliquity, 6 5 


Over reinforced Section, 93} 
Pp 


Parabolic formula, 749 

Paraltei exes the ‘rem, 138 
Perfect frame, 831 
Perpendicular axes theorem, 137 
P-rry’s f..rmula, 758 

Pillars, 364 


Plastic member, 1, 103 
Pownt of contrafiexure, 186 
Polat of lafextion, 8% 
Pvinoa’s satin, 74 
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Polar modulus, és4 

Post, 727 | 

Principal planes, 633, 634 
Principal strains, 633, 675 
Principal stresses, 633, 634 
Propp. d cantilevers, 400 
Pure bending, 228 
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Radius of curvature, 390 

Radius of gyration, 137 

Rankine’s formuja, 740 

Rankine’s theory, 677 

Reinforced « oncrete, 923 
Reciprocal deflection theorem, 482 
Reinforcement, 970 

Redundant frame, 833 

Relation Yetween elastic constants, 
Resistance, !, 10] 
Resistance-moment of, 231 

Rigid material, 1, 102 

Rigidity modulus, 6 

Riveted boilers, 693 

Riveted joints, 769 

Rolier support, 833 


Safety-factor of, 916 

Sagging moment, 160 

Scratch test, 921 

Second moment of area, 134 

Section-composite, 27 

Section-method of, 833, 864 

Section modulus, 234 

Shafts, 582 

Shear centre, 330 

Shear deformation, 5, 6 

Shear force, 158 

Sbear mo ulus, 6 

Sheaf reinforcement, 944 

Shear resistance, 618 

Shear Strain, 4 

Shear stress, 4, 297, 954, 957 

Shear stress distribution, 

Shear value of rivets, 773 

Shells, 683 

Simple bending, 228 

Simple stresses and strains, 1 

Simply supported beams, 158 

Siogly reinfurced beams, 924 

Sleucer: ess ratio, 736 

Slop: , 390 

Spen, 158 
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Spr-ngs-!aminated, 500 

Siability of dams, 373 

Stancard hook, 969 

State of simpic shear, 81 

Suffness. 502 621 
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Sturrups, 960 

Straight line formula, 749 
Strain, 1, 2,3 

Strain eoergy, 47, 101, 102 
Strength, | 

Stress, 3, 2, 3 

Stress imensity, 2 

Stresses in beams, 228 
Struts, 727 

St. Venant’s theory, 677 
Subs itution method, 903 
Suddenly applied toads, 104 
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T-beams, 973 

Tapering shafts, 628 

Tearing strength, 771 
Temperature stresses, 55 
Tensile strain, 3 

Tensile stress, 3 

Theorem of three moments, 56f 
The ry of bending, 228 

Thick cylinde:s, 706 

Thick sph-res, 774 

Thin cylinders, 683 

Thin spheres, 698 

Thr at of weld, 800, 802 
Thrust diagram, 11, 212 

Ti rsion of shafts, S82 

Torsion of nun circular Section, 61% 
Torstonal resilience, 618 
Torsional ngidity, 586 

Twist of a shaft, 583 
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U-Butt weld, 801 

Ultimate stress, 9 6 
Unbalanced sction, 931 
Under reinforced section 931. 
Unit stress, 2 

Unwin’s formuia, 774 


Vv 


V-Butt weld, 801 
Volumetric strain, 7: 


Ww 


Walls, 364 

Welded joints, 799 

Wind pressure, 364 

Wire bound pipes, 695 
Wohier'’s exneriments, 922. 
Work, 101,.481 

Working stresses, 916 


Y 
Yield point, 915 
Young's 


